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This paper presents that the kernel of the fractional Fourier transform (FRFT) satisfies the operator
version of Kramer’s Lemma (Hong and Pfander, 2010), which gives a new applicability of
Kramer’s Lemma. Moreover, we give a new sampling formulae for reconstructing the operators
which are bandlimited in the FRFT sense.

1. Introduction and Notations

Sampling theory for operators motivated by the operator identification problem in com-
munications engineering has been developed during the last few years [1-4]. In [4], Hong
and Pfander gave an operator version of Kramer’s Lemma (see [4, Theorem 25]). But
they did not give any explicit kernel satisfying the hypotheses in [4, Theorem 25] other
than the Fourier kernel. In this paper, we present that the kernel of the fractional Fourier
transform satisfies the hypotheses in [4, Theorem 25]. Therefore, we give a new applicability
of Kramer’s method.

The FRFT—a generalization of the Fourier transform (FT)—has received much atten-
tion in recent years due to its numerous applications, including signal processing, quantum
physics, communications, and optics [5-7]. Hong and Pfander studied the sampling theorem
on the operators which are bandlimited in the FT sense (see [4]). In this paper, we generalize
their results to bandlimited operators in the FRFT sense.

For f € L*(R), its FRFT is defined by

Fulw) = FLFG) ) = [ FGK () a1
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where a € R, and the transform kernel is given by

Aae(i/z)(xz-mz)cot a—iuxesca  if g + ko,
Ka(u,x) =4 6(x—u) if a = 2kor, (1.2)
O(x +u) if a=2k-1),

where 6(+) is Dirac distribution function over R, A, = /(1 —icota)/2x, and k € Z. The
inverse FRFT is the FRFT at angle —a, given by

F(x) = Fo[Fa(u)] = f F )Rl 0, (13)

where the bar denotes the complex conjugation. Whenever a = or/2, (1.2) reduces to the FT.
Through this paper, we assume that a # kor.
In FRFT domain, the function space with bandwidth Q is defined by

FPW, = {f € L*(R) : supp F*f C [—%% } (1.4)
For the sake of simplicity, when a = o /2, FPWg, is written as PWq.
In the following, we use the notation

A(F)=<B(F), Fe¥ (1.5)

if there exist positive constants ¢ and C such that cA(F) < B(F) < CA(F) for all objects F in
the set .

Let H be a Hilbert space and {f, : n € Z} be a sequence in H. The set {f, : n € Z} is
said to be a frame [8, 9] for H if

2

A5 = SSIf fudul’, feR (1.6)

nez

Let A = {A¢ : k € Z} C R with (A\x < Aks1). Ais a set sampling for FPWg, if

I£1I7: = SIfF)|>,  f € FPWq. (1.7)

keZ

2. The Properties of the Kernel of FRFT

In this section, we consider under what conditions {K,(Ax +¢t,-) : k € Z} is a frame for
L2[-Q/2,Q/2] for every t € R. The following theorem gives a necessary and sufficient
condition for {K,(\x +¢,-) : k € Z} to be a frame for L2[-Q/2,Q/2] for every t € R.

Theorem 2.1. Forany t € Rand sina > 0. {K,(Ax +1t,-) : k € Z} is a frame for L*[-Q/2,Q/2] if
and only if {e7™¢ : k € Z} is a frame for L*[-(Q/2)csc a, (Q/2)csc a].
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Remark 2.2. By Theorem 2.1, when taking appropriate g, { K (Ax +1,-) : k € Z} is a frame for
each t € R. Therefore, we give a kernel satisfying the hypotheses in [4, Theorem 25], which
gives a new applicability of Kramer’s Lemma.

To prove Theorem 2.1, we need to introduce the following results.

Lemma 2.3. A = {A : k € Z} is a set of sampling for FPWq if and only if {Ky(Ak +¢,-) : k € Z} is
a frame for L*[-Q/2,Q/2] for every t € R.

Proof. Suppose that A is a set of sampling for FPWgq. Then, for any F € L?[-Q/2,Q/2], there
exists f € FPWgq such that F = F*f. Since

<F(')e—i(~)tcsc a’ K, ()Lk +t, ) >L2 — <P(.)e—i(-)tcsca’ Aue(i/2)(()Lk+t)2+(.)2)cota—i(.)()lﬁt)csca >L2

= o/ @t+P) < F(), Ageli/2W () cotazi()desca >LZ (2.1)

= AU F (), Ky, 1)) = e P (1),
we have

. 2
||F(.)e*l(-)tcsca B — ”1:'“%2 — ”f”iz - Z|f()tk)|2

keZ

(2.2)
= Z | <F(.)e*i(-)tcsca, Ko(A +, ')>'2.

keZ

Therewith, {K,(Ak +t,-) : k € Z} is a frame for L>[-Q/2,Q/2] for any t € R.
On the other hand, suppose that { K, (Ax+t,-) : k € Z} is a frame for L*[-Q/2,Q/2] for
any t € R. Specifically, { K, (A, -) : k € Z} is also a frame for L?[-Q/2,Q/2]. Then, by (2.1),

I£11% = IFI2 = STFC), Kallg, )P

keZ

= | f )]

keZ

(2.3)

This completes our proof. O

The following proposition gives a necessary and sufficient condition about A = {\x :
k € Z} is set of sampling for PWq,.

Proposition 2.4 (see [10, Lemma 3.5]). A = {\x : k € Z} is set of sampling for PWq if and only if
{e”™w : k € Z) is a frame for L2[-Q/2,Q/2].

Lemma 2.5. A = {\y : k € Z} is set of sampling for FPWq, if and only if {e"™ : k € Z} is a frame
for L[-(Q/2)csc a, (Q/2)csc a].
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Proof. Since

jat [f(t)] (u) _ me(i/z)uzcotag[f(t)e(i/z)ﬂcota] (u csc a)/ (24)

where § denotes the FT operator, we have

e(i/DO OUEPWG = PWq e (2.5)
By Proposition 2.4, this completes the proof. O
Proof of Theorem 2.1. By Lemmas 2.3 and 2.5, we immediately get the claim. O

3. Sampling of Operators Related to FRFT

In this section, a new sampling formulae for operator is proposed. First we introduce some
definitions and notations about sampling of operator.

The class of Hilbert-Schmidt operators HS(L?(RR)) consists of bounded linear operators
on L*(R) which can be represented as integral operators of the form

HFG) = [ o @3.1)

with kernel xp; € L2(R?). Let hy (t, x) = xp(x, x—t). We call hy (t, x) the time-varying impulse
response of H. If H € HS(L?(R)), then the operator norm of H is defined by ||H]|ys :=

lerllz = [[hule-
The Feichtinger algebra is defined by

So(R) = { f e 2(R): Vyf(t,v) € L' (R?) } (3.2)

where V,f(t,v) = (f, M, T;g) is the short-time Fourier transform of f with respect to the
Gaussian g(x) = ™. An operator class O C HS(L?(R)) is identifiable if all H € O extend to
a domain containing a so-called identifier f € S;(RR) and

IHllys < ||[Hf|;., H€O. (3.3)

The operator class O C HS(L?(R)) permits operator sampling if one can choose f in (3.3)
with discrete support in R in the distributional sense. In that case, supp f is called sampling
set for O.

ForT,Q >0, let

OPWra = {H e HS(L2(®) : supp (hur(t,) € 10,71 |3, 7| |,
(3.4)

OFPWrgq = {H € HS(LZ(R)> s supp F*(hu (t,-)) € [0,T] x [—% %] }
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The following theorem states that a bandlimited operator in FRFT sense permits
operator sampling.

Theorem 3.1. For Q, T, T > 0and 0 < T'Q < TQ < 2xsina, choose ¢ € PW([-(2x/T -
(Qesca/2)), 2w /T — (Qcsca/2))]) with F(¢) = 1 on [-Qcsca/2, Qcsca/2] and r € L*(R)
withsupp r C [-T +T',T] and r =1 on [0, T]. Then OFPWr: o permits operator sampling as

H 6t

keZ

, He OFPWT',Q, (35)
12

[ Hllys = \/T‘

and operator reconstruction is possible by means of the L?>-convergent series

hir(t, x) = e—(i/Z)xzcotar(t)TZe—(i/Z)(t+nT)2coth
nez

x (HZ6kT> (t+nT)p(x -t —nT).

keZ

(3.6)

Before we give the proof of Theorem 3.1, the following two propositions are needed.

Proposition 3.2 (see [4, Theorem 8]). For Q,T,T > 0and 0 < T'Q < TQ < 2, choose ¢ €
PW([-Qxr/T - Q/2), 2x/T — Q/2)]) with F(p) = 1 on [-Q/2,Q/2] and r € L*(R) with
suppr C [-T+T',T] and r =1 on [0,T]. Then OPWy g permits operator sampling as

IHllps = VT , HeOPWrg, (3.7)

12

HZ6kT

keZ

and operator reconstruction is possible by means of the L>-convergent series

h(t,x) =r(HT D <HZ§kT> (t + nT)p(x —t — nT). (3.8)

nez keZ

Proposition 3.3 (see [11, Lemma 1]). Assume a signal f(t) € FPWq. Let
Q/2 o _
g(t) — f ) F“ [f(t)] (u)e—(l/z)u cota+1utcscadu‘ (39)
-Q/2

Then g(t) € PWgcsca-

Proof of Theorem 3.1. Due to (2.4), we have

£(t,x) € OFPWr g &= /DXt £(1 3} € OPWr g esca- (3.10)
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By the proof of Proposition 3.2,

IH|lus = VT|HY k|| , H € OFPWrq. (3.11)
keZ 12
Applying Proposition 3.3, we obtain
h(F x) = Age”@/D¥ 0t (t 5y, (3.12)
where hyy (t,x) = [, Fe[hu(t, )] (w)e(/2reotasivrescagy and hyy(t, x) € OPWr gesca. Let
Hf(x) = f Rt x)f(x —t). (3.13)
R
Using Proposition 3.2 again,
h(tx) =r(OT Y, <ﬁ26kT> (t + nT)ep(x — t — nT). (3.14)
nez keZ

Therewith,

hi(t, x) = Age” V2t <ﬁ25kr> (t+nT)p(x —t —nT)

nez keZ

= Age” DX (TN hpp (1t + nT)g(x — t — nT)

nez

— e—(i/z)x2cotar(t)TZe—(i/Z)(HnT)ZcotahH(t, t+ nT)(p(x —t= nT) (315)

nez

— e—(i/Z)xZCOtar(t)TZe—(i/Z)(t+nT)2cotu
nez

x <HZ§kT> (t + nT)p(x —t —nT).

keZ

O

Next, we give an important multichannel operator sampling theorem, namely,
derivative operator sampling. Checking the proof of [4, Theorem 32], we have following
lemma.

Lemma 3.4. Let M, N € Nand f*) denotes the rth derivative of f in the distributional sense. Then,

5 () ()

2
, He OPWN/MZJ,-. (3.16)

MN-1

IHlEs = >

j=0
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and operator reconstruction is possible by means of the L?>-convergent series

MN-1
hu(tx) = D > <H,-Z6kN> (t+nN)y;(x -t -nN), (3.17)

j=0 nez keZ

where {¢j(x —t-nN): 0<j< MN, n € N} isa Riesz basis for PWa,n for each fixed t € [0, N],
and Hf (x) = (2], (1) (D" (Hf0) ") (x).

For the operators which are bandlimited in FRFT sense. We have the following
theorem.

Theorem 3.5. Let M, N € N and f) denotes the rth derivative of f in the distributional sense.

Then,
MN-1 ] j (7 1’) r T —p z
i h ()
”H”%JS = Z ( > eli/2x ot Z( >(—1)P <HZ6kN> ’
i=0 ||=o \r < > p=0 \P kez (3.18)
H € OFPWN Mo sina-
and operator reconstruction is possible by means of the L?>-convergent series
(i/2)2* Mi_lzi ]
hH(t,x) :e—z x“cota ( >
j=0 nezZr=0 \T
(3.19)

. (j-r)
< <<e(1/2)x2cota> / HTZ6kN> (t+nN)y;(x —t—nN),

kez

where {@j(x —t—nN) : 0 < j < MN,n € N} is a Riesz basis for PWpp for each fixed t € [0, N]
and Hif (x) = (Z1_o(}) ()" (Hf D) 7")(x).

Proof. Due to (2.4), we have
£(t,x) € OFPWn Marsing = e £ (¢ x) € OPWp pos- (3.20)

By Proposition 3.3, we obtain

h(F x) = Age™@/D¥0tap, (p 5y, (3.21)

where hip(t,x) = [}, F*[hy (1, )] (u)e (@/2eotarivreseagy put

Hf(x) = IR Ry (t, x) f(x — t)dt. (3.22)
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By Lemma 3.4, we have

MN-1
hgtx) = > > <E-Zam> (t+nN)y;(x —t-nN), (3.23)

j=0 n€zZ keZ

where

Hif(x) = <§JJ

r=0

<’><1 Hf(”) >(x> o g (b0 f(x = tyat
.

_ 1 el (i/2)x*cota
_ A_JR 2 (e it ) f (x — Dyt

]>< (i/2)x? cotu>(] )( )I d hH(t X)f(x_ t)dt

_ 1 i <j ) ( <i/2>x2cotﬂ)(j_r) (x)H, f (x)

(3.24)

By the proof of Lemma 3.4, (3.18) holds. Moreover, by (3.21) we obtain

MN-
hip(t, x) = Age (/¥ cota Z Z <ﬁj25w> (t+nN)g;(x -t —nN)

keZ

MN-1

7(1/2 x2cota i < > (325)
r

j=0 neZr=0

x <<e(i/2)x2cota>(j—r)HrZ(SkN) (t + nN)(p] (x e nN)

keZ

O

Remark 3.6. After careful development of pertinent tools, one can formulate extensions of
results in this paper to the linear canonical transform case (see [11-13]). We have presented
the FRFT case because of its simplicity and applicability.

4, Conclusion

Kramer’s Lemma is very important in the proofs of a number of sampling theorems. In
[4, Theorem 25], Hong and Pfander proved an operator sampling version of Kramer’s
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Lemma. But they did not give any explicit kernel satisfying the hypotheses in [4, Theorem
25] other than the Fourier kernel. In this paper, we find that the kernel of the fractional
Fourier transform satisfies the hypotheses in [4, Theorem 25]. This observation gives a
new applicability of Kramer’s method. Moreover, we give a new sampling formulae for
reconstructing the operators which are bandlimited in the FRFT sense. This is an extension of
some results in [4].
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