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Nonlinear matrix equation X® + A*X ™A + B*X B = Q has many applications in engineering;
control theory; dynamic programming; ladder networks; stochastic filtering; statistics and so forth.
In this paper, the Hermitian positive definite solutions of nonlinear matrix equation X*+A*X 1 A+
B*X™2B = Q are considered, where Q is a Hermitian positive definite matrix, A, B are nonsingular
complex matrices, s is a positive number,and 0 < t; < 1,i = 1,2. Necessary and sufficient conditions
for the existence of Hermitian positive definite solutions are derived. A sufficient condition for the
existence of a unique Hermitian positive definite solution is given. In addition, some necessary
conditions and sufficient conditions for the existence of Hermitian positive definite solutions are
presented. Finally, an iterative method is proposed to compute the maximal Hermitian positive
definite solution, and numerical example is given to show the efficiency of the proposed iterative
method.

1. Introduction

We consider the nonlinear matrix equation
X+ A*X"A+B*X"B=Q, (1.1)

where Q is an n x n Hermitian positive definite matrix, A, B are n x n nonsingular complex
matrices, s is a positive number, and 0 < t; < 1,i = 1,2. Here A* stands for the conjugate
transpose of the matrix A.

Nonlinear matrix equations with the form of (1.1) have many applications in engineer-
ing; control theory; dynamic programming; ladder networks; stochastic filtering; statistics
and so forth. The solutions of practical interest are their Hermitian positive definite (HPD)
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solutions. The existence of HPD solutions of (1.1) has been investigated in some special cases.
Long et al. [1] studied (1.1) when s = 1, t1 = {2 = 1. In addition, there have been many papers
considering the Hermitian positive solutions of

X*+A'X A =Q. (1.2)

For instance, the authors [2-5] studied (1.2) when s = 1, t = 1. In Hasanov [6, 7], the authors
investigated (1.2) when s = 1, t € (0,1]. Then Peng et al. [8] proposed iterative methods for
the extremal positive definite solutions of (1.2) for s = 1 with two cases: 0 <t < 1and ¢ > 1.
Cai and Chen [9, 10] studied (1.2) with two cases: s and t are positive integers, and s > 1,
0<t<lor0<s<1,t>1respectively.

In this paper, we study the HPD solutions of (1.1). The paper is organized as follows.
In Section 2, we derive necessary and sufficient conditions for the existence of HPD solutions
of (1.1) and give a sufficient condition for the existence of a unique HPD solution of (1.1).
We also present some necessary conditions and sufficient conditions for the existence of
HPD solutions of (1.1). Then in Section 3, we propose an iterative method for obtaining
the maximal HPD solution of (1.1). We give a numerical example in Section 4 to show the
efficiency of the proposed iterative method.

We start with some notations which we use throughout this paper. The symbol C™*"
denotes the set of m x n complex matrices. We write D > 0(D > 0) if the matrix D is positive
definite(semidefinite). If D—E is positive definite(semidefinite), then we write D > E(D > E).
We use 41(D) and 1,(D) to denote the maximal and minimal eigenvalues of a matrix D. We
use ||D|| and || D|| to denote the spectral and Frobenius norm of a matrix D, and we also use
|Ib]| to denote I,-norm of a vector b. We use Xs and X| to denote the minimal and maximal
HPD solution of (1.1), that is, for any HPD solution X of (1.1), then Xs < X < Xi. The
symbol I denotes the n x n identity matrix. The symbol p(D) denotes the spectral radius
of D.Let [D,E] = {X | D < X < E}and (D,E) = {X | D < X < E}. For matrices D =
(d,da,...,dn) = (dij) and E, D ® E = (d;;E) is a Kronecker product and vec(D) is a vector
defined by vec(D) = (d7,dZ,...,d)".

2. Solvability Conditions and Properties of the HPD Solutions

In this section, we will derive the necessary and sufficient conditions for (1.1) to have an HPD
solution and give a sufficient condition for the existence of a unique HPD solution of (1.1).
We also will present some necessary conditions and sufficient conditions for the existence of
Hermitian positive definite solutions of (1.1).

Lemma 2.1 (see [11]). If D > E > 0 (or D > E > 0), then DP > EP > 0 (or D? > EP > 0) for all
p € (0,1],and EP > DP > 0 (or EP > DP > 0) for all p € [-1,0).

Lemma 2.2 (see [12]). Let D and E be positive operators on a Hilbert space such that 0 < myl <
D <MiI,0<myl <E<MjyI,and0< D < E. Then

g-1 g-1
D7< (%) Ei, DI< <%) E4q (2.1)

my T \my

hold for any g > 1.
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Lemma 2.3 (see [13]). Let f(x) = x'({ — x%), { >0, x > 0. Then

(1) f is increasing on [0, ((t/(s + t))g)l/S] and decreasing on [((t/ (s + t))§)1/5,+oo);
(2) fmax = F(((/ (s +D)O)VS) = (s/ (s + 1)) (t/ (s + 1))/ 5¢W/)+L,

Lemma 2.4 (see [14]). If D and E are Hermitian matrices of the same order with E > 0, then DED +
E7'>2D.

Lemma 2.5 (see [15]). If 0 < 8 < 1, and D and E are positive definite matrices of the same order
with D, E > bl > 0, then |DY — E?|| < 0b%~||D - E|| and || D= — E|| < 6b=*D||D - E||. Here || - ||
stands for one kind of matrix norm.

Lemma 2.6 (see [5]). Let D and E be two arbitrary compatible matrices. Then p(D*E — E*D) <
p(D*D + E*E).

Theorem 2.7. Equation (1.1) has an HPD solution if and only if A, B can factor as

A=(L'L)"*N;,  B=(L'L)**N,, (22)
LQ’l/Z
where L is a nonsingular matrix and <N1Q1/ 2 > is colummn orthonormal.
NZQfl/Z

Proof. If (1.1) has an HPD solution, then X® > 0. Let X* = L*L be the Cholesky factorization,
where L is a nonsingular matrix. Then (1.1) can be rewritten as

Q*l/ZL*Lgfl/Z + Q*l/ZA*(L*L)—tl/ZS(L*L)—tl/ZSAQ—l/Z
2.3)
+Q71/ZB*(L*L)—tz/zs(L*L)—tz/ZSBQfl/Z =1

Let Ny = (L*L) /%A, N, = (L*L)"/*B, then A = (L*L)""/** Ny, B = (L*L)"*/** N,. Moreover,
(2.3) turns into

Q*l/ZL*LQ71/2 + Q*l/ZN;Nlel/Z + Q71/2N5N2Q71/2 — I, (24)
that is,
LQ71/2 * LQ71/2
N, Q72 NiQ2 | =1, (2.5)

N2Q2/ \N2Q 172

LO1/2

which means that <N1Q”2 > is column orthonormal.
N2Q71/2
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Conversely, if A, B have the decompositions as (2.2),let X = (L* L)"$, then X is an HPD
matrix, and it follows from (2.2) and (2.4) that

X5+ A'XMA+ B X 2B=L"L+ NN+ N;N,

= Ql/z <Q*1/2L*LQ*1/2 + Q*l/ZNTNlQ—l/Z
(2.6)
+Q71/2N;NZQ71/2>Q1/2

Hence (1.1) has an HPD solution. O

Theorem 2.8. Equation (1.1) has an HPD solution if and only if there exist a unitary matrix V €
C™" g column-orthonormal matrix U = (5;) € C*™"(in which Uy, U, € C™™"), and diagonal ma-
trices C > 0and S > 0 with C* + S* = I such that

A= (Ql/ZV*CZVQl/Z)tl/ZSLI1 Sle/Z,
2.7)

ty/2
B = <Q1/2V*C2vg1/2> 2 SUZSVQl/Z.

LQ’I/Z
Proof. If (1.1) has an HPD solution, we have by Theorem 2.7 that the matrix <N1Q”2> is
N2Q71/2

column orthonormal. According to the CS decomposition theorem (Theorem 3.8 in [16]),
there exist unitary matrices P = <181 192> e C¥3" (in which P, € C™", P, € C*), V € C™",

such that
P, 0 LQ' ¢
NiQ12 |v*=( S ), (2.8)
0 P NzQ_l/z 0

where C = diag(cos9;,...,c0s0,),S = diag(sin6y,...,sin6,),and 0 < 6; < --- <0, < a/2.
Thus the diagonal matrices C, S > 0 and C?+S? = I. Furthermore, noting that L is nonsingular,
by (2.8), we have

C=PLQV?V* >0, (2.9)

N . (S
P2<N2>Q v _<o>' (2.10)
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Equation (2.10) is equivalent to <%;> = P;(5)VQY2. Let P; be partitioned as P; =
(ul Us >, in which U; e C"™",i=1,2,3,4, then we have

UZ U4
1/2
N, _ u; Us S VQ1/2 _ u,svQ , 2.11)
N> u, u,/ \o u,svQ'/?
from which it follows that N; = LI15VQ1/2, N, = LIZSVQ”Z. By (2.9), we have L =
Pl*CVQl/Z. Then by (2.2), we have

t/2

A= (L*L)tl/ZSNl — <Q1/2V*C2vg1/2> ! SU1SVQ1/2,
t/2s 2.12)
2

B = (L*L)*/*Nj, = <Q1/2V*C2VQ1/2> U,SVQ/2.

Conversely, assume that A, B have the decomposition (2.7). Let X = (QY/2V*C2VQl/2)!/s,
which is an HPD matrix. Then it is easy to verify that X is an HPD solution of (1.1). O

Theorem 2.9. If (1.1) has an HPD solution X, then X € (M, N), where

— 1 #1 (1—t1)/t1 1ok 1/t #2 (1_t2)/t2 1o 1/t
weg((5) T e (3) T () ™),

1/s
7

(2.13)
N=(Q-AaQ"A-B'Q"/B)
in which py and vy are the minimal and maximal eigenvalues of AQ™' A* respectively, pp and v, are

the minimal and maximal eigenvalues of BQ ' B*, respectively.

Proof. Let X be an HPD solution of (1.1), then it follows from 0 < X* < Q and Lemma 2.1 that
Xt >Q1/s,i=1,2. Hence

X=Q-A'X"A-B*X"B<Q-A*Q "/ A-B*Q"/*B. (2.14)

Thus we have

1/ _
X < (Q-A"Q"A-B'Q"/*B) =N (2.15)

On the other hand, from A*X™" A < Q, it follows that
Q*l/ZA*th/2X7t1/2AQ71/2 < I,
X h2AQ7TA* X% < ], (2.16)

AQTA* < X1,
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Let y11 and v; be the minimal and maximal eigenvalues of AQ71AY, respectively. Since 1/t >
1,and I < AQ'A* <w I, by Lemma 2.2, we get (‘ul/vl)(l_tl)/t1 (AQ1AMYE < X.
Similarly, we have (p,/ vz)(HZ)/ b2 (BQ‘lB*)l/ 2 < X, in which Wz and v, are the minimal
and maximal eigenvalues of BQ™!B*, respectively.
Hence we have X > 1/2((u1/v1)"™/"(AQTAHYY + (i /vy) 17/ 12(BQ 1B*)V"2) =
M. O

Theorem 2.10. If A*X " A+ B*X™B< Q- Msfor all X € [M,Q"*], and
p =~ (80" (M)IAIG + 120, (M) IBIE) <1, (217)

where M is defined by (2.13), then (1.1) has a unique HPD solution.

Proof. By the definition of M, we have M > 0. Hence A, (M) > 0.
We consider the map F(X) = (Q - A*X ™A - B*X"B)/*andlet X e Q = {X | M <
X < QY/$}.0Obviously, Q is a convex, closed, and bounded set and F(X) is continuous on Q.
By the hypothesis of the theorem, we have

— s\1/ R
Qe > (Q-A'XA-BX"B)>(Q-Q+M) " =M, (2.18)
thatis, M < F(X) < Q"/%. Hence F(Q) C Q.
For arbitrary X, Y € Q, we have
A'XMA+BX"B<Q-M, AY"A+BY"B<Q-M. (2.19)

Hence
— s\ 1/ — —

F(X)= (Q- A*X " A-B'X"B)"* > <Q—Q+MS> oM z)un(M)I,

1/s >

F(Y) = (Q-A*Y " A-B'YB)

From (2.20), it follows that

(n
,_.

|FX)° = F(Y)*|[ > F(X)(F(X) - F(Y))F(Y)"

I
o

i F

s—1
= Vec[ F(X)i(F(X)—F(Y))F(Y)Sli:I H

i=0

(%)
—

Y

vec [F(X)i(F(X) - F(Y))F(Y)s’l’i] H

m
,_.

= (F(Y)s - 1®F(X)>vec(P(X) F(Y))H

N
o
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s=1 .
> > 457 (M) Ivee(F(X) - F(Y)]|

i=0

= sk (M) IF(X) = FQV) -
(2.21)

According to the definition of the map F, we have

F(X)* ~F(Y)* = (Q- A*X ™" A~ B'X™B) - (Q - A"Y ™" A~ B'Y™"B)

(2.22)
= AY(YH X M)A+ B (Y™ - X72)B.

Combining (2.21) and (2.22), we have by Lemma 2.5 that

1
FX)-FY)||[p £ ——
” ( ) ( )”F SAZ_1<M>
1

i (M)

1 2 _ —t 2 —t ~t
——— (IAIEY™ = X7 | + IBIE[[Y ™ - X7
S.)Ls_1<M>< F F F F>

n

IECO* = F)°[|

|[A*(Y ™" - X)) A+ B (Y"-X")B|

IN

(2.23)

1

SW(u‘“m( AL+ 20,52 (MBI ) 1Y - X

= 2 (a5 (M) AL + 1,5 (M) IBIR)IX - Y

=plIX =Yl

Since p < 1, we know that the map F(X) is a contraction map in Q. By Banach fixed
point theorem, the map F(X) has a unique fixed point in Q and this shows that (1.1) has a
unique HPD solution in [M, Q'/*]. O

Theorem 2.11. If (1.1) has an HPD solution X, then

t \"* s
~1/2 A*xy-t1/s -1/2 -1/2 px-t2/s -1/2 < <z 1/s
L(QYPAQ I AQ A QOB ) < (o) T XsaQ,
(2.24)
where t = min{ty, t,}, and a is a solution of the equation
v (1-y*) = A, <Q—1/2A*Q—t1/sAQ—1/2 + Q’l/zB*Q*tZ/SBQ*1/2> (2.25)

in [(t/(s+1)"°,1].
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Proof. Consider the sequence defined as follows:

Ay (QV2A*Q /s AQT1/2 + Q1/2B*Q /s BQ1/2) s
ap = 1, A1 = <1 - T 7
o
k=0,1,2,....
(2.26)
Let X be an HPD solution of (1.1), then
X=(Q-AX"A- B*X’tzB)l/ * < QY = Q5. (2.27)
Assuming that X < ay Q'/s, then by Lemma 2.1, we have
X5=Q-A'X"A-B*X™"B
—t —t
<Q-A"(aQ"*) A-B(Q"") "B
A*Q /A +B*Q /B
<g-AQA+EQ
R
_ .- _ 1/ ok _ 2.28
_ Q1/2 <I— Q 1/2 o 0 tl/sAQ 1/2 +Q 1/2 Q tz/sBQ 1/2>Q1/2 ( )
L

t
Xy

-1/2 Ax()—t1/s -1/ -1/2p*x)~t2/s -1/
SQ1/2<1_)L"(Q12AQt AQ12+Q12BQt BQ12)>Q1/2
:aiﬂQ'

Therefore X < ay,1Q"*. Then by the principle of induction, we get X < QY5 k=0,1,2,...
Noting that the sequence aj is monotonically decreasing and positive, hence ay is con-
vergent. Let limy_, ,ax = &, then & = (1-1,(QV2A*QH/SAQ™V2 + Q7V/2B*Q~"/*BQ1/2)/
a)'®, that is, @ is a solution of the equation y'(1 — y°) = L, (QV2A*Q1/SAQ™V? +
Q_l/zB*Q_tZ/sBQ_l/z).
Consider the function f(y) = y'(1 - y*), since

¢ 1/s ¢ t/s s
max :f<<—> > = (—) —_— (2.29)
y€[0,1] s+t s+t s+t

from which it follows that A,,(Q 12 A*Q /s AQ 12+ Q-1/2B*Q"/sBQ-1/2) < (t/(s + 1))!*(s/
(s +1)).
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Next we will prove thata € [(t/(s + e 1]. Obviously, @ < 1. On the other hand, for
1/s

the sequence ay, since ag =1 > (t/(s +t)) '°, we may assume that aj > (t/(s + t))l/s without
loss of generality. Then
An(Q12AQ I AQV2 + Q2B Q /s BQ2) \ °
Ap41= <1 - n >
A
t/s 1/s
s(1-L (L) S
aj \s+t s+t
(2.30)
1 ( t )”S s\
>(1-
(t/(s+1)/s\s+t s+t
()"
\s+t '
Hence ax > (t/(s+1))%,k=0,1,2,....50 @ = limy_, oot > (£/ (s + £))*/.
Consequently, we have a € [(t/(s + H)Ye 1]
This completes the proof. O
Theorem 2.12. If (1.1) has an HPD solution, then
s to\"/* (t1/)+1
A< — ! 2.31
ey’ s = (o5) @)™, 231)
(P(B)’ < — ( . >t2/S(P(Q))(tZ/S)“- (2.32)
T s+tp\s+t

Proof. For any eigenvalue A(A) of A, let x be a corresponding eigenvector. Multiplying left
side of (1.1) by x* and right side by x, we have

X Xox + x*A*X " Ax + x*B*X Bx = x*Qx, (2.33)
which yields
X*Xx + [AM(A)Px* X x + x*B* X2 Bx = x*Qx. (2.34)

Since X > 0, there exists an unitary matrix U such that X = U*AU, where A = diag(1,...,
11x) > 0. Then (2.34) turns into the following form:

XU AUx + [M(A)Px* U A" Ux < x*Qx. (2.35)

Lety = (y1,v2,--. ,yn)T = Ux, then (2.35) reduces to

Y Ay + M) Py ATy < yTUQU'y, (2.36)



10 Mathematical Problems in Engineering

from which we obtain

yuQU' - Ay _y' (@I - Ay _ ZLy;(M(Q) - n7)

[A(A))* < - < = ~ (2.37)
y ATy y ATy Sty
Form Lemma 2.3, we know that
t s S to\"/e (t1/5)+1
1 (M(Q) - 1) < sth\s+h oh (Q), (2.38)
that is,
S t tl/s 1/8)+ -t
(M(Q)-7f) < s (S +1t1> A? /s) 1(Q)’L-t ) (2.39)
Noting that y # 0, we get
i 2(.)L Q) - s) < s <t_1>t1/s)t(t1/s)+1(Q) i 2 -t (2.40)
i=1yi 1 M; Ss+h\s+h 1 izlyiﬂi : .
Consequently,
" oy2(A -1 h/s
|.)L(A)|2 S ZI=1 yl ( 1(Q) 711) S S < tl ) J\Yl/s)Jrl(Q). (241)
i sth\s+h

Then (p(A))* < (s/ (s + 1) (t1/ (s + 1)) /"1 7*(Q).

Since Q > 0, clearly denote 11(Q) = p(Q), and the last inequality implies directly
(2.31).

The proof of (2.32) is similar to that of (2.31), thus it is omitted here. O

Theorem 2.13. If Q < I and (1.1) has an HPD solution, then

p(A0 4 (A7) <p(@),  p(AT" = (A <p(Q), (242)

p(B7/2+ (B)/) <p(Q),  p(B" - (B)") <p(Q). (2.43)

Proof. If (1.1) has an HPD solution, we have by Theorem 2.7 that

A= (L*L)"*N;,  B=(L*L)"**N,, (2.44)
LQ*l/Z
and the matrix <N1Q1/ 2 > is column orthonormal. From which we have
NzQ’l/z

L*L+N!N; + NN, = Q. (2.45)
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Hence,
Q- (As/fl + (A*)s/fl) = L*L + NIN; + N3N, — (L'L)Y2N/" - (N7)*/"(L*L) /2
— <(L*L)1/2 _le/t1>*<(L*L)1/2 _le/t1>

+ N3N + (NTN3 = (N)Y N3

> 0.
(2.46)
Similarly, we have Q + (AS/f + (A*)¥/") > 0.
Thus, -Q < (A%/ + (A%)*/"1) < Q. Hence p(AS/! + (A*)*'") < p(Q).
On the other hand, by Lemma 2.6 and (2.2), we get
p<As/t1 _ (A*)S/t1> — p((L*L)1/2N1S/t1 _ (NT)S/tl (L*L)1/2>
<p(L*L+(N7)*" N3/t
= P( (N?) 1 > (2.47)
<p(L*'L+ NjNy)
<p(Q)
The proof of (2.43) is similar to that of (2.42). O
If t; = t,, we denote t = t; = tp. Then (1.1) turns into
X+ A*XTA+B*'X'B=Q. (2.48)
Consider the following equations:
x5 — 1, (Q)x! + L (A*A) + A, (B*B) =0, (2.49)
x5 - 1(Q) x' + 1, (A*A) + L, (B*B) = 0. (2.50)
We assume that A, B, and Q satisfy
A1(A*A) + 0, (B*B) < %gmn(Q), (2.51)

where &, = ((t/(s +1)Aa(Q))Y". By (2.51) and Lemma 2.3, we know that (2.49) has two
positive real roots a; < 1. We also get that (2.50) has two positive real roots a; < f3. It is easy
to prove that

O<ar<a <& <pfi<po<M°(Q). (2.52)
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We define matrix sets as follows:
p1={X=X"|0<X<ml},
pr={X=X"|ml <X <al},
={X=X"|ml <X <pl}, (2.53)
= {(X=X"|pI<X < pal},
{

X=X*|pl<X< )Ll/s(Q)I}

Theorem 2.14. Suppose that A, B, and Q satisfy (2.51), that is,

t/s
L1(A*A) + 11 (B'B) < +t<$> A9 Q). (2.54)

Then
(i) Equation (2.48) has a unique HPD solution in ¢4;
(ii) Equation (2.48) has no HPD solution in (1, 3, (5.

Proof. Consider the map G(X) = (Q- A*X'A-B* X‘tB)l/ *, which is continuous on ¢4. Obvi-
ously, 4 is a convex, closed, and bounded set. If X € ¢y,

K(G(X) =0(G(X)°) = (Q-AX'A-BX"'B)
Lu(A*A) + 1, (B*B)

<M(Q) - X (X)
An(A*A) + A, (B*B) (255)
() - AN
P
= 5.
Hence, we have 11(G(X)) < f2. One has
15(G(X)) = L (G(X)®) = 1, (Q - A*X'A - B*X'B)
A1(A*A) + A1 (B*B)
. ) (2.56)
s (@) - MAA) $ A (B'B)
b
= 5.

Hence, we have 1, (G(X)) < p1.
Thus, G(X) maps ¢4 into itself.
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For arbitrary X,Y € ¢, similar to (2.21) and (2.22), we have

G(X)* =GOl 2 spi HIGX) - Gl

(2.57)
GX)’-G(Y)=A"(Y"'-X"A+B*(Y"'-X")B.
Combining (2.57), we have by Lemma 2.5 and (2.49)
1 S s
IGX) -GY)|lg < e G(X)* - GY)*||
1
=LA o XA+ B (- X B,
spi
1 P
< —— (Il + IBIB) Yy = X~'||
spi
1 _
< —— (M (A"A) + L (B*B) B, VY - Xl (2.58)

1

L Dy v
- 5(“@ —1>||X—Y||F

s ﬂl
<IX Y-

Thus, we know that the map G(X) is a contraction map in ¢4. By Banach fixed point
theorem, the map G(X) has a unique fixed point in ¢4 and this shows that (2.48) has a unique
HPD solution in (4.

Assume X is the HPD solution of (2.48), then

A(X) = M(X®) = L (Q - A*X A - B*X'B)

An(A*A) + A, (B*B) (2.59)

<L(Q) - ,
' 1(X)

that is, A5 (X) = A1 (Q) A (X) + A, (A*A) + L, (B*B) < 0.So0, a1 < A1(X) < fo, thus (2.48) has no
HPD solution in ¢y, ¢s.

A5(X) = 4(X®) = 1,(Q - A*X'A - B*X'B)

A1(A*A) + A (B*B) (2.60)

> /\n(Q) - )Lt (X) ’

that is, AS"(X) — A, (Q)AL(X) + M (A*A) + L (B*B) > 0. So, 1,(X) < ap or 1,(X) > py, thus
(2.48) has no HPD solution in ¢3.
This completes the proof. O
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3. Iterative Method for the Maximal HPD Solution

In this section, we consider the iterative method for obtaining the maximal HPD solution X}
of (1.1). We propose the following algorithm which avoids calculating matrix inversion in the
process of iteration.

Algorithm 1.

Step 1. Input initial matrices:

XO = YQl/s/
D PN (3.1)
YO = 2Y Q ’

where y € (@,1), and a is defined in Theorem 2.11.
Step 2. For k =0,1,2,..., compute
Yir1 = Y (21 = X5 Yx),

_ *v01 *12 1/s (32)
Xea = (Q- AV, A= BY2,B)

Theorem 3.1. If (1.1) has an HPD solution, then it has the maximal one Xy. Moreover, to the se-

quences Xy and Yj generated by Algorithm 1, one has

X0>X1>X2>...,klika=XL; Y0<Y1<Y2<---,khmyk=xgl. (3.3)

Proof. Since X is an HPD solution of (1.1), by Theorem 2.11, we have X < &Ql/s, thus

+1 1 1
X=1Q >80 2 X, Vo=l @M<t <z X 6

By Lemmas 2.1 and 2.4, we have

Y1 = Yo (21 - XoYo) =2Y0 - YoXoYo < X' < X; Y,

1-1v2 (35)
Yi-Yo=Yo-YoXoYo = Yo (Yo-l - X0>Y0 - 4_YYQ—1/S > 0.
According to Lemma 2.1 and Y7 < Xil, we have
*,1 x4/ /s *x—1 * v —1 /s
X1 = (Q-AYA-BYB) > (Q-AX"A-BX"B) " =X,
(3.6)

X; = X5 =-A* (Y - )A- B (Y - Y}*)B <0,

thatis, X] < X, by Lemma 2.1 again, it follows that X; < Xj.
Hence Xy > X7 > X, and Yy < Y; < Xil.
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Assume that X1 > X > X, and Y1 < Yi < Xil, we will prove the inequalities

Xk > Xpp1 > X, and Y < Y < Xil.
By Lemmas 2.1 and 2.4, we have

Yin = 2Yk - YieXa Y < X' < X[,

3.7
_ x40 * 12 /s * v~ * v —12 /s _ ( )
Xea = (Q- A A-BYZEB) > (Q- AX"A-B'X,"B) " = X..
Since Y < X,il < X;l, we have Y. 1> X, thus we have by Lemma 2.1 that
Yin = Yio = Y (V! - X)) Vi > 0,

(3.8)

ey t ey t

1~ Xp=-A <Yk1+1 - Ykl>A -B <Yk2+1 - Yk2>B <0,
thatis, X7, < X}, by Lemma 2.1 again, it follows that Xj,1 < X.
Hence we have by induction that

Xo>X1>Xo> - >Xk>X, Yo<Yi<Yo<--<Ye<X;' (3.9)

are true forall k =0,1,2,..., and so lim_, - Xk and limy _, o, Y exist. Suppose limy _, . X = )A(,
imp oYk = 1?, taking the limit in the Algorithm 1 leads to Y=X"'!and X = Q- A*X A -
B* )Z‘tZB)l/ S. Therefore X is an HPD solution of (1.1), thus X < X}.Moreover, as each X > X,
so X > X1, then X = X1.. The theorem is proved. O

Theorem 3.2. If (1.1) has an HPD solution and after k iterative steps of Algorithm 1, one has ||I —
X Y|l < €, then

Xt + Ax A+ BB - Q| <207 (M) (5 QAR + 61572 (Q)IIBIP),
(3.10)

where M is defined by (2.13).

Proof. From the proof of Theorem 3.1, we have Q% < ((y+1)/2y)Q7"* < Y < X,;l < Xil for
all k =1,2,.... Thus we have by Theorem 2.9 that Qs <Y < X,;l < Mﬁl. And this implies

LVHQI < Yi < X < Ay (M)I. (3.11)
Since
Xp+ AX A+ B X "B~ Q= (Q- AV A-BY/B) + X" A+ BX,"B-Q

= A* <X,j1 -~ )A+B (X" - Y,?)B,
(3.12)
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we have by Lemma 2.5 that

||X; + A"X"A+B'X;"B - Q” - ||A* <X,j1 - Y,il)A + B (X,jz - Y,?)B”

< ARt - v |+ 18I - vy

Mathematical Problems in Engineering

< (tl)q(trl)/s(Q)HAllz + tzli(tzfl)/s(Q)||B||2> ”X,;l _ Yk”

< (B @A + 24 @QUBI) [ xE |1 - Xl

< el (M) (1A QAN + 247 (Q)|1BIP).

4. Numerical Example

(3.13)

O

In this section, we give a numerical example to illustrate the efficiency of the proposed algo-
rithm. All the tests are performed by MATLAB 7.0 with machine precision around 107'¢. We
stop the practical iteration when the residual || X} + A*X;“A + B*X;tZB - Qll; < 1.0e - 010.

Example 4.1. Lets =5,t; =0.2,t, =0.5, and

/20010 0\
120010
003010
A = ,
100201
101030
\010012/
/105 66
66 154
58 67

Q:
15 50
41 88

\ 73 121

58 15
67 50
109 15
15 28
71 37
61 57

/216057\

347130
092478
853001
250217

\400149)/

41 73 \
88 121
71 61
37 57
113 136

136 250 /

(4.1)
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By calculating, & = 0.8397136, so we choose y = 0.84. By using Algorithm 1 and iterating 29
steps, we obtain the maximal HPD solution X} of (1.1) as follows:

/1.6657 0.1110 0.2391 0.0105 0.0566 0.2624\
0.1110 1.8337 0.2270 0.2870 0.2656 0.2483
0.2391 0.2270 1.7238 -0.0037 0.3058 0.0662

Xp = Xy = , (4.2)

0.0105 0.2870 -0.0037 1.1501 0.1227 0.1739

0.0566 0.2656 0.3058 0.1227 1.5140 0.4831

\0.2624 0.2483 0.0662 0.1739 0.4831 2.1751/

with the residual || X5, + A*X55*A + B*X5°B — Q|| . = 9.9360e - 011.
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