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ABSTRACT. A common fixed point theorem of S.L. and S.P. Singh is generalized

by weakening commutativity hypotheses and by increasing the number of functions

involved.
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I. NTRODUCT ON.

In 11] the concept of compatible mappings was introduced as a general-

ization of commuting maps (fg=gf) The utility of compatibility in the context

of fixed point theory was demonstrated by extending a theorem of Park and Bae [2]
The purpose of this note is to further emulate the compatible map concept.

We extend the following strong result of S.L. Singh and S.P. Singh 3] by

employing compatible maps in lieu of commuting maps, and by using four functions

as opposed to three.

THEOREM. I.I. Let P,Q, and T be self maps of a complete metric space

(X,d) such that PT=TP, QT=TQ, and P(X)LJQ(X)CT(X) If T is continuous

and there exists r(O,l) such that d(Px,Qy) < r max {d(Tx,Ty),d(Px,Tx),

d(Qy,Ty), 1/2(d(Px,Ty) + d(Qy,Tx))} for all x,y in X (l.l)

Then P, Q, and T have a unique common fixed point.

2. PRELIMINARIES.

The following definition was given in i]
Definition 2.1. Self maps f and g of a metric space (X,d) are

compatible iff limnd(fgXn,gfXn) 0 whenever {xn is a sequence in X such

fx lim t for some t in Xthat limn n ngXn
Thus, if d(fgx,gfx) +0 as d(fx,gx) -0 f and g are compatible.

For example, suppose that fx x 2 and gx 2x for x in R the set of

reals, f and g are not commutative, but

fix- gx x +0 ff x 0 and fgx- gfxl 2x" 0 if x 0

so that f and g are compatible on R with the usual metric.
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Now maps which commute are clearly compatible, but the converse is false.

In fact, compatible maps need not be weakly commutative. Sessa [4 defined

self maps f and g of a metric space (X,d) to be a weakly commuting pair

iff d(gfx,fgx) d(fx,gx) for x in X If f and g are weakly commutative

they are obviously compatible, but the converse is false as the above example

shows (e.g., let x=l .). See 1] for other examples of compatible pairs which

are not weakly commutative and hence not commuting pairs.

3. MAIN RESULTS.

LEMMA 3.1 Let A,B,S, and T be self maps of a metric space (X,d)
such that A(X)cT(X) and B(X)cS(X) and let x X If r (0,I) sucho

that d(Ax:By) r max(Mxy) for xy cX where

Mxy d(Ax,Sx),d(By,Ty),d(Sx,Ty),1/2(d(Ax,Ty) + d(By,Sx)) (3.1)

then there is a Cauchy sequence Yn in X beginning at xo and defined by

Y2n-I TX2n-i AX2n-2 and Y2n SX2n BX2n-i for ncN the set of

positive integers.

PROOF. Since A(X)cT(X) and B(X)cS(X) we can choose x x2 in X

such that Yl TXl AXo and Y2 Sx2 BXl In general, we can choose

X2n_l,X2n in X such that

Y2n-1 TX2n-1 AX2n-2 and Y2n SX2n BX2n-1 (3.2)

Thus the indicated sequence Yn exists.

To see that Yn is Cauchy, note that (3.1) and (3.2) imply that

d(TX2n+l,SX2n+2) d(AX2n,BX2n+l)_<r max(Mn) where Mn d(AX2n,SX2n)
d(BX2n+l,Tx2n+ 1), d(SX2n,TX2n+l), 1/2(d(AX2n,TX2n+l) + d(BX2n+l,SX2n))
Then by (3.2) Mn {d(TX2n+l,SX2n d(SX2n+2,TX2n+1 1/2d(SX2n+2,SX2n
But 1/2d(SX2n+2,S2n)< 1/2(d(SX2n+2,TX2n+l + d(TX2n+l,SX2n))<_max d(SX2n+2,TX2n+l),
d(TX2n+l,SX2n) since the larger of two numbers is greater or equal to their

average. So we have max(Mn) max {d(SX2n+2,TX2n+l), d(TX2n+l,SX2n)} with

d(TX2n+l,SX2n+2) <_ r max(Mn) But if d(TX2n+l,SX2n+2) <_ r d(TX2n/l,SX2n+2)
d(TX2n/l,SX2n+2) 0 since r (0,1); thus max(Mn) d(TX2n+l,SX2n) and

we conclude d(TX2n+l,SX2n/2)< r d(TX2n+l,SX2n)
Similarly, d(TX2n+3,SX2n+2)! r d(SX2n+2,TX2n+l)
Consequently, (3.2) implies that d(Ym+l,Ym)_< r d(Ym,Ym_ 1) for m even or odd.

This last inequality implies that {Ym is Cauchy, as desired. /

We shall also need the following simple result from [I (Proposition
2.2(2a)).
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PROPOSITION 3.1. If f and g are compatible self maps of a metric

space (X,d) and limnfXn limngXn t for some t in X then limngfXn ft

if f is continuous.

We can now state and prove our generalization of Theorem I.I.

THEOREM 3.1. Let A,B,S and T be self maps of a complete metric space

(X,d). Suppose that S and T are continuous, the pairs A,S and B,T are

compatible, and that A(X)(3 T(X) and B(X) S(X). If there exists r (0,1)

such that d(Ax,By) < r max(Mxy) for x,y in X where

Mxy {d(Ax,Sx),d(By,Ty),d(Sx,Ty), 1/2(d(ax,Ty) + d(By,Sx))} (3.3)

then there is a unique point z in X such that z Az Bz Sz Tz

PROOF. By the Lemma 3.1. there is a sequence xn in X such that

SX2n BX2n-I Y2n TX2n-I AX2n-2 Y2n-I and such that the sequence

Ym is Cauchy. Since (X,d) is complete {Ym converges to a point

z in X Consequently, the subsequences

AX2n SX2n ,{ TX2n_l ,{ BX2n_l converge to z (3.4)

Since A and S are compatible and B and T are compatible, the

continuity of S and T (3.4), and Proposition 3.1. imply

TTX2n_l,BTX2n_l Tz and SSX2n,ASX2n Sz (3.5)

Then (3.3) implies d(Sz,Tz) limnd(ASX2n,BTX2n_l) ! r max(limMn) where

Mn {d(ASX2n,SSX2n),d(BTX2n_l,TTX2n_l),d(SSX2n,TTX2n_1), 1/2(d(ASX2n,TTX2n_ I) +

d(SSX2n,BTX2n_l)) }. By (3.5), limn Mn {0,O,d(Sz,Tz),1/2(d(Sz,Tz) +

d(Sz,Tz)) so that d(Sz,Tz) r d(Sz,Tz) Since 0< r< Sz=Tz

Also, d(Az,Tz) limnd(Az,BTX2n_l) r max(limnMn) where Mn {d(Az,Sz)

d(BTX2n_l,TTX2n_l) d(Sz,TTX2n_l), 1/2(d(Sz,BTX2n_1 + d(Az,TTX2n_1)) Since

Sz=Tz (3.5) yields" limnMn {d(Az,Tz),O,O,1/2(d(Az,Tz)) therefore,

d(Az,Tz) < r d(Az,Tz) from which (as above) we infer Az=Tz(=Sz) But if

we use this last stated equality in (3.3) with x=y=z we obtain"

Az Bz Sz Tz (3.6)

In fact, z is a common fixed point of A,B,S, and T For (3.3) and

(3.4) yield" d(z,Bz) limnd(AX2n,BZ) r max(limnMn) with

Mn d(AX2n,SX2n),d(Bz,Tz),d(SX2n,TZ),1/2(d(AX2n,TZ) + d(Bz,Sx2n))} Then

limnMn {O,O,d(z,Tz),1/2(d(z,Bz) + d(Bz,z))} by (3.4) and (3.6). We thus
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obtain d(z,Bz) r d(z,Bz) and we conclude that z Bz Az Sz Tz
That z is the only common fixed point of A,B,S, and T follows easily from

(3.3)./
We conclude with an example of four functions which satisfy the hypothesis

of Theorem 3.1., no three of which satisfy the hypothesis of Theorem I.I..

EXAMPLE 3.1. Let X [I, ) and d(x,y) x-y for x,y X Define

Ax x Bx x Sx 2x 6 and Tx 2x for x in X The

functions are all continuous and satisfy A(X)=B(X)-S(X)=T(X) X Moreover,

Sx-Ax j2x + lj x 0 iff x since x and ASx-SAx

6x(x-l) 0 iff x since x Thus, d(Ax,Sz) 0 only if x-

in which instance d(ASx,Sax) 0 So A and S are compatible; but they are

not a weakly commuting and hence not a commuting pair (Let x 2) Similarly,

T and B are compatible, since JTx-BxJ (2x+l)J x 0 iff x

(x _>_ I) and JTBx-BTxJ 2(x 1) 0 iff x (x >_ I) Finally,

Sx-Tw 2J x y2 x: + y >_ 2J Ax-Bw 2 for x,y >_ I; therefore,

Ax-ByJ J Sx-Tyj _< max(Mxy) for x,y in X Hence (3.3), and thus

the hypothesis of Theorem 3.1., is satisfied. Observe also that no one of

A,B,S, or T commutes with any two of the remaining three functions.

Of course, common fixed point theorems other than Theorem I.I follow

from Theorem 3.1.. See, for example, Corollary 3.2 of which in turn has

Theorem I. of [5] as a corollary.
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