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As we know, borrowing and lending risk-free assets arise extensively in the theory and practice of
finance. However, little study has ever investigated them in fuzzy portfolio problem. In this paper,
the returns of each assets are assumed to be fuzzy variables, then following the mean-variance
approach, a new possibilistic portfolio selection model with different interest rates for borrowing
and lending is proposed, in which the possibilistic semiabsolute deviation of the return is used to
measure investment risk. The conventional probabilistic mean variance model can be transformed
to a linear programming problem under possibility distributions. Finally, a numerical example is
given to illustrate the modeling idea and the impact of borrowing and lending on optimal decision
making.

1. Introduction
Portfolio selection is concerned with selecting a combination of securities among portfolios
containing large numbers of securities to reach the investment goal. The portfolio selection
model was first formulated byMarkowitz [1], and it is calledmean-variance model. The basic
idea of mean-variance model is to measure the return as the expected value and risk as the
variance from the expected value. Based on this model, there has been lots of theoretical and
empirical work on portfolio selection problem. One of the hot research topics in this area is
the introduction of alternative measures of risk. For example, Roy [2] proposed the so-called
safety-first principle, that is to say, the investment objective is tominimize the ruin probability
or maximize the chance of survival. Markowitz [3] used semivariance to measure risk so
that only returns below expected value were measured as the risk. Konno and Yamazaki [4]
proposed the MAD portfolio optimization model where risk is measured by mean absolute
deviation. Speranza [5] proposed a portfolio model by using a linear combination of the
mean semi-absolute deviations, that is, mean deviations below and above the portfolio rate
of return, as the risk. Young [6] introduced a minimax model by minimizing the maximum
loss over all past observation periods for a given level of return. Except these, other measures
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of risk, such as value at risk (VaR), conditional value at risk (CVaR), and expected shortfall
are used for the portfolio problems (see [7–11]).

In the past, research has been undertaken on the assumption that future security
returns can be correctly reflected by past performance and be represented by random vari-
ables. However, since the security market is so complex and the occurrence of new security
is so quick, in many cases security returns cannot be accurately predicted by historical data.
They are beset with ambiguity and vagueness. To deal with this problem, researchers have
made use of fuzzy set theory proposed by Zadeh [12]. Assuming that the returns are fuzzy
numbers, a great deal of work has been dedicated to studying portfolio selection problems.
For example, Watada [13] considered portfolio selection problem by introducing the vague
goals for expected return and risk. Tanaka and Guo [14] formulated portfolio selection
models by quadratic programming, based on two kinds of possibility distributions. Inuiguchi
and RamÍk [15] reviewed some fuzzy linear programming methods and techniques from a
practical point of view and compared fuzzy mathematical programming approaches with
those of stochastic programming. Tanaka et al. [16] also proposed two portfolio selection
models based on fuzzy probabilities and possibility distributions, rather than conventional
probability distributions as in Markowitz model. Inuiguchi and Tanino [17] proposed a new
possibilistic programming approach based on the worst regret to the portfolio selection,
considering how a model yields a distributive investment solution. Taking into account
three criteria: return, risk, and liquidity, Arenas Parra et al. [18] formulated a fuzzy goal
programming with fuzzy goals and fuzzy constraints. Carlsson et al. [19] introduced a
possibilistic approach to selecting portfolios with highest utility score. Fang et al. [20]
proposed a linear programming model for portfolio rebalancing with transaction costs, in
which portfolio liquidity was also considered. Using Sharpe’s single index model in a soft
framework, Bilbao-Terol et al. [21] formulated a fuzzy compromise programming problem
in order to solve portfolio selection problems. Vercher et al. [22] presented a fuzzy downside
risk approach for managing portfolio problems in the framework of risk-return tradeoff using
interval-valued expectations. Zhang et al. [23] proposed two kinds of portfolio selection
models based on lower and upper possibilistic means and possibilistic variances, respectively,
and introduced the notions of lower and upper possibilistic efficient portfolios. Ammar
[24] solved the fuzzy portfolio optimization problem as a convex quadratic programming
problem and provided an acceptable solution for it. Gupta et al. [25] applied multicriteria
decision making via fuzzy mathematical programming to develop comprehensive portfolio
selection models for the investors’ pursuing either of the aggressive or conservative
strategies. Chen [26] discussed some properties of weighted lower and upper possibilistic
means and variances, and proposed two weighted possibilistic portfolio selection models
with bounded constraint. Chen and Huang [27] introduced a basic portfolio selection model
in which future return rates and future risks of mutual funds are represented by triangular
fuzzy numbers. Li [28] defined a concept of skewness for fuzzy variable as the third central
moment and then proposed three mean-variance-skewness models. Chen and Zhang [29]
discussed the admissible portfolio selection problem with transaction costs and proposed an
improved particle swarm optimization for the proposed model. Zhang et al. [30] proposed
a possibilistic portfolio adjusting model with new added assets, in which transaction cost
was considered. Bhattacharyya et al. [31] proposed a mean-variance-skewness model with
transaction costs for portfolio selection with interval coefficients under the consideration of
constraints on short- and long-term returns with transaction costs, liquidity, dividends, the
number of assets in the portfolio, and the maximum and the minimum allowable capital
invested in selected stocks.
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In the mature market, investors not only borrow money to expand their holdings of
risky assets, but also lend to invest a portion of the portfolio in the risk-free assets such as
short-term treasury securities. Recently, much attention has been focused in this area. For
example, Tobin [32] extended the portfolio theory by showing that the investment decision
could be separated into two phases: firstly, the selection of a unique optimum combination of
risky assets and secondly, the allocation of funds between the unique optimum combination
of risky assets and a single risk-free asset. Brennan [33] considered a model, where risk-
free borrowing and lending are allowed, but at different interest rates. Bradfield and
Raubenheimer [34] discussed the impact of restricted leverage, namely where investors are
constrained either to hold funds in a risk-free asset (i.e., to lend) or to hold debt (i.e., to
borrow), on optimal decision making in the usual mean-variance framework. Zhang et al.
[35] extended traditional Markowitz model to case of different interest rates for borrowing
and lending, and solve the proposed problems by the Kuhn-Tucker condition. More recently,
Zhang and Wang [36] proposed the admissible efficient portfolio model when there exists
the borrowing case, and formulated the analytic forms of the admissible efficient frontiers
for two cases: the borrowing with an upper bound constraint, or without an upper bound
constraint. In addition to considering differential borrowing and lending rates, Olson and
Bley [37] focused on how the optimal portfolio changes for investors with different levels of
risk tolerance.

Though a considerable number of research papers have been published for portfolio
selection problem in fuzzy environment, there are little research on fuzzy portfolio selection
problem under the consideration of different interest rates for borrowing and lending. In this
paper, the focus of the research is to incorporate the possibility theory into a semi-absolute
deviation portfolio selection model for investors’ taking into account different interest rates
for borrowing and lending in fuzzy environment. The rest of the paper is organized as
follows. In Section 2, we propose a possibilistic mean semi-absolute deviation model for
portfolio selection in which different interest rates for borrowing and lending are taken into
account. In Section 3, a numerical example is presented to illustrate our proposed effective
means and approaches. Finally, some concluding remarks are given in Section 4.

2. Formulation of the Possibilistic Portfolio Model

Let us give a brief description of Markowitz’s mean-variance model. Consider an investment
in n risky assets over a certain period of time. Let xj be the proportion invested in asset
j, and let rj be the return rate of asset j, j = 1, 2, . . . , n. In order to describe conveniently,
we set x = (x1, x2, . . . , xn)

′, r = (r1, r2, . . . , rn)
′, and e = (1, 1, . . . , 1)′. In usual mean-variance

models, rj is regraded as a random variable, then the return associated with the portfolio x =
(x1, x2, . . . , xn)

′ is given by r =
∑n

j=1 xjrj = r′x. The expected return and variance of r are given
by E(r) = r′x, and D(r) = x′Vx, where r = (r1, r2, . . . , rn)

′ and V = (σij)n×n are the expected
return vector and the covariance matrix of expected returns, respectively. Thus, Markowitz’s
mean-variance model can be described by the following quadratic programming:

min x′Vx
s.t. r′x = μ,

e′x = 1,
x ≥ 0,

(2.1)

where μ is a required return of portfolio.
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However, the original result of Markowitz was derived in a discrete time, frictionless
economy with the same interest rates for borrowing and lending. In reality, investors may be
charged a higher interest rate for borrowing money than the interest rate for saving money.
Even though many research works assume the same risk-free interest rate for borrowing
and lending, the discrepancy between borrowing and lending is crucial for the operations
of financial institutions.

In what follows we assume there are n + 1 assets: n risky assets and 1 risk-free asset
with different interest rates for borrowing and lending. In addition, we assume the investor is
charged a higher interest rate for borrowing than the interest rate for lending, that is, rb ≥ rl.
Therefore, the expected return rate on portfolio (x1, x2, . . . , xn) is

E

⎛

⎝
n∑

j=1

rjxj

⎞

⎠ +

⎛

⎝1 −
n∑

j=1

xj

⎞

⎠r(x) = r′x +
(
1 − e′x

)
r(x), (2.2)

where

r(x) =

{
rl, if 1 − e′x ≥ 0,
rb, if 1 − e′x < 0.

(2.3)

It should be noted that if 1 − e′x ≥ 0, the investors short sell the portfolio of n risky
assets and invest (lend) the proceeds in the risk-free asset, then r(x) = rl. If 1 − e′x < 0, the
investors long sell the portfolio of n risky assets and short sell (borrow) the proceeds in the
risk-free asset, then r(x) = rb.

Moreover, it is known that very high weighting in one asset will cause the investor
to suffer from larger risk. Therefore, the upper bounds of each asset would be useful for the
investor to select portfolios in reality.

Based on the above discussion, we assume that the objective of the investor is to choose
a new optimal portfolio that minimizes the risk of the portfolio subject to some constraints
on the expected return of the portfolio and asset holdings by adjusting the existing portfolio.
Thus, the portfolio problem can be formulated as follows:

min x′Vx

s.t. r′x +
(
1 − e′x

)
r(x) ≥ μ,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n.

(2.4)

Obviously, the optimal solution ofmodel (2.4) depends on the accuracy of the expected
return and the covariance matrix. It is wellknown that the financial market is affected
by many nonprobabilistic factors. In a fuzzy uncertain economic environment, the future
states of returns and risks of risky assets cannot be predicted accurately. However, in many
important cases, the estimation of the possibility distributions of return rates on assets may
be easier than the probability distributions. Moreover, by using fuzzy approaches, it is better
to handle the vagueness and ambiguity in the investment environment and the investors’
subjective opinions can be better integrated. Therefore, it is useful and meaningful to discuss
the portfolio problem under the assumption that the returns of the assets are fuzzy numbers.
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Similar to the possibilistic approach introduced by Carlsson et al. [19] and Vercher et al.
[22], fuzzy return rates are denoted as trapezoidal fuzzy numbers. Trapezoidal possibilistic
distribution is only considered because it can easily be generalized to the case of possibility
distribution of type LR. In this study, we also regard trapezoidal possibility distribution as
the possibility distribution of the return rates.

Let rj be a trapezoidal fuzzy number with tolerance interval [aj , bj], left width αj , and
right width βj , j = 1, 2, . . . , n, that is, rj = (aj , bj , αj , βj). rj can be described with the following
membership function:

rj(t) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

1 − aj − t

αj
, if aj − αj ≤ t ≤ aj ,

1, if aj ≤ t ≤ bj ,

1 − t − bj

βj
, if bj ≤ t ≤ bj + βj ,

0, otherwise.

(2.5)

Then, a γ-level sets of rj can be computed as

[
rj
]γ =

[
aj −

(
1 − γ

)
αj , bj +

(
1 − γ

)
βj
]
, ∀γ ∈ [0, 1]. (2.6)

Based on [38], we know that the sum of independent trapezoidal fuzzy variables ξ =
(a1, a2, a3, a4) and η = (b1, b2, b3, b4) is also a trapezoidal fuzzy variable, that is, ξ + η =
(a1 + b1, a2 + b2, a3 + b3, a4 + b4). Moreover, the product of a trapezoidal fuzzy variable ξ =
(a1, a2, a3, a4) and a scalar number λ is also a trapezoidal fuzzy variable, that is,

λ · ξ =
⎧
⎨

⎩

(λa1, λa2, λa3, λa4), if λ ≥ 0,

(λa4, λa3, λa2, λa1), if λ < 0.
(2.7)

Therefore, for any real numbers xj ≥ 0, j = 1, 2, . . . , n, the total fuzzy return on a portfolio
P(x) = (x1, x2, . . . , xn) is

P =
n∑

j=1

rjxj

=

⎛

⎝
n∑

j=1

ajxj ,
n∑

j=1

bjxj ,
n∑

j=1

αjxj ,
n∑

j=1

βjxj

⎞

⎠

= (Pl(x), Pu(x), C(x), D(x)),

(2.8)

which is also a trapezoidal fuzzy number.
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Carlsson and Fullér [39] introduced the lower and upper possibilistic mean values of
fuzzy number Awith γ-level set [A]γ = [a1(γ), a2(γ)](γ > 0) as

M∗(A) = 2
∫1

0
γa1
(
γ
)
dγ

M∗(A) = 2
∫1

0
γa2
(
γ
)
dγ.

(2.9)

Furthermore, Carlsson and Fullér [39] defined the interval-valued, and crisp possi-
bilistic mean values of fuzzy number A as:

M(A) = [M∗(A),M∗(A)],

M(A) =
M∗(A) +M∗(A)

2
.

(2.10)

According to the above definitions, we easily obtain the lower and upper possibilistic
means, the interval-valued and crisp possibilistic mean values of the total fuzzy return as
follows:

M∗(P) = 2
∫1

0
γ
(
Pl(x) − C(x)

(
1 − γ

))
dγ = Pl(x) − 1

3
C(x),

M∗(P) = 2
∫1

0
γ
(
Pu(x) +D(x)

(
1 − γ

))
dγ = Pu(x) +

1
3
D(x),

M(P) =
[

Pl(x) − 1
3
C(x), Pu(x) +

1
3
D(x)

]

,

M(P) =
1
2
(Pl(x) + Pu(x)) − 1

3
(C(x) −D(x)).

(2.11)

The following theorem can be found in [22].

Theorem 2.1. Let rj = (aj , bj , αj , βj) be n trapezoidal return of asset j, j = 1, ..., n, and let P =
(Pl(x), Pu(x), C(x), D(x)) be the total return of the portfolio P(x), then

(a) max{0,M(P) − P} = (0, Pu(x) − Pl(x) +D(x)/3, 0, C(x)),

(b) ω(P) = M(max{0,M(P) − P}) = [0, Pu(x) − Pl(x) + (C(x) +D(x))/3].

In this paper, we will use possibilistic semi-absolute deviation, instead of the possi-
bilistic variance employed by Carlsson et al. [19], to formulate possibilistic portfolio selection
model. The semi-absolute deviation based on the probabilistic theory can be described as [5]

E

⎛

⎝

∣
∣
∣
∣
∣
∣
min

⎧
⎨

⎩
0,

n∑

j=1

rjxj − E

⎛

⎝
n∑

j=1

rjxj

⎞

⎠

⎫
⎬

⎭

∣
∣
∣
∣
∣
∣

⎞

⎠ = E

⎛

⎝max

⎧
⎨

⎩
0, E

⎛

⎝
n∑

j=1

rjxj

⎞

⎠ −
n∑

j=1

rjxj

⎫
⎬

⎭

⎞

⎠.

(2.12)
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Next, we evaluate the possibilistic mean absolute semi-deviation with respect to the
total fuzzy return. Therefore, the possibilistic semi-absolute deviation can be defined as

ω(P) = M(max{0,M(P) − P}). (2.13)

Based on the Theorem 2.1, the interval-valued possibilistic semi-absolute deviation is
represented as follows:

ω(P) =
[

0, Pu(x) − Pl(x) +
(C(x) +D(x))

3

]

. (2.14)

Furthermore, we can obtain the crisp possibilistic semi-absolute deviation of the return
associated with the portfolio P(x) = (x1, x2, . . . , xn) as follows:

ω(P) =
Pu(x) − Pl(x)

2
+
C(x) +D(x)

6

=
1
2

n∑

j=1

(

bj − aj +
1
3
(
αj + βj

)
)

xj .

(2.15)

Moreover, the possibilistic mean value of the return associated with the portfolio
P(x) = (x1, x2, . . . , xn) is given by

M(P) =
1
2
(Pl(x) + Pu(x)) − 1

6
(C(x) −D(x))

=
n∑

j=1

1
2

(

aj + bj +
βj − αj

3

)

xj .

(2.16)

Analogous to Markowitz’s mean-variance methodology for the portfolio selection
problem, the crisp possibilistic mean value corresponds to the return while the possibilistic
semi-absolute deviation corresponds to the risk. Starting from this point of view, the
possibilistic portfolio model with different interest rates for borrowing and lending can be
formulated as

min
1
2

n∑

j=1

[

bj − aj +
1
3
(
αj + βj

)
]

xj

s.t.
n∑

j=1

1
2

[

aj + bj +
1
3
(
βj − αj

)
]

xj +

⎛

⎝1 −
n∑

j=1

xj

⎞

⎠r(x) ≥ μ,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n.

(2.17)

The possibilistic portfolio model (2.17) is based on possibility distributions rather than
probability distributions. In conventional mean-variance methodology for portfolio selection,
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rj is regarded as a random variable, j = 1, 2, . . . , n. It should be noted that the mean-
variance model of portfolio selection based on probability theory usually contains (n2+3n)/2
unknown parameters, including n expected returns, n variances, and (n2 − n)/2 covariances.
But the model (2.17) only contains 4n unknown parameters including aj , bj , αj , βj , j =
1, 2, . . . , n. Clearly, compared with conventional probabilistic mean-variance methodology,
the unknown parameters in the model (2.17) are greatly decreased.

The problem (2.17) can be solved by the following two linear programming problems:

min
1
2

n∑

j=1

[

bj − aj +
1
3
(
αj + βj

)
]

xj

s.t.
n∑

j=1

1
2

[

aj + bj +
1
3
(
βj − αj

)
]

xj +

⎛

⎝1 −
n∑

j=1

xj

⎞

⎠rl ≥ μ,

1 −
n∑

j=1

xj < 0, j = 1, 2, . . . , n,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n,

(2.18)

min
1
2

n∑

j=1

[

bj − aj +
1
3
(
αj + βj

)
]

xj

s.t.
n∑

j=1

1
2

[

aj + bj +
1
3
(
βj − αj

)
]

xj +

⎛

⎝1 −
n∑

j=1

xj

⎞

⎠rb ≥ μ,

1 −
n∑

j=1

xj < 0, j = 1, 2, . . . , n,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n.

(2.19)

Of the solutions to the two linear programs, the one with smaller risk is the solution to the
programming problem (2.17). It should be noted that if only lending is allowed, the model
(2.18) is used to obtain the optimal portfolio. On the other hand, if only borrowing is allowed,
the model (2.19) is used to obtain the optimal portfolio. It is obvious that the model (2.17) is
extension of previous models for portfolio selection problem, such as themodels in [1, 22, 36].

Furthermore, the problem (2.17) can be simplified to some special forms of possibility
distributions.

For j = 1, 2, . . . , n, if αj = βj , that is, rj = (aj , bj , αj) is a symmetric trapezoidal fuzzy
number, then the model (2.17) is equal to the following programming problem:

min
1
2

n∑

j=1

(

bj − aj +
2
3
αj

)

xj

s.t.
1
2

n∑

j=1

(
aj + bj

)
xj +

⎛

⎝1 −
n∑

j=1

xj

⎞

⎠r(x) ≥ μ,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n.

(2.20)
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Especially, if αj = βj = 0, that is, rj = [aj , bj] is an interval fuzzy number, then the
problem (2.17) can be simplified as

min
1
2

n∑

j=1

(
bj − aj

)
xj

s.t.
1
2

n∑

j=1

(
aj + bj

)
xj +

⎛

⎝1 −
n∑

j=1

xj

⎞

⎠r(x) ≥ μ,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n.

(2.21)

If aj = bj , that is, rj = (aj , αj , βj) is a triangular fuzzy number with center aj , left-width
αj > 0 and right-width βj > 0, then the model (2.17) is equal to the following programming
problem:

min
1
6

n∑

j=1

(
αj + βj

)
xj

s.t.
n∑

j=1

[

aj +
1
6
(
βj − αj

)
]

xj +

⎛

⎝1 −
n∑

j=1

xj

⎞

⎠r(x) ≥ μ,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n.

(2.22)

3. Numerical Example

In order to illustrate our proposed effective approaches for the portfolio selection problem
in this paper, we give a numerical example introduced by Markowitz in 1959 [3]. Since
we assume the return of asset j is a trapezoidal fuzzy number with the tolerance interval
[aj , bj], left width αj and right width βj , we need to estimate these parameters. Up to
now, several methods have been proposed to estimate trapezoidal fuzzy returns such as
possibilistic regression [40] sample percentile [22]. In the following, we will introduce the
sample percentile method used by Vercher et al. [22] to approximate the core and spreads
of the trapezoidal fuzzy returns for the Markowitz’s historical dataset. Firstly, based on the
Markowitz’s historical data, the percentiles of returns are calculated, which are shown in
Table 1. Secondly, set the interval [P40, P60] as the core [aj , bj], the quantities P40 − P5 and
P95 − P60 as the left αj and right βj spreads, respectively, where Pk is the kth percentile of the
sample. Thus, the possibility distribution of asset j is obtained, that is, aj = P40, bj = P60,
αj = P40 − P5, βj = P95 − P60. Taking the stock 1 as an example, we will introduce the above
method. From Table 1, we can see that for the stock 1, P5 = −0.284, P40 = −0.011, P60 = 0.070,
P95 = 0.456. Thus, we obtain the possibility distribution of stock 1, that is, a1 = P40 = −0.011,
b1 = P60 = 0.070, α1 = P40 − P5 = 0.273, and β1 = P95 − P60 = 0.386. Similarly, we can get the
possibilistic distributions of other eight stocks. The possibilistic distributions of nine stocks
are shown in Table 2.

We assume that the interest rate of borrowing is 4%, the interest rate of lending is
1%, and the upper bounds for nine assets are 0.25. By solving models (2.18) and (2.19),
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Table 1: Sample statistics for the Markowitz’s historical data.

Stock Sample mean SD 5th percentile 40th percentile 60th percentile 95th percentile

1 0.066 0.238 −0.284 −0.011 0.070 0.456

2 0.062 0.125 −0.175 0.052 0.089 0.229

3 0.146 0.301 −0.193 0.018 0.136 0.758

4 0.173 0.318 −0.307 0.161 0.238 0.714

5 0.198 0.368 −0.429 0.062 0.325 0.671

6 0.055 0.209 −0.234 −0.064 0.094 0.352

7 0.128 0.175 −0.132 0.090 0.164 0.356

8 0.118 0.286 −0.311 0.104 0.196 0.587

9 0.116 0.290 −0.316 0.104 0.196 0.587

Table 2: Possibility distributions of returns.

Stock ai bi αi βi

1 −0.011 0.070 0.273 0.386

2 0.052 0.089 0.227 0.140

3 0.018 0.136 0.211 0.622

4 0.161 0.238 0.468 0.476

5 0.062 0.325 0.491 0.346

6 −0.064 0.094 0.170 0.258

7 0.090 0.164 0.222 0.192

8 0.104 0.196 0.415 0.391

9 0.104 0.196 0.420 0.391

respectively, we can obtain the optimal investment strategies for different required return
levels as shown in Table 3. All efficient portfolios do not contain security 3, that is, x3 = 0.
If the investor is not satisfied with any of the portfolios obtained, more portfolios can be
obtained by varying the value of μ.

From Table 3 we can see that when borrowing and lending are allowed, the investor
can make different portfolio decisions to obtain the same expected returns. For example, for
μ = 8%, one investing strategy is that the investor holds 22% security 4, 25% security 7, and
53% risk-free asset by lending, while another is that the investor only holds some risky assets
without borrowing and lending risk-free asset, that is, 25% security 1, 25% security 2, 11.24%
security 6, 25% security 7, and 13.76% security 8. Furthermore, which strategies are better
for the investor if borrowing and lending are allowed? It is obvious that the investor will
choose the portfolio based on the model (2.18) because its risk is lower than that based on the
model (2.19). That is to say, the better portfolio decision can be made by lending. Moreover,
when expected return μ = 16.5%, even if borrowing and lending are allowed, the investor
will invest total capital in risky assets and stand 19.25% risk.

Next, in order to illustrate that borrowing and lending have effect on the optimal
portfolio selection, we consider two cases, that is, portfolio selection without borrowing and
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Table 3: Some possibilistic efficient portfolios.

μ = 0.03 μ = 0.08 μ = 0.13 μ = 0.165

P(4) P(5) P(4) P(5) P(4) P(5) P(4) P(5)

x1 0 0.25 0 0.25 0 0.0123 0 0
x2 0 0.25 0 0.25 0 0.25 0 0
x3 0 0 0 0 0 0 0 0
x4 0 0 0.22 0 0.25 0.25 0.25 0.25
x5 0 0 0 0 0 0 0.25 0.25
x6 0 0.25 0 0.1124 0 0 0 0
x7 0.1786 0.25 0.25 0.25 0.25 0.25 0.014 0.014
x8 0 0 0 0.1376 0.25 0.2377 0.25 0.25
x9 0 0 0 0 0.076 0 0.236 0.236
1−∑9

j=1 xj 0.8214 0 0.53 0 0.174 0 0 0

Risk 0.1893 0.1216 0.0696 0.1257 0.134 0.14 0.1925 0.1925

Table 4: Optimal solutions of two models (μ = 0.05).

x1 x2 x3 x4 x5 x6 x7 x8 x9 1−∑9
j=1 xj Risk

Model (2.17) 0 0 0 0.0629 0 0 0.25 0 0 0.6871 0.0388
Model (3.1) 0.25 0.25 0 0 0 0.25 0.25 0 0 0 0.1216

lending and portfolio selection with borrowing and lending. Based on the model (2.17), we
easily obtain the portfolio selection model without borrowing and lending as follows:

min
1
2

n∑

j=1

[

bj − aj +
1
3
(
αj + βj

)
]

xj

s.t.
n∑

j=1

1
2

[

aj + bj +
1
3
(
βj − αj

)
]

xj ≥ μ,

0 ≤ xj ≤ uj, j = 1, 2, . . . , n.

(3.1)

Assume that μ = 0.05, 0.12, we obtained some possibilistic efficient portfolios, which
are shown in Tables 4 and 5, respectively. It should be noted that the interest rates of
borrowing and lending, and the upper bounds for nine assets are the same with the above
assumptions.

From Tables 4 and 5, it can be seen that whether the borrowing and lending are
considered, when the preset return value becomes bigger, the risk becomes larger, which
reflects the relationship between risk and return. For example, if borrowing and lending are
considered, when possibilistic return μ = 0.05, the risk is 0.0388, while when possibilistic
return μ = 0.12, the risk is 0.1209. Moreover, by comparing models (2.17) and (3.1), we can
see that, whether μ = 0.05 or μ = 0.12, the investment risk for the model (2.17) is lower than
that for the model (3.1). That is to say, borrowing and lending constraints have great effect on
making the optimal strategies.

In particular, to demonstrate that different borrowing and lending interest rates also
have effect on the optimal portfolio selection, we consider two special cases: (a) only lending
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Table 5: Optimal solutions of two models (μ = 0.12).

x1 x2 x3 x4 x5 x6 x7 x8 x9 1−∑9
j=1 xj Risk

Model (2.17) 0 0 0 0.25 0 0 0.25 0.25 0.0022 0.2478 0.1209
Model (3.1) 0.1146 0.25 0 0.25 0 0 0.25 0.1354 0 0 0.1370

Table 6: Some possibilistic efficient portfolios with different lending interest rates (μ = 10%).

rl 0 0.02 0.03 0.05 0.07 0.09 0.10

x1 0 0 0 0 0 0 0
x2 0 0 0 0 0 0 0
x3 0 0 0 0 0 0 0
x4 0 0 0.4098 0.3316 0.2294 0.0903 0
x5 0 0 0 0 0 0 0
x6 0 0 0 0 0 0 0
x7 0.8197 0.7844 0 0 0 0 0
x8 0 0 0 0 0 0 0
x9 0 0 0 0 0 0 0
1−∑9

j=1 xj 0.1803 0.2156 0.5902 0.6684 0.7706 0.9097 1

Risk 0.0869 0.0831 0.0802 0.0649 0.0449 0.0177 0

is allowed for portfolio selection, (b) only borrowing is allowed for portfolio selection. That is
to say, models (2.18) and (2.19) are considered independently for portfolio selection problem.
For simplicity, we assume uj = 1, j = 1, 2, . . . , 9. With respect to each case, we solve these
problems with different borrowing and lending interest rates and obtain optimal portfolios
as shown in Tables 6 and 7.

Table 6, representing the possibilistic efficient portfolios under assumption that
lending is allowed, shows that with the lending interest rate increases, the proportion
invested in risk-free asset becomes bigger. Especially, if rl ≥ 0.10, the investor will invest total
capital in the risk-free asset. This implies that when rl is greater than or equal to the expected
returns μ, the investor makes his portfolio selection pessimistically. Consequently, the
investor prefers to hold risk-free asset than part or whole risky assets. Table 7, representing
the possibilistic efficient portfolios under assumption that borrowing is allowed, shows that
the larger the borrowing interest rate is, the larger the possibilistic risk of portfolio is. It must
be emphasized that an increase on the borrowing interest rate rb does not necessarily result
in an increase on the borrowing amount. For example, when rb = 0.05, the proportions of
borrowing is 0.6833 while when rb = 0.02, the proportions of borrowing is 0.708. Moreover,
in order to find feasible solution the borrowing interest rate rb must be less than or equal to
14%.

Finally, we depict a graph, as shown in Figure 1, to show the difference of the
possibilistic efficient frontiers under different cases. The vertical axis is the possibilistic return
value of the portfolio, and the horizontal axis is the possibilistic risk value of the portfolio.
Figure 1(a) presents the efficient frontiers without borrowing and lending, with borrowing
and lending, and only with borrowing. Generally speaking, the efficient frontier without
borrowing and lending is lower than that with borrowing and lending, and the efficient
frontier only with borrowing partly covers that without borrowing and lending. Figure 1(b)
presents the efficient frontiers without borrowing and lending, with borrowing and lending,
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Table 7: Some possibilistic efficient portfolios with different borrowing interest rates (μ = 25%).

rb 0 0.02 0.05 0.10 0.11 0.12 0.139

x1 0 0 0 0 0 0 0
x2 0 0 0 0 0 0 0
x3 0 0 0 0 0 0 0.8769
x4 0.6375 0.708 1 1 1 1 1
x5 0 0 0 0.71 0.8297 0.998 1
x6 0 0 0 0 0 0 0
x7 1 1 0.6833 0 0 0 0
x8 0 0 0 0 0 0 1
x9 0 0 0 0 0 0 1
∑9

j=1 xj −1 0.6375 0.708 0.6833 0.71 0.8297 0.998 3.8769

Risk 0.2308 0.2446 0.2682 0.3499 0.3758 0.4124 0.948
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Figure 1: A comparison of possibilistic efficient frontiers under different cases.

and only with lending. We find that the efficient frontier without borrowing and lending
is lower than that with borrowing and lending, and that only with borrowing. Moreover,
theoretically, the efficient frontier with borrowing and lending should be different from that
only with lending. However, in our example, we can see that these two curves are completely
the same. The main reasons are that borrowing has little influence on portfolio selection
by using Markowitz’s historical data. Finally, comparing Figure 1(a) with Figure 1(b), it is
easy to see that, whatever the case, the investor will make the same investment decisions
when expected return μ varies within a certain range such as μ ∈ [0.145, 0.165]. It must
be emphasized that in order to find the feasible solutions, the expected return must satisfy
μ ≤ 0.218 for the case that only borrowing is allowed, and μ ≤ 0.165 for the other three cases.
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4. Conclusion

The fuzzy set is one of the powerful tools used to describe a uncertain environment. In this
paper, we have discussed the portfolio selection problem based on the possibilistic theory
under the assumption that the returns of assets are trapezoidal fuzzy numbers. We have
used possibilistic mean value of the return to measure the investment return, and possibilistic
semi-absolute deviation as the investment risk. We have obtained a new possibilistic mean
semi-absolute deviation model for portfolio selection taking into account of different interest
rates for borrowing and lending. Comparing with conventional probabilistic mean-variance
model, our proposed model contains less unknown parameters and it can integrate the
experts’ knowledge and the managers’ subjective opinions better. Numerical results have
showed that our proposed model is efficient and borrowing and lending risk-free asset have
great effect on the optimal portfolio selection.

Finally, for future researches, three areas are proposed: first adding other constraints
of real market such as transaction costs, cardinality, and bounded constraint, second using
heuristic algorithms such as artificial bee colony (ABC) algorithm to solve the proposed
model and comparing its solutions with GA and PSO, and lastly, extending the proposed
model to a multiperiod case.
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