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ABSTRACT. The object of this paper is to obtain new operational relations between
the original and the image functions that involve generalized hypergeometric G-

functiouns.
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l. TINTRODUCTION.
The integral equation

® oo

é(p,q) = pq [ [ exp(-px-qy)f(x,y) dy dx, Re(p,q) > 0 (1.1)
00

represents the classical Laplace transform of two variables and the functions
¢(p,q) and f(x,y) related by (l.1), are said to be operationally related to each
other. ¢(p,q) 1is called the image and f(x,y) the original.

Symbolically we can write

¢(p,q) < £(x,y) or £(x,y) = ¢(p,q), (1.2)

and the symbol = is called "operational”.
Meijer's G—function [5] is defined by a Mellin-Barnes type integral

m n
a, I r(by=s) n r(l-a;+s)
,n 1 j=1 j=1 s
Gz’v(z | . = 1= 2% ds (1.3)
v I r(l-bj+s) n r(aj—S)
j=m+1 j=n+1

where m, n, u, v are integers with v > 1; 0 < n<u; O <mc¢ v, the parameters
aj and bj are such that no poles of r(bj-s); j=1,2,...,m coincides with any
pole of r(l—ak+s); k = 1,2,44.,0. Thus (ak—bj) is not a positive integer. The
path L goes from -iw to +ie so that all poles of integrand must be simple and
those of r(bj—s); j=1,2,...,m 1lie on one side of the contour L and those of

r(l—ak+s); k = 1,2,...,0 must lie on the other side. The integrand converges if
1

ut+v < 2(m+n) and Iarg z| < (m+n - Su- %-v)n. For sake of brevity a denotes

a58y5000,3 .
In the present paper, we propose to establish a couple of formulae for
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calculating Laplace transform pairs of two dimensions that involve Meijer's G-

function.

2. THE MAIN RESULTS.
(i) $=m+n - %-(u+v) > 0, latg al < Eﬂ,
(ii) 0<ngu, O<cm<gv, Vv31I,
(1i1) Re(bj+g) >0, j=1,2,000,m
(iv) Re(ak + £ - % - %) <0, k=1,2,.0s,n,
(v) ak-bk is not a positive integer, j = 1,2,¢..,m, k = 1,2,...,n,

(vi) r represents the non-negative integer, 0,1,2,3,..., then

1_5’ au) 0+r—€

r o-¢-1 0+l - a
x" (xy) G':+2,v (xy
v
1-¢, a
- o-r E-otl +1,n+1 u
=p  (pa) Corl ey (o PG loe, b, (2.1)
and
xa—r-lci)g_°+l m,n+1  ox 1-g, ays o¥rg
y u+2,v ( Yy )
v
- —g+r- - —g+
2 el ol m,ne2 e £¥T=6, 1-E, 3, o7E*T ) 2.2
P p u+3,v+l U p ‘
[oand ) b
v
valid under the conditions:
(@) Re(6+g~-o0-r1+ bj) >=1, j=1,2,.00,m,
1
(b) Re(g tE-o-t+a)<g, k=1,2,..,0,
(c) along with (1), (ii), (v) and (vi).
From (2.1) and (2.2), we propose to prove the following relations.
xr(xy)(’_1 E(b b :a a ,otr : ~45)
preeeoby, Faseeesa, * %y
2T ™ E(o,b b, : a,...a. :a pq) (2.3)
"P Pq Oy l""’v B l,ooou P a > .
where Re(g) > 0, v > u+l and r 1is a positive integer.
1-¢0
§-r-1 x . . X
x Q;) E(g+bl,...,g+bv Y L y)
- qu_a E(1+6-1, 1+§+6—o-r+bl, ooy l+g+5-q—r+bv :
2+6-g-r, L+EHG-o-THa,, ..., Ltpto-gorta, 146 :%) (2.4)

valid under the same conditions as (2.3).
The function appearing in (2.3) and (2.4) is MacRobert's E-function, whose
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properties are given in [6], pp. 433-434, and [8].

PROOF: The generalized Stieltjes transform of a G-function is given by (see [6],
p. 237)
o -1 a -
[E (| P g o £ grhone!
0 (X+B)0 P»q bq r(o) “ptl,q+l

1-g, a
(a8 | Py (2.5)
[od Y bq

On writing pq for g and multiplying both the sides of (2.5) by pl_r q, we have

a

© 1-r
[ N W G‘:’s (at | ¥ )at

g ’
0 (pq+t) b,
= £ A m+1,n+] 1-g, a,
- Ty Cuslove1 (oP9 | ) (2.6)
0~E, bv

Now interpreting with the help of the known result ([4], result (2.83), p.
137), it follows

otr-1
o1 2 © f -5 -5 - a
y X 2 2 2 — N
r(o) f§) [t Jc+r‘1(2/txy)cz.3 (ot | b

Y )ae

v
2 @O¥ T mtl,ne e 2y

u+l, v+l (opa I ) -

- (2.7)
r(o)p 0-g, b,

Evaluating the left~hand side integral of (2.7), we get

_ 1-g, a , otr-¢
xr(xy)g—g 1 Gm,n+l ( a u )

ut+2,v ;;

v

1-¢g, a
. g-o0-1 1,n+1 > “u
=P (pa) Car1 ver (0P9 | N ) - (2.8)
’
v

The following result will be used in the proof of (2.2).

If F(p,q) = f(x,y), then

[

!
. . * 2 —
x$71 f(% »Y) = é (—%) Js(2/PA)F(a,q)dn - (2.9)

From (2.8) and (2.9), we have

§-r-ogtg _o-g-1 Gm,n+1 X 1-¢, a,, otr¢
X y u+2,v (

Yy
v

§
. gETotl e FEmer — w1, 0+l =g, a,
»
771 A J (236 o (ear | ). (2.10)
P [oand 3% b
v
On evaluating the right hand side integral and after some simplification, we
obtain the desired result (2.2).
In (2.1) and (2.2), reducing the Meijer's G-function to MacRobert's E-function

to obtain (2.3) and (2.4).
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3. PARTICULAR CASES.

On specializing the parameters, the G-function can be reduced to MacRobert's E-
function, generalized hypergeometric function and other higher transcendental
functions. Therefore, the results (2.1) and (2.2) leads to many new operational

relations not listed in [4,9,2,3] and other literature.

3(a). Named image functions expressed in terms of the G-functionm.

The following results are obtained by using the known results from (7] on pages
226-334.

3 (g-+b+1)

P (pa) exp(34) W, (pa)

1
3 (=g=0=b), 5 (o=g-b)

) -1 . 1-g, otr=g
2 o] s oy (o

| , (3.1)
ol )
Re(o) > 0, Re(b+g) > O.
_ 5 ~0
P’ exp(®) k) B3
5 (o—g-b)
- = _ 1-g, otr-g
2072 cos (TERYe T o) E T o)) (o | ) (3.2)
)8, _, (2/pa) - Y,_, (2/pa)]
P (pa)[H,_, (2/pq 1-2¢ (2P
. _ 1-g, l+r-¢
Do - e 2Ll L, ) (3.3)
- e3077 ¢
- % (b+g) +% _ .
P (pq) (1, (2/pq) - L, (2/pq)]
+ -g-b 5 —€-b
1 1
- -5 -& l-g, < + r—¢
-1 r 2 1,1 .1 2
=7 x (xy) 6, (= | (3.4)
- 22 Gy by )

[

PTR)® 8y _y 5y (2/8) = 272 [r(e-bIr(en) ] x" ()7

1-g, l+r-¢
.62 % | (3.5)
’ b, -b
- ) -o — — Led -— - -
p ()2 H(l)1 (v/pq)H(z)1 (/pq) = 2n 512 cos (g - %)n x" (xy)°7E7!
o~ 7 o~ E -
1-g, otr-g¢
2,1, 1
. G2,2(xy | (3.6)

1
l=o-g, 5 ~£
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1

P (pg)? wk,m(zi/ﬁ)wx’m(—zi/ﬁ)

T
o x (xy) -
“Jn r(—;- -k+m)r (5 -K-m)

a 1
+K 1+5-Kn+5+r+5

= | ) (3.7)

atl

- ein(U‘V)/z Hfll) (/E) H‘(IZ) (/E).I

1

5 (u+v+w)-1

5/

. - .
= 2q 2(cos ug - cos vg)x (xy)

+1 wtu+v
3077 0 g
3,3%x w=u+v wtu-v w-u-v
2 ’ 2 ’ 2

' :
The following four results are obtained from (2.1) by using Carlson's results [1]

p!Tujy(1-2a,1-2c;21/pq) + p(1-2a,1-2¢;-21/pq)]

2}

1
-1 -1 a, a +7 >
- 22c 2a <5 y G2,2 (_l | ) (3.9)
— 3,3 xy
* ¥x r(l1-2a) r(l+2c-2a) ¢ e+

N

/P p T [y( 1-2a,1-2¢;21/pq) - ¥(1-2a,1-2¢;-21/pq)]

1 1 1
2¢-2a l‘—i -5 a,a+5,r+§
> 12 X y GZ,Z _ll (3.10)
. T(172a) r(1+Zc=2a) ~ 633 G . ) .
c, Cc + 3 , 0
-r l+c — — f— —
P (pa)” "[exp(2i/pq + icm)r(-2c,21/pq) * exp(-21/pq-icr)r(-2¢,-21/pq)]
1
iy 0, r
g 2 =1 r-1 -1 2,1 1 ’
= [r(1+2¢) 7" x™ " y 6’2 (E’ ) ) (3.11)
c, ¢ + -2—
where Tr(a,x) denotes incomplete gamma function.
p'r[w(2,2-2c;21/56) = ¥(2,2-2¢;-21/pq)]
-1 0, 1 +r
o 2 2 -1 r 2,1 1 ’
= iy 277[r(1+2¢) 1 x Gz,z (xy | . ) (3.12)
Cc, C + ?

In the last six relations, G

2,1 1,1
symbol 3F2, as does y for F So does 2.2 or G2,2 for 2Fl.
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3(b). The G-function expressed as a named original function.

The following results are obtained from (2.1) by using the known results [7] on
pages 228-234.

K-o- 2
-2K-1 2 4,1
p? (pa) 6’ (pa | )
’

2 2K-g+1

. V1 (& +Kem)
rC2mtl) X Cxy K,m( 5

g (= (3.13)
y

a
l_o”K’% - ? +K+1
’
(pa) 6’5 (pa | )

a +1
O"'K+-2' ’ +m, —m, %"'lv 2

2K+0-1
p2kto”

. - K-1 -
=V I‘(% ~K+m) I’(% -K-m) Kl 2K (xy)°+ W Zas 21)

CVen(=) W (=) G149
Xy Xy

2-0— =
2 5,1 )
G
P (pa) 1,5 (oa | W wHutv  w-udv  wHu-v  W-u-v
at E -1, 2 ’ 2 ’ 2 4 2

5/2 -3--0 (v=u)/2 (1), 1 (2),_1
i - —_
-4 g <2 (xy)o-z . [elintvu H, (=) H, (—)
2(cos ugx - cos v) /XY /Xy

9
lw

..

- 1
_ (imu-v)/2 H‘(11)(_1:) “‘(;2)(_—‘” (3.15)
/Xy Xy

wtl
-¥ 5 2
272 5,1
P (pa) 6’5 (pa | )

w-1 wtutv w=ut+v wtu-v w-u-v
ot ‘2_ > 2 ) 2 ’ 2 ’ 2

3
- 2 o7 im(uev)/2 (1) 1y (2 1
X i B (—) R —
- 2(cosnu1r + cos vw) (xy) [e v (/;);) u (,/x )

- 1
+ e11r(u v)/2 Hf‘l) (_l;__) H\(12) )] (3.16)
vxy Xy

9
Slw

2-a-¢ 3,2
(pq) 6,’c (pa |
P pa 1,5 ( o+a-b, b, ¢, 2a-c, 2a-b

3

-2 ¢ 2 1 1 (3.17)
2/n x (xy)o— Ib+C+23(/x_y) K‘b_c('/g)
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-3 :
2 2-¢ 5,1
P (pg)“"° G‘;’ s (pa | )
’ o-1, a, b, -b, -a
T s 370 2 b ey (2)_1
,=, 4 sin ay sin by X (xy) . [e a-b( _.) Ha+b )
inb (1) (2)
- 0 ) 12 () (3.18)
vxy v/xy
1
1 =
o~ 5 5 ~0 2
2 ,
p 2 (pa) Gf ; (pq | )
’ o 1 a, b, -b, -a
2 ’ ’ ’ ’
21 -0 3
2 -3
I m x 2 =inb (1) "e))
. 4 cos an cos by (xy) . [e a—b( —) a+b( —-)
_ G dwb (D NOY
e a+b( _) a_b )1 (3.19)
3 —a-g = +a
2a-1
pT 7L (pg)? Gi:; (pqa | )
cta- 3, 0,3, b, b
- 1 1 1-2a-¢g ota-1 21 =21
.=. A I'(E +b-a) I‘(? —b—a) X (xy) wa,b(;(;;) wa,b('/—g-) (3.20)

The following three results are obtained by using Carlson's results [1] on page 239
in (2.1).

o 2-¢ 3,1
P 0T 6 (pq | )

o1, c, c+—;— , d, d+

Njw

1
2

1 3
Cr(42e) g 2 X2 -2i
= 2a%1 (xy Fl(1+2c; 1+2¢c-2d; _—_)
T(14+2c-2d) 2 /Xy

)o—c-Z[eicn

+ 7T B (142¢; 142e-2d; 22 (3.21)

Vxy

Nlw

Po ()20 Gi'; (pa | )
’ 0‘1) c, ct+ 'l” d, d+%
3.
Jr 7% ps20r(1420) - x2 (xy) S 2[lOT y(1s2e, 142c-24; 2L
/Xy

+ eIy (142e, 142c-2a; 2Ly (3.22)
vxy
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1 3 1

-5 S -0 2
2 2 5,1
P T ()" 6’5 (pa | )
1 1
0T g C, c*’% , d, d+ 2
1 -0 g-c= 3
D1 27% 7 ras2ore2d) x2 0 xy) 2
.[elc" y(1+2c, 142c-2d; ———2] - e-ic“ v(1+2c, 1+2c-2d; —-_Zi]] (3.23)
Vxy 1257

3(c). Particular cases of (2.2).
The following results are obtained by using the known results from [7] on pages

228-230 in (2.2).

a a a

__a ot S =g+l Lokt S, kS +L

2k-0-6+2 (q KT0T 3 +l 4,2 q 2 2 2

P ) 6’5 (5 | )
P ’ P a a+l

o-ud"f » —3 tm,

+m
x6+c-2|<—2 (E)K-OH M (2 /E )W (2/5 ) (3.24)
y o Yy J Tee,m\ Yy :

j; Ff% +K+m]
r(1+2m)

1-o-«- 5
- 2

s | 1 +—1 1 /
S ol —em)rdd el e wk’m(21/§ ]wx’m(-zilg ) (3.25)

2
9 3,2 q
P (p) GB,S (p I 1 wtudvy  w-u-v  w-utv  whu-v )
2 2 ’ 2 ’ 2 > 2

Nlw

-1 60_

= /r [2 cos(utv) %] x'y [Ju(/% )Jv(/§ ) + J_u(/g )J_v(//-;g )] (3.26)

wtl

2

Nl
+
nlg
1
iy
[S1E

S 2o ¥
9\ 2 5,2,
P (p) Gy 5(p l
’ o+ ¥, wtutv  w-utv  witu-v = wWou-v
2 2 ’ 2 ’ 2 ’ 2

1
5/2 5+ = —_
by T 2 c-2 in(v-u)/2 (1), /x (2), /x
. 2i(cos ug - cos vr) x y - le Ho (/; ) H, (/y )

in(u=-v)/2 (1 (2), /x
- elnluv) H“)(/f‘;;)ﬂv)(‘/%)] (3.27)

The following three results are obtained by using the known results from [1]
on page 239 in (2.2).
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1 1
= =6 o) -
> -0-6 _ 2-¢ 2 2
2 3,2
P (S I C )
P 35 °p 1 1
o1, ¢ ct 5, d, dt 5
1
. -1/2 ot~ 5
- r(1+2c) 1r2d+1 X 2 yo c-2 . [eiCWIFl(l+2c; 1+2¢-2d; -21/2)
r(142c-2d) 2 y
+ e T F (142¢; 142c-2d; 21/’%)] (3.28)
1 = -s, 0, —;
2 2-g 5,2,
G3,5(p I . L )
o1, c, C+E’d’ d+§
~ -2d ~ 6+°'% -c-2 i X
= 2% /x r(1+2¢)r(1+2d) x y7 T o [T y(1+2e, 142¢-2d; 21/;)
+ e tCT v(1+2c; 142c-2d; —Zi/zé]] (3.29)
1
2 - 2 _ -8, 5, 0
2 o6 q.2 o 5,2 ,q 2
P ) 635 ' 1 1 1)
’ o—i,C,c+§,d,d+§
_ g—c— 3
I p(r2e)r(2a)x Sy 2L el y1aze, 142e-205 21 /g)
2
- e len p(l+2c, 1+2c-2d; —21/%)] (3.30)
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