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The surface waves propagation in generalized magneto-thermo-viscoelastic granular medium
subjected to continuous boundary conditions has been investigated. In addition, it is also subjected
to thermal boundary conditions. The solution of the more general equations are obtained for
thermoelastic coupling. The frequency equation of Rayleigh waves is obtained in the form of
a determinant containing a term involving the coefficient of friction of a granular media which
determines Rayleigh waves velocity as a real part and the attenuation coefficient as an imaginary
part, and the effects of rotation, magnetic field, initial stress, viscosity, and gravity field on Rayleigh
waves velocity and attenuation coefficient of surface waves have been studied in detail. Dispersion
curves are computed numerically for a specific model and presented graphically. Some special
cases have also been deduced. The results indicate that the effect of rotation, magnetic field, initial
stress, and gravity field is very pronounced.

1. Introduction

The dynamical problem in granular media of generalized magneto-thermoelastic waves has
been studied in recent times, necessitated by its possible applications in soil mechanics,
earthquake science, geophysics, mining engineering, and plasma physics, and so forth. The
granular medium under consideration is a discontinuous one and is composed of numerous
large or small grains. Unlike a continuous body each element or grain cannot only translate
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but also rotate about its center of gravity. This motion is the characteristic of the medium
and has an important effect upon the equations of motion to produce internal friction. It
was assumed that the medium contains so many grains that they will never be separated
from each other during the deformation and that each grain has perfect thermoelasticity. The
effect of the granular media on dynamics was pointed out by Oshima [1]. The dynamical
problem of a generalized thermoelastic granular infinite cylinder under initial stress has been
illustrated by El-Naggar [2]. Rayleigh wave propagation of thermoelasticity or generalized
thermoelasticity was pointed out by Dawan and Chakraporty [3]. Rayleigh waves in a
magnetoelastic material under the influence of initial stress and a gravity field were discussed
by Abd-Alla et al. [4] and El-Naggar et al. [5].

Rayleigh waves in a thermoelastic granular medium under initial stress on the prop-
agation of waves in granular medium are discussed by Ahmed [6]. Abd-Alla and Ahmed
[7] discussed the problem of Rayleigh wave propagation in an orthotropic medium under
gravity and initial stress. Magneto-thermoelastic problem in rotating nonhomogeneous
orthotropic hollow cylinder under the hyperbolic heat conduction model is discussed by
Abd-Alla and Mahmoud [8]. Wave propagation in a generalized thermoelastic solid cylinder
of arbitrary cross-section is discussed by Venkatesan and Ponnusamy [9]. Some problems
discussed the effect of rotation of different materials. Thermoelastic wave propagation in
a rotating elastic medium without energy dissipation was studied by Roychoudhuri and
Bandyopadhyay [10]. Sharma and Grover [11] studied the body wave propagation in
rotating thermoelastic media. Thermal stresses in a rotating nonhomogeneous orthotropic
hollow cylinder were discussed by El-Naggar et al. [12]. Abd-El-Salam et al. [13] investigated
the numerical solution of magneto-thermoelastic problem nonhomogeneous isotropic
material.

In this paper, the effect of magnetic field, rotation, thermal relaxation time, gravity
field, viscosity, and initial stress on propagation of Rayleigh waves in a thermoelastic granular
medium is discussed. General solution is obtained by using Lame’s potential. The frequency
equation of Rayleigh waves is obtained in the form of a determinant. Some special cases have
also been deduced. Dispersion curves are computed numerically for a specific model and
presented graphically. The results indicate that the effect of rotation, magnetic field, initial
stress, and gravity field are very pronounced.

2. Formulation of the Problem

Let us consider a system of orthogonal Cartesian axes, Oxyz, with the interface and the free
surface of the granular layer resting on the granular half space of different materials being
the planes z = K and z = 0, respectively. The origin O is any point on the free surface,
the z-axis is positive along the direction towards the exterior of the half space, and the x-
axis is positive along the direction of Rayleigh waves propagation. Both media are under

=5
initial compression stress P along the x-direction and the primary magnetic field Hy acting
on y-axis, as well as the gravity field and incremental thermal stresses, as shown in Figure 1.
The state of deformation in the granular medium is described by the displacement vector

ﬁ(u, o, w) of the center of gravity of a grain and the rotation vector ?(g, 7,¢) of the grain
about its center of gravity. The elastic medium is rotating uniformly with an angular velocity
Q = Qn, where n is a unit vector representing the direction of the axis of rotation. The
displacement equation of motion in the rotating frame has two additional terms, Q x (Q x u)
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Figure 1: Depiction of the problem.

—
is the centripetal acceleration due to time varying motion only, and 28 x 1 is the Coriolis
acceleration, and Q = (0, Q,0).

The electromagnetic field is governed by Maxwell equations, under the consideration
that the medium is a perfect electric conductor taking into account the absence of the
displacement current (SI) (see the work of Mukhopadhyay [14]):

- —
J =curl h,

oh
N
—‘ueg =curl E,
_
divh =0, (2.1)
—
divE =0,

P (% H
—_‘l/lg ax 7

where

—

sy - — > —
h = curl (uxH0>, H=Hy+h, H=(0,H,0), (2.2)

where T is the perturbed magnetic field over the primary magnetic field vector, E is the

electric intensity,—f is the electric current density, p,. is the magnetic permeability, FO is the
constant primary magnetic field vector, and % is the displacement vector.

The stress and stress couple may be taken to be nonsymmetric, that is, 7;; #7j;,
Mi;; # M. The stress tensor 7;; can be expressed as the sum of symmetric and antisymmetric
tensors

Tij = Ojj + O'l{]-, (23)
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where
1 1
Gij = E(Ti]' +Tji), oij = E(Tij - Tji). (2.4)

The symmetric tensor o;; = 0j; is related to the symmetric strain tensor

1/ 0u; Ouj
eij = €ji = 5 <ax]- + 6x,->' (2.5)

. . ) .
The antisymmetric stress o; j are given by

0 0 0
O3 = — a—f, Oy = —Fa—TtZ, o), = —Fa—f, O} =0y =0433,=0, (2.6)

where F is the coefficient of friction between the individual grains. The stress couple M;; is
given by

Mi]‘ = Mv,-]-, (2.7)

where, M is the third elastic constant, M1, Mi3, M33, and so forth, are the components of
the resultant acting on a surface.
The non-symmetric strain tensor v;; is defined as

o o o¢

vi =22, Vs =2, Vs =5, V=V =V s 0, 08)
) k) o¢ '
Vo = a(wz +1), V3 = E(wz +1]), V3= 3

where w; = (1/2)((0u/0z) — (0w/0x)).
The dynamic equation of motion, if the magnetic field and rotation are added, can be
written as [15]

T+ F = p[’d,- + {5 x @ xi)} + <2§x7>] i,j=1,23. (2.9)

1

The heat conduction equation is given by [16]

KV*T = ps2 (1 + 729>T + yTO2 (1 + 7253

.
ot ot ot at)Z St (2.10)

where p is density of the material, K is thermal conductivity, s is specific heat of the material
per unit mass, 7j, T, are thermal relaxation parameter, a; is coefficient of linear thermal
expansion, A and u are Lame’s elastic constants, 0 is the absolute temperature, y = a;(31+2p),
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Ty is reference temperature solid, T is temperature difference (0 — Tp), 79 is the mechanical
relaxation time due to the viscosity, and 7, = (1 + 70(0/0t)).
The components of stress in generalized thermoelastic medium are given by

0 0 0
o1 = [Tm(-)t+2ﬂ)+P]£+(Tm)L+P)a—z;)— <1+Tlat) |

ou 0
O3 = Tm)La +Tm(A + Zy) (1 +7 6t> i (2.11)

au ow
013 = Tm}t a ax

If we neglect the thermal relaxation time, then (2.11) tends to Nowacki [17] and Biot [18].
The Maxwell’s electro-magnetic stress tensor 7;; is given by

Tij = pe[Hihj + Hjhi — (Hy - hi)835), 1,7 =1,2,3, (2.12)

which takes the form

uaw

— —_ — 0
T = —peHgVp, Tis =T =0, Ty =pHiVh, Vip=——+——. (2.13)
The dynamic equations of motion are
o1 O0m31 P ows ow o*u ow )
ox "oz T2 ez e ThrT P[atz 20
67-12 67-32
2,72 = 2.14
ox oz Fy =0, (14)
67-13 67-33 r E)wz ow 82 ou 2
ox Tz T2 ox TPEe T P[atz B [
where g is the Earth’s gravity and
= (~HH3V$,0, p HIV?$), (2.15)
T3 — T +_8M11 + OMs =0
23 32 ax aZ - Y
T31 = Ti3 + M | My 0, (2.16)
ox 0z
Ti2 =T+ oM, + OMoy =0.

ox oz
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From (2.3)-(2.8) and (2.11), we have
0 0 0
711 = [T (X + 2p) + p] % + (T + P)a—zj - y(l + Tla)T,

T33 = Tm)t

ou 0
% +Tm()u+2‘u)a <1+T16t)T'

ou ow o
T13 = m#(a E) +Fa—TZ,
__p% (2.17)
T2 =P
0
™ =-F af
0 0 0
My = M—é, M3z = M—g, Mzz = M—g, My = My = My =0,
ox 0z 0z

0 0 0
M12=M$(WZ+7]), M32:M§((U2+Tl>, M13:M£.

Substituting (2.17) into (2.14) and (2.16) tends to
o’u 2w 0\ oT ou w
[Tm(./\,+2//l)+P]a +(Tm.)L+P) Y<1+T1§>a+7'm‘l/l<g+m>

P[/du Fw ow o’ ,f 0*u  Fw o’u ow .,
5(@ - axaz> ~P8ox "oz ”6H0<@ - axaz> P[atz F2F ),
(2.18)

then

’w o’u
2
+‘ueH]ava+<m,u+ >622

Tm

az
[Tm (L+2u) + P+ ‘ueHg] =3

(2.19)

o\ oT ow n o’u ow 2,
‘Y(“Tla>a‘f’ga”azat—P[atz 2y~
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Also,

ox Oz
o’u  w o’n o*u o*w o\ oT
T’””(axaz "o > oo P aras T2 55 _Y<1 ”@)E

P/ ou ow ou Pu  w Pw ou
5<—axaz - W> * P8 *Hetly <8xaz a_> —P[W R ”’]

2 (% _ %) 0, (2.20)

(2.21)
then
o*u P\ *w Pw
2 2
I:Tm(./\'f'//l)'l' +y3H]ava+<m;¢ 2)8 [Tm(./\+2//l)+//lgH:|azz
52 5 (2.22)
0\ oT ou n _ |0w ou 9
r(1en3) 5 e85 Fac —P[ﬁ ST ]
and, from (2.16), we have
¢
2 — —_— =
V¢ —s) 3 0, (2.23)
2 on
Vi(wr +1) - S25; = 0, (2.24)
o¢
2 — _—=
V¢ - s, 3 0, (2.25)
where
2F
Sy = e (2.26)

3. Solution of the Problem

By Helmholtz’s theorem [19], the displacement vector # can be written in the displacement
potentials ¢ and ¢ form, as

% =grad ¢ +curl ¢, ¢ =(0,¢,0), (3.1)

which reduces to

_ 09 oy op  op
“ox o0z 7 82 ox” (3.2)
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Substituting (3.2) into (2.19), (2.22), and (2.24), the wave equations tend to

2924 0 op 824) Og 2
- - 3.3
a’Vg p<1+T16t>T 83 = 37 ZQE)t Q°¢, (3.3)
o9 _ oy .99
202, oy 2
P at Y8ax T ar M Y (34)
0
V2 - Sza—? _ iy =0, (3.5)
where
(X +2u) + P+ u.H? 27 — P
qof o m@rB)ePrpHy g, 2mp- P (3.6)
p p 2p
Substituting (3.2) into (2.10), we obtain
0 0 0 0
2 9 \2
KV<T = psat<1+Tzat>T+yToat<l+T266t>V ¢. (3.7)
From (3.3) and (3.7), by eliminating T, we obtain
10 0 op  0%*P oy
2 2024 JO¥ 909 2
[V Xat<1+Tzat>][aV¢ ga 3 ZQE)t QP
(3.8)
a 0 O0\w2,
€5 <1 +T18t) (1 +Tz6a>v ¢=0,
where
_ K _ YZTO
X= E, €= —pK . (3.9)
From (3.4) and (3.5) by eliminating 77, we obtain
%) ¢ 0P op oy
2 _ 202, ¢ 0P 2\ _ 49¥ _
(V szat) <ﬁ Vg 52 8%y +2Q— 3t + Q% 51V o 0. (3.10)
For a plane harmonic wave propagation in the x-direction, we assume
¢ — (‘bleik(xfct), @ = (p_leik(xfct), (311)

(&1,8) = (81,11, 81) e, (3.12)
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From (3.12) into (2.20), (2.23), and (2.25), we get

D¢y — ik =0,
D* +q*&1 =0,

D*% + g% =0,
where
d
?=ikes; -k?,  D=—.
q- =ikcsy, — k%, =

The solution of (3.14) and (3.15) takes the form

& = A1 + Age™, {1 = Bie'" + Bye ™,

where A;, Ay, By, and B, are arbitrary constants.
From (3.13) and (3.17), we obtain

q(Aleiqz - Azefiqz> - k<B1 e + Bzeiiqz> =V,

then
A1 —-kB; =0, _1)/!
qA 1 :A]_:(l) kB]-, i=1,2.
qA2 -kB, =0 q
Substituting (3.11) into (3.8) and (3.10), we obtain
[aED‘l + G1D2 + Gz] (1)1 - [G3D2 + G4] 1 = 0,
[R1D4 + RoD? + R3]<p1 + [R4D2 + R5]¢1 -0,
where

F0=1—ikCTO, Fl =1—ikCT1, r2=1—ikCT2,

aZZFO(A+2y)+P+y3H§ 2:21"0;1—P'

* 7 *

P 2p

G =k? <c2 - 2a3> + 1k7c <cxfl"2 + x£F1F3> +Q?,

I'3 =1-ikcm6,

(3.13)
(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

(3.20)
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Ga = k(a2 =) + T2 (8 (1) + ) ~k3(2 + ke,

2
Gs =ik(g-2Qc),  Gi=—(g-29c) <ik3 L ;F2>,

Ry = % +ikesy, R, = k? <Cz - 2ﬁ5> + ikC<52ﬁi B 2k251> +
R; = k? <k2 - ikcsz> ([53 - c2> + ikc(szﬁ2 + k451>,

Ry = ik(g -2Qc), Rs = (2Qc - g) <ik3 - kzcsz>.

(3.21)
The solution of (3.20) takes the form
4 . .
471 — Z [C]_elkN/z + Dje—sz]-z],
=1
(3.22)
4
g1 = Z[Ejeikz\],-z + Fje—iksz],
=1
where the constants E; and F; are related to the constants C; and D; in the form
El-zm]-C]-, F]' :m,-Dj, j:1/2/3/4/
1
m]- =
(8 -29c) (ikN? ik - (eT>/ ) )
x 4 k> N* - [kz <C2 - 2a2> + lk—c <a2F2 + XEF1F3> + Q2| N? 023
ikcT' Q?
+lk; 2 <1 - ﬁ> - <g22 + ikgcr1r3>}.
Substituting (3.22) into (3.11), we obtain
4
b= Z [C]- eikNjz | D e—ikN,-z] pik(x=et)
=1
(3.24)

4
¢ = Z [E]- ekNiz F; e—ikN,-z] pik(x=et)
j=1
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and values of displacement components u and w are

4
u=ik Z [(1 ~ Njm;)C;e™Ni# + (1 + N,-mj)D]-e*ikN/Z]eik(xfct)’
j=1

(3.25)
4
w =ik Z [(N] + mi)cjeiksz + (m] _ Ni)DjeiikNjZ] eik(xfct),
=1
where N1, N,, N3, and Ny are taken to be the complex roots of the following equation
N8+ 1N + t,N* + 13N% + 1, =0, (3.26)
where
_k/, 2 ikc 1 5 2 1
tl = ;%(C —2a*> + a% (a*fz +x£F1f3> + Q% + m
(3.27)
x [ (e = 262) + ike (522 - 2K%s1 ) + @7,
4 2 ikelz /5 2 2(02 . ;
- K@)+ EE (e (1-2) + @) -1 (@ ikeeriT)|
1 2( 2 2 . 2 2 2
+ M[k <C —Zﬁ*> + lkC<Szﬂ* -2k Sl) +Q ]
ikc
x [K2( = 2a2) + EE (2T, + yeliT5 ) + Q2 3.28
(e - 202) + Z5 2z s erirs) (3.28)

1

* ey [ (6 —ikesz) (8= &) + ike(5202" + ks )|

- ey (6200

1
~ 22(B2 +ikes)

. { [K2(¢ - 282) + ike((sa? - 20051 ) + ]

[ (- ) « B2 (0 (1- ) + ) - (2 4 keeris )|
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+ [k2 <k2 - ikcsz> <ﬁf - c2> + ikc(szgz + k4sl>]

x [kz (*-2a2) + %( Q2T + el Ts ) + O

- [ik(g - 2Qc)’ <ik3 + kz;FZ >] -~ ik® [(g - 2Qc)(ik - csZ)] }

(3.29)
b= 1
T (B2 +ikes)
x { [k2 <k2 - ikcsz> <ﬁf - cz> + ikc<52£22 + k451>] x [ik(g —2Qc)] (3.30)

e 22

From (3.4), (3.11), (3.12), (3.22), and (3.23), we obtain

M%

{kzﬁfm](l + N]2> - m;j <k2c2 + Qz> + 1k (2Qc - g)} X [C]-e”d\]fZ + D]-e_ikaz].

= 1kc51
(3.31)
Using (3.22) and (3.11) into (3.3), we obtain
4
P el z —i z\ ,ik(x—
= o Zl[ 2k2<1 +N]2> +k2c* — ikgm,; ]< kNiz 1 D, e kN > k(e (3.32)

With the lower medium, we use the symbols with primes, for &1, ¢1, 11, T, ¢, ¢, and g,
forz > K,

= Epeis, o
4 N
§ lkCS {kzﬁ;zm’] <1 + N;2> — m; <k2C2 + Q’z) n lk(ZQ’C _ g) }D}e_lksz,
j=1 1
: 4 5 ! .
T = £ z ,[_“;Zkz <1 + N;2> + k2 - ikgm;-] D}e_lkN/Zelk(X—ct),

YTl j=1
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4

I 1 ~ikN'z ik(x—ct)

¢ = E D]-e i“e ,
j=1

4

’_ 1 _—ikN'iz ik(x—ct)

¢ = ZlF]-e i“e .
]=

4. Boundary Conditions and Frequency Equation

13

(3.33)

In this section, we obtain the frequency equation for the boundary conditions which are

specific to the interface z = K, that is,

Hu=u,
(ii) w = w',
(iii) § = &,
iv)n=1,
v)¢=4¢,

(vi) M3z = M7,
(vid) Mg = M},
(viii) Mz = M,
(iX) Ts3 + T33 = Thy + Ts3
(X) T31 + Ta1 = T3, + T3y,
(i) Ts2 + T2 = Thy + Ty,
(xii) T=T,
(xiii) (3T/0z) + 6T = (3T"/dz) + OT".

The boundary conditions on the free surface z = 0 are

(xiv) M3z =0,
(xv) Mz =0,
(xvi) M3, =0,
(xvii) 133 + T33 =0,
(xviii) 731 + T31 =0,
(xix) T2 + T3 = 0,

(xx) (0T/0z) + 6T = 0.
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From conditions (iii), (v), (vi), and (vii), we obtain

iqK -igK 1 -igK
Bie'™ — Bye 1" = —B,e™1%,

igK —igK ! -igK
Bie'™ + Bye1" = B,e 1%,

‘ _ 3 (4.1)
M(Ble”?K - Bze”qK> = —-M'Bje X,
M (Bief + Be) = —M'B,e ¥,
Hence,
Bi=B,=B,=0, ¢=(=¢={=0. (4.2)

The other significant boundary conditions are responsible for the following relations:

@)
4 .
;(1 - ij]_)c]_eikNl-K + (1 + N]'m]')D]-e_ikaK - <]_ + N}m})D;eflkN/K =0, (4.3)
j=
(ii)
4 .
Z(N]- +m;)Cje*NiK + (m; — N;)Dje *NiK - <m; - N;)D}e_lkaK =0, (4.4)
i=1
(iv)
4
1 . kN _ikN:
2, o {kzﬂfm]- <1 + N]2> —m;j <k2c2 + Qz> + ik (2Qc - g)} X [C]-elkN/K +Dje lkN/K]

(4.5)
- E _ci’ {kzﬂ’*Zm} <1 + N;,Z) _ m;. <k2c2 + g;’2> +ik(2Qc - g)}D;e—ikN}K =0,
1
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(viii)

MN; i{kzmj (N2+1) + lk <k2ﬂ2m] (1+N2) = m; (K2 + Q2) + ik(2Qc - g) ) }
j=1

% [C]- eFNiK _ D; e—ikN,-K]

) (4.6)

4
+ M'N] ];{kzm} (N].Z + 1) +- =

x(I2p2m) (1+ N72) = (I3c* + Q) + ik (2Qc - g) ) } Dje *NK ~ g,

(ix)

i{[(roﬁﬂgHg)(l—ijj) (To(A+2p1) + pe HZ ) (N2 + ;N )|

j=1
x CeNK 4 [(Tod + peHE) (1 -+ Njmy) + (To (A + 2p) + pe HZ ) (N? = myN; )|

~ikN;K
x Dje™™ " + p |-

[X% (1 + N]2> +c - %m]] [C]-eikN/K + Dje*ikN/K] (4.7)
- (T + e H) (1 + Nim, ) (o +24) + o HE) (N2 = N7 ) | Dje N6

_p[ 1+N2 —kN]K} 0,

(x)

4
Z{—Zszo#Nj [C]_eikNjK _ Dje—ikNjK]
j=1

+ [—kzl“oym]- (1-N7) + - { k2B (1+ N2) = m; (k26 + Q%) + ik (2Qc - g)}]
x [CjeNK + Dy *NIK| — 21T NYDje NIk
- [—kzrgy’m'j(l -NP)+ T {kzp;zm; (1+N?) = (k3c* + Q) + ik (2Qc - g) }]

XD}e—ikN}K} — 0’
(4.8)
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(xii)
iﬁ[_ 2k2< +1> +k2c2—zgkm]] [C SKNK | D e—szK]
it ’ (4.9)
_%[ 2k2< +1>+k22 1gkm]D’ -kNK _
(xiii)
i E[ 2k2< © o+ 1> + k*c? —zgkm,] [(9 +ikN;)Cje*™NiK + (0 - ikN;) Dje *Ni K]
= (4.10)

- fy’_:[_ 2k2< + 1> + kK22 —igkm!, ] < ikN})D;e—ikN]-/K 0,

(xvi)

MN; Z{kzm]< 241) + lkisl (k2B2m; (1+ N?) = m; (K2 + Q2) + ik (2Qc - g) ) }

j=1
X [C]- - D]-] =0,
(4.11)
(xvii)
g{[(rox\ + yeH§> (1= Njmy) + (To(d+2p) + p HZ ) (N? + m,N]>] C
+ [(Tod + e HZ) (14 Njmy) + (To(d+20) + peHZ ) (N? = N} )| D (4.12)
+p [—a3(1 +NF)+ & - %’m,- [C; + D] } —0,
(xviii)
i{ ~2K’TouN; [C; - Dj]
j=1
(4.13)

+ [—kzl“oym]- (1-N2)+ Sfl{lépfmj (1+N2) = m; (k3c? + @) + ik (2Qc - g) }]

x[Cj+Dj]} =0,



Mathematical Problems in Engineering 17

(xx)

4
S [Fedk (N2 +1) + k2c - igkm | [(6 +ikN;)C; + (6 - ikN;)Dj] = 0. (4.14)
j=1

5. Special Cases and Discussion

5.1. The Magnetic Field, Initial Stress, and Thermal Relaxation Time Are
Neglected

In this case (i.e., Hy = 0,p =0, and 71 = ™ = 0), (3.26) tends to
Ve Vo4 VA + i3V2 + hy =0, (5.1)

where

2= To(A+24) g2 = Do#
p p

" (g -2Qc) <ikV].2 - ik - (s/x))

x {aszvf—[kz <c2 - 2a3> + lkf <cxf + xs) +Q?

; 2
V].2 +lk76<1 —a?+ %) - <Qz +ik£c>},

1

hy = k_2<c2—2cxf> +Z—;<“E+X‘€> +Qz+m

a?

x [K2(c ~ 282 + ike(saf? ~ 2K%s1) + @7,

b= L [k4(az &)+ % (R(1-&)+ @) -k (a+ ikEC>]

[m

1

T~ [k2(2 - 282) + ike (22 - 2K%s1) +

x [kz <c2 - 2af> + zkyc <a§ + xg) +Q?

1

+ M [k2 <k2 - ikcsz> <ﬂf - c2> + ikc(szgz + k451>]

1

T k(g -200)7],
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1

hy=—————
’ az(p? +ikcsy)

{ [k2 <c2 - 2;53) + ikc<52ﬁf - 2k251> + 92]
af 2 ikc 1 o 2 2002 . :
X [k <a*—c > +7<k <1 a > +Q ) k <Q +zk£c>]
+ [kz (k2 - ikcsz> <ﬁf - cz> + ikc<52£22 + k451>]
x [kz <c2 - 2af> + 1k7c <cxf + X5> +Q?
[zk(g 2Qc)’ < + %>:| - 1k3[(g 2Qc) (ik - csz)]}

{ [k2 <k2 - ikcsz> <ﬁf - c2> + ikc<52£22 + k4sl>] x [ik(g —2Qc)]

+[(ch -8)’(ik* - Keso) <1k3 : %>] } '

1

=
N az (p? +ikes)

(5.2)
Also,
m = ]Z: lklsl {12B2m; (14 V) = m; (K2 + Q) + ik (2Qc - 8) } x [Cje™V/= + Dye V).
T= g 24;[ a2k (1+V2) + K2 —ikgm;| (Cre™= + Dje Vi) ikte-en,

j=1

k i .
1 ! -1 z 1 ! -1 z
gl = —aBze q , Cl = Bze q ,

4
=, ikis' {kzﬁ;zm} <1 + V]’2> —m; <k2c2 + QQ) +ik(2Q'c - g) }D}eiikvilz,
j=1 1
4
7= £ 3 a2 (14 V7) < ikgny | Dl ek,
j=1

4
4)/1 - Z D}eflijz,

(5.3)
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Using the boundary conditions, we obtain

G
G
Cs
Cy
din di - dis dyy dyg - dig] | Da
da dn -+ das dys dyy - dyg | | D,

e ) 64
di1 dizn -+ dios dips dipg o dipg] | Da
Dy
D
D

D |

where

dl]' = (1 - V]-m]-)C]-eikaK + (]. + V]-m]-)D]-e_"ka K, dll] = <1 + ‘G-'m;-)D}eiikV/{K,
dz]' = (‘/] + m]-)C]-e"kaK + (Tl’l] - V]-)D]-e_ikvf K, d/2] = <m; - ‘/]-,>D;.eiikvfl K,

x
CS1

dy; = Cisl {I2p2m) (14 V2) = m) (K26 + QF) + ik (2Qc - ) | Dje ™7,

dsj = —{I2m; (1+ V) = m; (K26 + Q%) + ik (2Qc - ) }[Cje™Vi= + Dje V],

dyj = MV,-{kZm,- (VE+1)+ ikisl (k2B2m; (14 V2) = m; (K2 + Q%) + ik (2Qc - g) )
% [CjeiijK _ Dje—iijK]’
4y = M/v;{kzm;. (V2 1)+ (g2 (16 V2) - (k2 92) k(202 - ) }
1

X D;e*IkV/K/
dsj = [ToA(1 = Vjmy) + To(A +2p0) (V7 +m;V;) | VK
+ [FO.)L(l +Vim;) +To(A +2p) <V]2 - m].V].)]D]_efiijK

_af<l + V]2> - %m]] [C]_eikV]-K N D,-e_ik‘/iK],

+p
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dy = [T (14 Vim) + Ty (V' +2p) (V2= m, V)| Die VK 4 pf
5= |Fod (1 + Vjr ) + Lo (U +24) (V7 —m; Vi ) | Dje ™57+ p
1 -ikVIK
><D]-e j },
dej = —2k*TopV; [C,-eikaK - D,-e’ik‘/fK]

—a? <1 + V],2> +c2 - %m}]

+ [—kzFo#mj <1 - Vf) + S—Fl{kZﬁfmj (1 + V]2> - m; <k2c2 + QZ> 4 ik(2Qc - g) }]
x [C]-eikaK " D]_e—ikV,-K],
dy; = 26T VD, o kVK

+ [—kzr'oﬂ'm; (1-v?)+ Sf{ K2p2m) (14 V) —m) (K + Q) + ik (2Qc - g) }]
1

x Dl YK,
dy; = %[—aikz (V2+1) + K2 — ighm; | [Cje™ + Dye VK],
dy; = %[—a’sz(vlfz +1) + k2 — igkm)| Dje VK,
dsj = g[—aikz(vf +1) + k3¢ — igkm;|[(6 + ikV}) ek + (8 - ikV;) Dye VK],

dé;‘ = %[—a';kz <V]2 + 1> + K22 - igkm}] <9 _ iij,>D}e4kvj’K,

1
ikcsy

doj = MV { k2 (V2 1) + (k2B2m; (1+ V) = my (IPc? + Q%) + ik (2Qc - g)) }
x[Cj-Dj],
dioj = [[oA(1 = Vjmy) + To (A + 20) (V7 +m; V)| G
+ |ToA (1 + Vjmy) + To(A +240) (V2 = m;V;) | D;
+p [—af(l + Vf) +c* - %m,] [C; +Dj],
duj = -2k’TopV;[C; - Dj]
+ [—kzl“oym]- (1-v?)+ Sfl{kﬂafmj (1+V7) = m;(k3c* + Q2) + ik (2Qc - 8) }]
x [Cj+ Dj],
disj = [~a2k? (V24 1) + k3¢ ~ ighmy| [(6 + ikV;)C; + (6 - ikV;)Dj],
dy; = dyy = dyy; = dip; =0, j=1,2,3,4

(5.5)
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5.2, The Magnetic Field, Initial Stress, Rotation, and Thermal Relaxation

Time Are Neglected and in Viscoelastic Medium

In this case (i.e., Hy=0,P =0,Q2 =0, and 70 = 71 = ™» = 0), the previous results obtained as

in Abd-Alla et al. [20].

5.3. Absence of the Gravity Field

In this case, we put g = 0, then (3.20) becomes

[azp‘* +GD? + Gz] b1 — [c;gD2 + G;;] g1 =0,

[RiD* + RaD? + Rs| g + [RiD? + Re] g1 = 0,

where

2
Gy =-2ikQc,  Gi=2Qc <ik3 K ;FZ >

Ry = -2ikQc, R} =2Qc(ik’ - kPcsy),

and Gy, Gy, R1, Ry, and Rj3 are as in (3).
The solution of (5.6) take the form

4):

Mus

[C;f JRIS N D e—ikaz:I pikte=ct)

-
]
—_

4
g = Z [E;elksz " F;eﬂkx,z] pikte=ct)
j=1

where
E; = m;c;/ F]* = m;D;, ] = 1/2/ 3/ 4/
B 1
~20c(ikX? - ik - ((€T2)/x))

.
m;

ikc
x {aikzx;* - [k2 <c2 - 2a£> + 7<a3r2 + Xgr1r3> + QX2

ikCFz 2 Qz > .
+ X <1_“*+ﬁ —<Q +1k5cF1F3> ,

(5.6)

(5.7)

(5.8)

(5.9)

(5.10)
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and X, X», X3, and X4 are taken to be the complex roots of equation

X+ X0+ 55X+ X2+ 1 =0, (5.11)

where

K%/, ikc 1
tr=—=(c®-2a) + —(a’Ty + yel'T3) + Q% +
! a§< ) cx%x< 2T XEN 3> p? + ikesy

X [k2 <c2 - 2[53) + ikc(szﬂf - 2k251> + Qz],

f = % [k4<a3 )4 zk)ccr2 (R(1-2) + ) - (e + ikgcrlr3>]
" m [k2(2 - 282) + ike (522 - 2K%s: ) + 7|

x [kz <c2 - 2a3> + 1k7c <cxfl"2 + x£F1F3> +Q?

. 1kc51) [kz <k2 - ikcsz) (ﬁf -) + ikc<52£22 + k4sl>]

1

- 4k2Q2 2 i
a2 (B2 +ikesy) [ ¢ ]

1
L
SR (p? +ikcst)

' {[kz(cz Caf) +ike(saf - 2K%s1) + @]
[k4 2 4 el = <1 - a§> + QZ> - (@ ikgcr1r3>]

+ [kz <k2 _ ik052> <ﬁf - c2> + 1'kc<SzQ2 + k451>]

x [k2 <c2 - 2af) + zkyc <afl’z + Xgl"11“3> +Q?

—4Q% 2 [ik <zk3 K ;F2> +ik3(ik — csz)] }
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po_ 1 { [k2<k2 ~ ikess ) (2 - c2> +ike(s:0% + k4sl>] [-2ikQc]

g (B2 +ikes)
2
+4Q2¢ (il - KPcs,) <ik3 Lk cF2> ,
X

u =ik g [(1 - ij;f)C;feikaz + <1 + X]-m}'.‘>D}!‘e*ikaZ]eik<x7ct)’

4
w=ik [(X]- 4 m;)c;eikX/'z + <m;‘ _ X]_>D;_<e—ile-z]eik(x—ct),

n= i ik(lfsl {kzﬂzm; <1 + X]2> - m;‘ <k2c2 + Q2> + ZikQC} % [C;eikaz " D;e—iksz]/

'S

T= % ]_ [-a2ic? (14 X2) + k22| (Cpe™™= + Dy = ) gfklemen),

-

]
—_

(5.12)

With the lower medium, we use the symbols with primes, for &1, ¢1, 71, T, ¢, ¢, and g,
forz > K,

k s o sl
o ) _—igq'z ! _ pl —idz
§1——EBze 9z, ¢y = Bye %,

4
]. / ” / % . x —ikX'
= ]; ikcs, {kzﬁ*zm} <1 + X]-2> - m; <k2c2 + Q'2> + 21kQ’c}D} e Xz
AR : . kXz k(e
T = T j;l[_a*zkzo +Xj2> " kzcz]D} o kX2 ik (x ct)’ (5.13)

4
) _ 1 —ikN'z ik(x—ct)
¢ = E Die ™™ ""e ,
j=t

4
’_ 1 _—ikX'z ik(x—ct)
¢ = Zle e ite .
]:

From conditions (iii), (v), (vi), (vii), we get the same equations (4.1) and (4.2): the
other significant boundary conditions are responsible for the following relations:
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(i)

ikX1K ikX,K ikXsK ikXsK -ikX; K -ikX,K
q1Cie™ Mt + o Cle™ 2 + qzChe™ " + quCle!™ ™" + gsDie™ 1% + geDye™ 2

+ gD} pikXaK gsD: o ikX4K

-7 ! - U -7 ’ -7 ’
— qull*e ikXi K +6]10D,2*6 kX, K +ql1Dé*€ ikX;K + 1/]12DZ€ 1kX4K’

(ii)

ikX; K ikX, K ikX; K ikXy K —ikX, K —ikX, K
q13CTe"™ " + q1aCle™ 2™ + qi5C5e N + 416Che™ Mt + gy Die ™ + qigDie

+ Q19D§6_1kx3 K + qZODZe—sz4 K

-7 ! - ! - ! -7 !
— q21D11*e lleK +q22D12*e IkXZK +q23D§<€ IkXSK + Q24DZ€ lkX4K,

(iv)
QZSCT eile K + q26C;€ikX2 K + q27C§€ikX3 K + ngczeikX4 K + g5 DTe_ikXI K
+ qzéDze—ikXZ K + q27D;e—ikX3 K + ngDZe—ikX4 K
: ! : U : U : !
— ngDll*e—lle K + q30D/2*e—1kX2K +q31 Dé*e—szsK + q32DZ€_lkX4 K/
(viii)
q33CIelkX1 K + Q34C;€lkX2K + qsscgeszg,K + q36CZelkX4K _ 5]33DIe_lkX1 K
_ q34D;e—ikX2 K _ qSSD;e—ing K _ q36DZe—ikX4 K
. r . ) - 1 . 1
— —q37D'1*€_lkX1 K _ qsgD/z*e—szzK _ q39Dl3*e—1kX3K _ q40Dﬁ1*e_’kX4 K/
(ix)
Q41CTeikX1 K + q42C;eikX2K + 6]43C§6ikX3K + q44czeikX4K + q45DIe—ikX1 K
+ q46D;e—ikX2 K + q47D;e—ikX3 K + q48DZe—ikX4 K
- I o oy
— q49D11*e—1kX1 K + qSOD/Z*e—szZK +gs1 Dé*e—sz3K + qSZDZe_lkX‘l K/
(x)
QSSCTeikxl K + q54C;eikX2K + 1155C§€ikx3K + q56czeikX4K + q57DIe—ikX1 K
+ qssDze—ikXZ K + q59D;e—ikX3 K + qéODZe—ikX4 K

. , . ) . ) - ’
= ge1 Dll*e—lle K + q62D/2*e—1kX2K + q63Dé*e—1kX3K + q64DZke—1kX4 K/

(5.14)

(5.15)

(5.16)

(5.17)

(5.18)

(5.19)
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(xii)
kX, K kX, K ikXsK kX4 K —ikX K
Q65CT61 ™+ q66C;el 2%+ 5]67C§€1 3 +Q68CZ€I WK 5]65DI€ ikX,
+ Q66D;€_ikX2K + q67D;€_ikX3K + q68DZe_ikX4K (5'20)
’ o ) ) , i , » ,
= q69D1*€ Ikle + q70D,2*e lszK +b]71D,3*€ IkXSK +q72DZ‘e lkX4K,
(xiii)
ikX; K ikX, K kX3 K KX K XK
q73C1e" " + g Cre™ 2 + q75C3e T + qreCre™ ™ " + 77 Die ™
+ q78D;eilkX2K + 5]79D;eflkX3K + Q30DzeflkX4K (5.21)
i q vt - » ,
= qngll*e ikX| K +0]82D,2*€ ikX; K +QB3D;€ kXK 5]84DZ€ sz4K’
(xvi)
qSSCTEikXIK + q%czeiszK + q87C§€ikX3K + qsgczeikX4K
(5.22)
-ikX; K —ikX>, K —ikXs K LikXa K
a [q85DIe R+ ggeDye ™ + gy D3e T + qssDye ] =0,
(xvii)
q89CIeikX1K + q9OC;€ikX2K + q91C§€ikX3K + quCZeikX4K + q93DTe_ikX1K
(5.23)
+ q94D;eﬂkX2K + qQSD;eﬂkXﬂ( + q%DZeﬂkXA;K — 0,
(xviii)
Q97C;€ikX1K + bbgC;@iszK + (/]99C;€ikx3K + qlooczeikX4K + qwlDIe—ileK
(5.24)
kX, K -ikX3 K —ikX4K
+ quoaD5e 8 + 1o Die O + giouDie R = 0,
(xx)
kXK kX, K ikX5 K kX3 K —ikX; K
G1o5CTe" " + groeCoe™ 2 + o7 Cie™ T + quosCre™ T + quoo Dje
(5.25)
—ikX, K —ikXs K —ikX4 K
+ quoDse ™ K + g1 De ™ 0K 4 gy Dje U = 0,
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where

q=Q1-Ximj), q=
gs = (1+Xym7),
qo = (1+Xymy),
qi3 = (X1 +mj),

(1-Xom3),
gs = (1+ Xom3),
qo = (1+Xymy),
qu = (X2 +m3),

Mathematical Problems in Engineering

3 = (1-Xsmj),
g7 = (1+ Xzm3),

qu = (1+Xymy),
qis = (X3 +m3),

s = (1 - Xymj),

gs = (1+ Xamy),
qr = (1+Xymy),

qi6 = (X4 +my),

qi7=(m]-X1), qs=(m-X2), qo=(m5-Xz), qgoo=(my—Xas),
= (my =X)), qn=(m3-X2), gs=(m5-X5), qu=(mi-X14),
Gos = CLS1 {kzﬂfm’{ <1 + Xf) —mj <k2c2 + Qz> + 2ich},
o6 = Cisl{lép my(1+X3) = mj (I3c* + @) + 2ikQc},
g7 = Cisl{kzp2 3(1+X2) —m3 (K26 + Q%) +2ikQc,
gos = cisl{kzﬂ m <1 +X > m4<k2c2 + Qz> + 2ich},
Gr9 = % {kzﬂ’fm”{ (1 + X'f) -m'] (kzc2 + Qz> + 2ik£2c},
1
Ga0 = % {kzﬂ’fm’xl + X’%) —-m 2(kzc + Qz> + 21k§2c},
1
gn = % {kzﬂ'fm'g (1 + X’g) -m'; (kzc2 + Qz> + 21k£2c},
1
g = % {kzﬂ'zm'f}(l + X'i) -m'y (kzc2 + Qz> + 2ik§2c},
1
gz = MX { Ko (X3 1) + ikisl (k2B2m; (1+ X3) = mj (KPc? + @) + 21kQc) |,
gss = MXo Koy (X3 +1) + ikisl (k2B2m3 (1+ X3) = m3 (KPc? + @) + 21kQc)
gas = MX3 1 kK*m} (Xé + 1> + ikisl (kzﬁfmg <1 +X ) m; (kzc2 + Qz> + 21k§2c> ,
Gs6 = MX44 K*mj <Xﬁ + 1> + ikisl <k2ﬁfmz <1 +X ) m <k2c2 + Qz> + 21k§2c> ,

s (P 3) () )

€5
i ikis’ (25 (14 X3 ) - m'3 (K26 + Q%) +2ikQc) }
1
’ 1kcls’1 (k2B (1+ X73) = m'3 (K26 + Q7) + 2ikQc) }
i ikcls'l (k2p2m'y(1+X7) - '3 (K2E + @7) + 2ikQc) }
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g = (Tod + e HZ ) (1= Xam) + (To (A +2p0) + o HY ) (X5 + 70330 ) + p -
g2 = (Tok + peHY) (1= Xom3) + (To (A -+ 2p0) + o H3 ) (33 + m3 X2 ) + -

Gaz = <1"0)L + peH, > (1-Xsm}) + <f0 (A +2p) + ‘ueH§> (Xé + m§X3> + p[—af

Gus = (rox + e HE) (1= Xam3) + (To (L +2p) + e HZ ) (X5 + mi X

+p'[—

7,

(
(
X+l H3) (1+ Xvm'}) + (Do (W + 20) + p/ HE ) (X = m1X1)

a'*<1 + X’1> +c

Tod + e H3 ) (1+ Xam3) + (To(A +240) + o H3 ) (X3 -

(X m2 2

)
0)

To(A+2p) + peHE ) (X3 - m3 X
)%

27
a? <1 + X%) + cz],

a? <1 + X%) + CZ],

)
%)
)+
)

ol

= () 4 (30 ) )

+p'[—

a? <1 + X’%) +c?

|

qs1 = <F’o)u + ﬂ’eH(%) (1+ X'am'5) + (To (X +2) + i HE ) (X5 - m'3X'5)

+p'[—

o’ <1 + X'é) +c?

|

gs2 = (r'ox + ﬂ’eH§> (1+X'ym'y) + (r’o (N +24) + 4, Hg) (X'i _ m’ZX’4)

+p [—
qs3 = —2k21"0yX1 - kzl"oym’{<
54 = —2k21"0yX2 - kzl"o‘umz

qs5 = —2k FO//lX3 k Fo/lm3

(
(

a? <1 + X’i) +c?

|

1- X
1-X3
1-X

W N

v\_/\/v

gss = —2KTouXy — k2 Topun; (1 - X5

g7 = 2k*TopXy - k2 Topern; (1 - X2> + =

+
2|~

+
2|

+
2|

+

UJ|>71

{
{
{

K2pimy (1+X
K2 pim;(1+X
K2 pim; (1 +

k2 pim; (1+X

-
1)
) -
-

mj <k2c2 + Qz> + Zich},

m;(k*c® + Q) +2ikQct,

( }
(ke J
( }

m, K2 + Q%) +2ikQc!,

2

m; +2ikQc

)
+Q?)
)

1
{kZﬁZm1 (1+X3) - m; (K22 + Q) + 21kQc},
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K2p2ms (1+ X3) - m3 (K2c? + @) + 21kQc},

)+ 51
gso = 2k2TopXs — K2Lopr (1= X3) + S—Fl{kzpfm; (1+3) - m; (K3 + @) + 21kQc},
)+ 51

el

=1 ©»
|
K
N
>
N
//
S5 o3
+
—_
N—
+
Py
N
a
N
[E—

o5 = f—;[—asz <X12 + 1> + kzcz], Go6 =

de7 = %[—asz <X32) + 1> + kzcz], des = g[—asz (Xi + 1> + kzcz],

o = S (xT) 406, g = E[-a2(x 1) 4ied]
i = Z [ (x301) 4 0], g P a2 (x5 1) + 1]
4rs = g[—a2k2<Xf+1> LR (O +ikX), = —[ 2k (X3 +1) + I2c| (0 + ik Xa),
g7 = %[—aik2<X§+1> +I2E| (O +ikX3), 76 = —[ 22 (X3 +1) + K2 (0 + ik Xa),
g7 = "—;[—aik2<xf+1>+k2c2](9—zkxl) drs = —[ 2K (X2 +1) + K2 (0 - ikXa),
gro = g[—a3k2<X§ +1) + K2 (0 - kX3), g0 = —[ Q2K (X3 + 1) + K27 (0 - ik Xa)
q&:%[—azw(x ) + K22 (0 - ikX'1) g =2 [~ (X3 +1) + K22 (0 - ikX"2)
= (i) 0k, =S (x ) o] 0,
gss = MX { K (X3 1) + lkisl (k2B2m; (1+ X3) = mj (KPc + @) + 21kQc) |,

1

(k223 (14 X3) - m3 (IPc? + Q%) + 2ikQc) t,

gs7 = MXs{ I2m; (X3 +1) + o (k2p2m; (14 X2) = mj (K2 + Q%) +2ikQc)
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gss = MX4{k2m:; (X3+1)+ lkcsl (k22 (1+ X3) = mj (kP + Q%) + 2k Qc) }

gss = (Tod + peHJ ) (1= Xam3) + (To(h +2p0) + o H3 ) (X5 + mi Xy ) + p|-a2(1+ X3)
go0 = (Tod + peH3 ) (1= Xom3) + (To (A +2p) + p H3 ) (X5 + m3Xs ) + p|-a2(1+ X2)
gor = (Tod + pe ) (1= Xam3) + (To(h +2p) + e H3 ) (35 + m5Xs ) + p|-a2(1+ X3)
go = (Tod + peH3 ) (1= Xam3) + (To(h +2p0) + p H3 ) (X5 + miXy ) + p|-a2(1+ X2)
gos = (Tod + pe ) (1 + Xam;) + (To (A +2p0) + o H3 ) (X3 = miXa ) + p|-a2(1+ X3)
gos = (Tod + pe ) (1+ Xom3) + (To (A +2p) + e H3 ) (X5 = m3Xs ) + p[-a2(1+ X2)
gos = (Tod + peH3 ) (1+ Xam3) + (To(h +2p) + p H3 ) (X5 - m5Xs ) + p|-a2(1+ X3)
go6 = (Tod + pe I ) (1+ Xamn3) + (To (A +240) + o H3 ) (X5 - miXa ) + p|-a2(1+ X2)
go7 = —2k2TopXy - K2Topm; (1-X3) + Sil{kzpfm;@ +X2) = mj (K2 + QF) +2ikQc

gos = —2kTopXo — K2Topms (1- X7 ) + Sil{kzpfm;(l +X2) - m3 (K22 + Q%) + 2ikQc

goy = ~2k*TopXs — k¥ Topums (1~ X3) + 551{ k2p2m5 (1+ X3) = mj (k2c + @) + 2ikQc

J
J
}
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Gioo = ~2Kk*TopiXy — K2 Topm; (1~ X3) + SE{kzﬁfmZ(l +X3) - my (K26 + Q) +2ikQc},

qior = 2k TopXy — K*Topm; <1 - X12> +—

2k (X2 +1) + K2 2](9+sz2),
—a?K2 (X2 +1) + K¢ 2] (0 +ikXs), quos = + K2 2] (0 + ikXy),
2 + K2 2](9 ikXy),

)
i)
:+1)
)

)
+1)+k2 2](9 ikX1), g
) 2K (X2+1) + K 2](9 ikXy).

K2p2m; (1+X3) - mj (kK3c* + @) + 2ikQc},

K22 (1+ X ) m2<k2c2 +Q?) +2ikQc},

(
i
Gros = 2K*TopuXy — kTopm; (1~ X3) + — k2p2m4<1 +X3) - m (K2 + Q%) + 2ikQc,
o= |-
[-=:
[
= |-

(5.26)
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Elimination of C7, D}, and D’} gives the wave velocity equation in the determinant
form

detd;; = 0. (5.27)

This equation has complex roots: the real part (Re) gives the Rayleigh wave velocity, and the
imaginary part (Im) gives the attenuation coefficient due to the friction of the granular nature
of the medium, where the nonvanishing of the twelfth-order determinant of di]- is given by

-ikX1 K -ikXyK -ikX3K -ikX4K ikXq K ikXpK ikX3K

qsse qse€ qs7e qsse€ gss€ qs6€ qs7e gsse™XaK 0 0 0 0
Gso e-ikX K o0 emikXpK o1 e-ikX3K o2 e-ikX4K o3 eikX1K o pikXoK Gos pikX3K o6 pikX4K 0 0 0 0
Go7 e-ikX K Gos e-ikXpK oo e-ikX3K G100 e-ikX4K G eikX1K oz pikXoK o3 pikX3K o eikXsK 0 0 0
fos e-ikX K o6 e kXK o e-ikX3K fros emikX4K G109 eikX1K f10 pikXoK fin pikX3K G112 eikX4K 0 0 0
q13 q14 qi15 q16 qi7 qi8 q19 q20 a1 q22 q23 o4
qzs q26 qz7 q28 qzs d26 qz7 qz8 q29 q30 q31 q32 | _ 0.
qs3 q34 qs5 936 —q33 —q34 —q35 —q36 —q37 438 —q39 —q40
a1 a2 q43 qa4 g5 q46 qa7 qas qs9 4G50 g51 qs52
q53 qs54 qs5 qs6 qs7 qs8 q59 qe0 ge1 G2 463 {es
qe5 ge6 qe7 qes qe5 qe6 qe7 ges g9 g0 qn q72
q73 qra q7s q7e qr7 q78 q79 qso qs1 qs2 qs3 qs4
q 92 a3 q4 a5 qe q7 qs g9 qo  qu  q12
(5.28)

5.4. The Gravity Field, Initial Stress, and Magnetic Field Are Neglected and
There Is Uncoupling between the Temperature and Strain Field

In this case g =0, P =0, Hy =0, and 0 = 0, we obtain

azzro(/\-i-Z/l)/ _
P P

lim m}" = 1

=0 —2Qc(ikX]? - ik>

] ikcl Q2
d a2kt - [ (e - 2a2) + Boairy e @2 x K2 (14 7 ) - @2,
X k
q2» g3 g4
qs0 431 g3
lim|-g3s —q39 —qu0| = 0.
y—0
qso 451  (gs2
de2  dqe3  (e4

(5.29)
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Multiplying the rows 10, 11, and 12 of the determinant |d;j| by y and then taking lim, .,
(5.28) reduces, after some computation, to the following ninth-order determinant equation:

—ikX1 K —ikX, K

-ikX3K —ik i i i i

gsse gsse qgsze ikX3 gsse ikX4 K qSBelkle q86elkX2K q8781kX3K qsselkX4K 0

kX0 K » » > . . . .
gsoe ikXq gooe ikXp K gore ikX3 K goze ikX4 K q%elleK q94elkX2K q9581kX3K q%elkX4K 0
q978—1kX1K q%e—szzK qgge—szgK qlooe—sz4K qlmeszlK qlozeszzK q10381kX3K q10481kX4K 0
qlose—szlK ql%e—szzK q107e—1kX3K qloge—sz4K qlogeszlK qlmeszzK qllleszgK qllzesz4K 0

q13 q14 q15 q16 q7 q18 q19 q20 q21 =0,

q25 q26 q27 q28 q25 q26 q27 q28 q29

q33 q34 q35 q36 —q33 —q34 —q35 —q36 —q37

q41 q42 q43 q44 q45 46 q47 q48 q49

q53 q54 q55 q56 qs7 q58 q59 q60 ge1

(5.30)
where

q=1-Xim), q@=(1-Xom), g3=(1-Xsm3),  qa=(1-Xumj),
gs = (1+Xqmy7), go = (1 + Xom;), g7 = (1+ X3m3), gs = (1 + Xymy}),
go = (1+ Xymy), quo = (1+Xym5), gu = (1+X5my), qi2 = (1+Xymy),
qz=(X1+my), qu=(Xo+m;), q5=(Xs+m5),  qie=(Xa+m]),
qr=(mi-X1), qs=(my-X2), qu=(m;-Xs),  qu=(mj—Xs),
g1 =(m=-X;), qn=(my-X;), qu=(m5-X3), qu=(mj-X)),

s = Cisl {I2m; (1+X3) - m; (K22 + Q%) + 2ikQc},
oo = Cisl {I2m; (1+X3) - my (K2 + Q%) + 2ikQc},
o7 = Cisl {kzﬁfm; (1 + X§) - m;<k2c2 + 92> + 21‘ch},
Gos = Cisl {kzﬁfmj;(l +X3) - m (kP2 + Q%) + 21‘ch},
o = Cisl {I2p2my (14 X3) = miyt (K26 + QF) +2ikQc,
30 = Cisl { K2 B2m; <1 + Xg’) —m <k2c2 + 92> + 21k£2c},
g1 = Cisl {I2p2mi; (14 X3) - m (K26 + QF) +2ikQc},
g0 = Cisl {I2p2miy (14 X3) - miy (K26 + QF) +2ikQc},
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k2p2m; (1+X2) —m3 (I2c + Q) +2ikQc)

ikcs: (
gss = MXs{ I2m5 (X2 +1) + ikisl (k2p2m (1+ X2) —m3 (k2c + Q) +2ikQc)
g3 = MXu{ K2 (X3 +1) + ikisl (k22 (1+ X3) = mj (K3c? + Q%) + 2ikQc)
= 03 [ (1) e e (14 X) - (2 + ) 2
g3 = M'X) { k2m2 X2+ 1 +- kcsl (kzp’,}m’; (1 + X’}) —mf (k2c2 + 92) + 21'ch> ,
gz = M'X} {k2m3 (x2+1) (kzﬂ 2y (14 X32) = mj (K3c* + Q2) +2ikQc) 1,
10 M'X4{k2m4 (x2+1)+ kc 7 — (K22l (14 X7) = iy (K26 + QF) + 2ikQac)

g1 = Tod (1= Xam;) + To(A +20) (X3 +mi Xy ) + p[-a? (14 X3) + &,
g2 = Tod (1= Xom3) + To(A +21) (X3 +m3Xo ) + p[-a (14 X2) + &,
g3 = Tod (1= Xam3) + To(A +2p1) (X5 +m3Xs ) + p[-a2(1+ X2) + &,
gaa = Tod (1= Xym3) + To(A +2p0) (X5 + miXy ) + p[-a? (14 X3) + &,
g5 = ToA (1 + Xym}) + To (A +2p0) (X5 m1X1> +pl-2(1+X3) +¢,
g6 = Tod(1+ Xom3) + To(A +2p1) (X3 - m3 Xz ) + p[-a2(1+ X2) + &,
g7 = Tod (1+ Xam3) + To(A +240) (X5 - m3Xs ) + p[-a (14 X2) + &,
gas = Tod(1+ Xym3) + To(A +2p0) (X3 - miXy) + p[-a2(1+ X3) + Y,

(

(

quo = oA (1+ Xjmfy) + Ty (V +240) (X2 =i X1 ) + ' [-a2(14 X2) + &

g0 = oA (1+ Xyl ) + Ty (X +24) (X2 = ms Xy ) +p/[-a2(1+ X2) + &7

g = oA (1+ Xgmy) + Ty (V +240) (X2 =y X ) + ' [-a2(14 X2) + &7

g2 = oA (1+ Xymly) + Ty (V +24) (XZ = m; X, ) +p/[-a2(1+ X2) + &
ges = ~2k*TopuXi - K2 Topum; (1 - X3 ) + Sfl{kzp%nl (1+X3) - m; (K3 + Q%) + 2ikQc},
gos = ~2kTouXs - K2Topm (1= X3) + S—Fl{k2p2m2<1 +X2) —m3 (K2e* + Q2) +2ikQc},
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gss = ~2K*TopuXs — K*Topums (1 - X3) + S—Fl{kzpfm; (1+3) - my (K2 + Q) + 2ikQec},

g = ~2K*TouXy - KTopm; (1~ X3) + Sfl{ k2B (1+ X2) — mj (k3c* + @) + 2ikQc},

g7 = 2K2ToXs - kP Topm; (1~ X3) +

qss = 2k21"0X2 - kzroﬂm;

P g[—tx%kz (x2+1) + 2ikxi,
75 = "—Y)[—asz (X3 +1) + K2 ikXs
G477 = % [~k (x2 + 1) + K2 ik
7o = % [ (X3 +1) + 22| ik X
o = Loz (x3 1) w2

s_Fl {kzﬁfm’l‘ <1 + X%) - mj <k2c2 + 522) + ZikQC},

1-X3) + SE {I2prm; (1+X3) - my (K2 + Q) + 2ikQe},

—-m; (kzc2 + Qz> + 2ik£2c},

—mj (K2 + Q?) +2ikQc},

)

n, K2 + 522) +2ikQc't,
)
)

£)-

5) i
(14 X2) - i (20 + 02

2) i

Jo6 = g[—asz <X§ + 1> + kzcz],

qes = g[—asz <X§ + 1> + kzcz],

qn = —[ 2k2<X2 + 1) + K2 2]

g7 = P—: [—asz <X;f + 1) + kzcz],
213 (X2 +1) + I3 ikX,
2l (X3+1) + kzcz]ikX4,
qrs = _Yp [Fa2k2 (X3 +1) + K] ik,
gso = % [—asz (Xi + 1> + kzcz]ikX4,

o= [ (32 41) + K26k,

m1 <k2c2 + Q%) +2ikQct,

+2ikQc ¢,

m4 K2 + Q%) +2ikQc!,
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gss = _T‘f, |22 (X7 +1) + 2S|ikXS,  qu = _T’f, a2k (X3 + 1) + k2] ik xS,

gso = ToA(1 - Xym) + To (A +2p)

oo = ToA (1 = Xom3) + To (A +2) (X2 + m3 X, +p[ 1+X%) +c
gor = Tod (1= Xam3) + To(A +241) (X3 + m3Xs ) + p[-a2 (14 X3) + &
gon = Tod (1= Xym3) + To(A +240) (X3 +m Xy ) + p[-a?(1+ X3) + &

) +c
gos = Tod (1 + Xams3) + To(A +241) (X3 = m3 Xz ) + p|-a2(1+ X2) + &

qos = Fo/\(l + X3m§) + Fo (J\ + 2/4)

qo6 = Fo)n(l + X4m2) + Fo ()L + 2/4)

(X} +mix)

( )+ pl-ei(
( )+ pl-ei(
(X3 +m3Xs) + p - (

gos = Tod (1 + Xym?) +To (A +2p) (X ) + [ a§<1 +X

(X3 -m3Xa) + p-ai(
(X3 -m3a) + pl -
(X3 -mixs) + pl - (

o7 = 2k TopuXy — K*Topm; <1 - X12> + S_Fl k*pim; <1 +X > m <k2C2 + Qz) + 2ikQc
gos = ~2k*TopXs — K2 Topums (1= X2) + S—Fl k2B (1+ X3) = m3 (k2c + Q) + 2ikQc
)

-X - m; <k2c2 +Q?

W

N N
+
2 |

+
2|

qo9 = —2k’TouXs — k*Topm;, <1
qi00 = —2k°TouXy — k*Topn; <1 X;

g1 = 2k*TouXy — K*Topm’ (1 - X

+
2|~

+
2|

quo3 = 2k*TopXs — K*Toum}y (1 - X

+
2|

(1-x3)
G102 = 2Kk*TouXs — k*Toprm; (1- X2)
(1-x5)
(1-x3)

Gioa = 2k*TopuXy — K*Topmi; (1 - X

+
2|~

+ 2ikQc

K2 p2m;, <1 + Xﬁ) m <k2c2 + Qz> +2ikQct,

}
}
}

h,_a
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qios = [-a2k? (X3 +1) + K2P|ikX,  qus = [-a2kH (X2 +1) + K2 ikX:,
[
[
[

RAikXs,  qua = [@2k2 (X +1) - k2] ikXa.

+1 -

qio7 = [~k 22k (X3 4 1) + K2 ikXs,

a

+ kZC2 ikX3, qio8 =
- k(X3 +1) - K2 ikXs,

(x6+1) v i’
qio9 = [asz (X% + 1> kzcz] ikX1, qiio = z
(x5 +1) -~k f
(5.31)

From (5.30), we can determine by numerical effects the initial stress, gravity field,
friction coefficient, magnetic field, and rotation, for a computation using the maple program;
we use sandstone as a granular medium and nephiline as a granular layer taking into
consideration that the relaxation times 79 = 0.1, 71 = 0.4, and 7 = 0.5, the friction coefficient
F = 0.4, and the third elastic constant M = 0.2.

(i) Effects of the initial stress, gravity field, friction coefficient, magnetic field,
relaxation time, and rotation are discussed in Figures 2 and 3.

(ii) From (5.30), if the initial stress are neglected, we can discuss the effects of
the gravity field, friction coefficient, magnetic field, relaxation time, and rotation, and the
discussion is clear up from Figure 4.

(iii) From (5.30), if the initial stress and magnetic field are neglected, we can discuss the
effects of the gravity field, friction coefficient, relaxation time and rotation, and the discussion
is clear up from Figure 5.

(iv) From (5.30), if the initial stress, magnetic field, and gravity field are neglected,
we can discuss the effects of the friction coefficient, relaxation time, and rotation, and the
discussion is clear up from Figure 6.

(v) From (5.30), if the initial stress, magnetic field, and gravity field are neglected and
there is uncoupling between the temperature and strain field, we can discuss the effects the
friction coefficient, relaxation time, rotation, and the discussion is clear up from Figure 7.

6. Numerical Results and Discussion

In order to illustrate theoretical results obtained in the proceeding section, we now present
some numerical results. The material chosen for this purpose of Carbon steel, the physical
data is given [21] as follows:

p=2kgm>,  1=93x10"Nm™’, p=84x10"Nm™, Tp=293.1k
(6.1)
K=50Wm'k", s=64x10°JKg™",  a;=132x10"Cdeg "

6.1. Effects of the Initial Stress, Gravity Field, Friction Coefficient, Magnetic
Field, Relaxation Time, and Rotation

Figure 2 shows the velocity of Rayleigh waves (Re) and attenuation coefficient (Im) under
the effect of gravity field, friction coefficient, magnetic field, relaxation time, and rotation with
respect to the initial stress; we found that the velocity of Rayleigh waves (Re) and attenuation
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Figure 2: Continued.
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Figure 2: Effects of Hy, Q, g, 71, and p on Rayleigh wave velocity and attenuation coefficient with respect
to the initial stress.

coefficient (Im) increased with increasing values of p and Hy, and the velocity of Rayleigh
waves (Re) and attenuation coefficient (Im) decreased and increased with increasing values
of g and K, respectively; while the values of (Re) and (Im) take one curve at another value of
the relaxation time 7 increased with increasing values of initial stress P.

Figure 3 shows the velocity of Rayleigh waves (Re) and attenuation coefficient (Im)
under effect of initial stress, gravity field, friction coefficient, magnetic field, relaxation time
and rotation with respect to the wave number, we find that the velocity of Rayleigh waves
(Re) and attenuation coefficient (Im) decreased and increased with increasing values of
Hy, respectively, and the velocity of Rayleigh waves (Re) and attenuation coefficient (Im)
increased and decreased with increasing values of Q and g, respectively; also, the values of
(Re) and (Im) increased with increasing values of K, while the values of (Re) and (Im) take
one curve at another value of the relaxation time 7, decreased with increasing values of wave
number k.
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Figure 3: Effects of Hy, 2, g, 71, and K, P on Rayleigh wave velocity and Attenuation coefficient with
respect to the wave number.

6.2. If the Initial Stresses Are Neglected

Figure 4 shows the velocity of Rayleigh waves (Re) and attenuation coefficient (Im) under
effect of gravity field, friction coefficient, magnetic field, relaxation time, and rotation with
respect to the wave number, we find that the velocity of Rayleigh waves (Re) and attenuation
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Figure 4: Effects of Hy, 2, g, 71, and K on Rayleigh wave velocity and attenuation coefficient with respect
to the wave number.

coefficient (Im) decreased with increasing values of Hy and Q, while that contrary with
increasing values of g; also, the values of (Re) and (Im) increased and decreased with
increasing values of K, respectively, while the values of (Re) and (Im) take one curve at
another value of the relaxation time 7; decreased, then increased with increasing values of
wave number k.

6.3. If the Initial Stresses and Magnetic Field Are Neglected

Figure 5 shows that the velocity of Rayleigh waves (Re) and attenuation coefficient (Im)
under effect of gravity field, friction coefficient, relaxation time, and rotation with respect to
the wave number; we find that the velocity of Rayleigh waves (Re) and attenuation coefficient
(Im) decreased and increased with increasing values of Q, and the values of (Re) and (Im)
increased with increasing values of g, while that contrary with increasing values of K; also, the
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Figure 5: Effects of Q, g, 71, and K on Rayleigh wave velocity and attenuation coefficient with respect to
the wave number.

values of (Re) and (Im) take one curve at another value of the relaxation time 71, increased,
then decreased with increasing values of wave number k.

6.4. If the Initial Stresses, Magnetic Field, and Gravity Field Are Neglected

Figure 6 shows the velocity of Rayleigh waves (Re) and attenuation coefficient (Im) under the
effect of friction coefficient, relaxation time, and rotation with respect to the wave number;
we find that the velocity of Rayleigh waves (Re) and attenuation coefficient (Im) decreased
and increased with increasing Q, and the values of (Re) and (Im) decreased with increasing
values of K, while the values of (Re) and (Im) take one curve at another value of the relaxation
time 7y, decreased and increased with increasing values of the wave number k, respectively.

6.5. If the Initial Stresses, Magnetic Field, and Gravity Field Are Neglected
and There Is Uncoupling between the Temperature and Strain Field

Figure 7 shows the velocity of Rayleigh waves (Re) and attenuation coefficient (Im) under the
effect of friction coefficient, relaxation time, and rotation with respect to the wave number;
we find that the velocity of Rayleigh waves (Re) and attenuation coefficient (Im) increased
and decreased with increasing of €2, respectively, while that contrary with increasing values
of K; finally, the values of (Re) and (Im) take one curve at another value of the relaxation time
71, decreased with increasing, the values of the wave number k.

7. Conclusions

The problem of the Rayleigh waves in generalized magneto-thermo-viscoelastic granular
medium under the influence of rotation, gravity field, and initial stress is considered, and
the frequency equation of the wave motion in the explicit form is derived, by considering
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various special cases. The numerical results are obtained for carbon-steel material, although
the effect of the rotation, magnetic field, relaxation times, initial stress, gravity field, and
friction coefficient is observed to be quite large on wave propagation of Rayleigh wave
velocity (Re) and attenuation coefficient (Im).

The problem of the Rayleigh waves in generalized magneto-thermo-viscoelastic
granular medium under the influence of rotation, gravity field, and initial stress is considered,
and the frequency equation of the wave motion in the explicit form is derived, by considering
various special cases. The numerical results are obtained for carbon-steel material, although
the effect of the rotation, magnetic field, relaxation times, initial stress, gravity field, and
friction coefficient is observed to be quite large on wave propagation of Rayleigh wave
velocity (Re) and attenuation coefficient (Im).

It is easy to see that the values of (Re) and (Im) with respect to the initial stress are
increased with increasing values of Q, while that contrary if the initial stress are neglected
and with respect to the wave number; also, if the initial stress are constant with respect to the
wave number the values of (Re) and (Im) increased and decreased with increasing values
of Q, respectively, and if the initial stress and the magnetic field are neglected, the values of
(Re) and (Im) decreased and increased with increasing values of €, respectively, while that
contrary if P, Hy, g, 0, and ¢ are neglected and with respect to the wave number; finally, if
P, Hy, and g are neglected and with respect to the wave number, the values of (Re) and (Im)
increased with increasing values of Q.

It is easy to see that the values of (Re) and (Im) with respect to the initial stress are
decreased and increased with increasing values of g, respectively, while that contrary if the
initial stress are constant and with respect to the wave number; also, if the initial stress are
neglected and if the initial stress and the magnetic field are neglected with respect to the wave
number, the values of (Re) and (Im) increased with increasing values of g.

It is easy to see that the values of (Re) and (Im) with respect to the initial stress
are decreased and increased with increasing values of K, respectively, while that contrary
if the initial stress are neglected and with respect to the wave number; also, if the initial
stress and the magnetic field are neglected and if P, Hy, and g are neglected with respect the
wave number, the values of (Re) and (Im) decreased with increasing values of K; finally, if
P, Hy, g,0, and ¢ are neglected and with respect to the wave number, the values of (Re) and
(Im) decreased and increased with increasing values of K.

Finally, the frequency equation has been discussed under effect of rotation, gravity
field, and initial stress and in case of various classical and nonclassical theories of
thermoelasticity. The results indicate that the effect of rotation, magnetic field, initial stress,
and gravity field is very pronounced. The frequency equations derived in this paper may
be useful in practical applications. It is concluded from the above analyses and results that
the present solution is accurate and reliable and the method is simple and effective. So it
may be as a reference to solve other problems of Rayleigh waves in generalized magneto-
thermoelastic granular medium.
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