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ABSTRACT. Closed and nowhere dense subsets which coincide with the points of
discontinuity of real-valued functions with a closed graph on spaces which are not
necessarily perfectly normal are investigated. Certain G6 subsets of completely
regular and normal spaces are characterized. It is also shown that there exists a
countable connected Urysohn space X with the property that no closed and nowhere
dense subset of X coincides with the points of discontinuity of a real-valued

function on X with a closed graph.
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1. INTRODUCTION.

Let X and Y denote topological spaces. Let R denote the real line with
the usual topology. All spaces will be assumed to be Tz. Let f be a function
from X ioto Y and denote the graph of f by G(f) = {(x,£(x)) ¢ X x Y|x ¢ X}.
The graph of f 1is closed if G(f) is a closed subset of X x Y. Let
D(f) = {x ¢ X|f is discontinuous at x}.

It was shown by Thompson [l] that if X is a Baire space and if a function
£f:X + R has G(f) closed, then D(f) 4is a closed and nowhere dense subset of X.
It was proven by Dobos [2] that, if X is perfectly normal, F C X is closed and of
first category in X 1f and only if there exists a function £:X + R such that
G(f) 1is closed and D(f) = F.

Let X be a topological space which is not necessarily perfectly normal. In
this note we will investigate those closed and nowhere dense subsets of X which
coincide with the points of discontinuity of a real-valued function with a closed
graph on X. We will consider this problem when X 1is either a normal, a

completely regular, a regular or a Urysohn space.
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2. PRELIMINARIES. In what follows we will make use of the following known

results.

THEOREM 2.1. Let X be a topological space. If £:X + R has a closed graph,
then D(f) is closed and of the first category in X (Dobds [2]).

THEOREM 2.2. Let f:X + Y be a function with a closed graph. If K is a
compact subset of Y, then f_l(l() is a closed subset of X (Hamlett and
Herrington [3]).

PROPOSITION 2.3. If h:X + Y is a continuous function and if g:Y + Z 1is a
function with a closed graph, then f = g o h has a closed graph (Thompson
nn.

PROPOSITION 2.4. Let X be a completely regular topological space. If F is

a compact G subset of X, then there exists a continuous function £f:X + R such

§
that F = {x ¢ X|f(x) = 0} (Gillman and Jerison [4], page 43).

If V is a closed subset of X, throughout V and V€ will be used to denote
the closure of V and the complement of V, respectively. [a,b] will be used to

denote a closed interval in R.

3. X IS NORMAL. We will characterize closed and nowhere dense GG subsets of a
normal space X 1in terms of the points of discontinuity of a real-valued function

with a closed graph. We will first establish the following lemma.

LEMMA 3.1. Let FC X be closed and nowhere dense in X and let f:X + R be
a function with G(f) closed such that D(f) = F. If for each net {xa|u e I} in
X - F which converges to x ¢ F, {f(xh)la € I} does not converge in R, then F {is
GG'

PROOF: Case (i). Suppose f 1is constant on F . Let € > 0. For each
x ¢ X, let Ve(f(x)) denote an open interval in R of radius ¢ and centered at
f(x). Select for each x ¢ F an open neighbourhood U(x) of x such that
f(U(x) - F) C [Vef(x)]c- (This is possible, for otherwise given Ve(f(x)), there
would exist for each neighbourhood U(x) of x an element Yy € [U(x) - F] such
that f(yU) € Ve(f(x)). This would imply Yy * % and f(yU) + f(x) which is
impossible.) Put U = {gFU(x). Clearly FC U. Let x ¢ F and put

Vo= {[E® - 8, £(x) - %1 U [£(x) +-:;, £(x) + nl}, n=1,2,...

Vn is a compact subset of R fozleach cn and, by Theorem 2.2, f_l(vn? is closed
in X for each n. Put Gn = [f (Vn)] NU for n=1,2,... Since f is
constant on F, F C [f-l('Vn)]c for each positive integer n. Let y ¢ U - F. It
follows that £(y) e [£(x) - ngy, £(x) - 1%] U [£(x) + Tlx; , £(x) + ny] for x € F

and for some integer n;. Therefore y ¢ G and y éN G_C U. Since
Ty a=1 ©
.
FC Gn for each n, it follows that F = N Gn and F 1is 66’ since Gn is open
n=1
for each n.

Case (ii). Suppose f 1is not constant on F. Let x) € F be fixed. Define
g:X >R by g(x) = f(xl) if x e F and g(x) = f(x) otherwise. It follows that
G(g) 1is closed since G(f) 1s closed and g satisfies the hypothesis of the
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lemma. Now by Case (1), F is GG and the lemma is established.

Hamlett and Herrington [3] gave an example (Example I.6.1) to show that if X
is the space of all ordinals less than or equal to the first uncountable ordinal,
1, then there does not exist a function f:X + R with a closed graph such that
D(f) = {a}.

THEOREM 3.2. Let X be a normal space and let F C X be closed and nowhere
dense in X. F is G6 if and only if there exists a function f£f:X + R such that
G(f) 1s closed, D(f) = F and for every net {xala € I} C X - F which converges to
x e F, {f(xu)la € I} does not converge in R.

PROOF: Sufficiency follows from the proceeding lemma. To show necessity
suppose F 1is GG' It follows that there exists a continuous function h:X + R
such that {x e X|h(x) = O} = F (Kuratowski [5], page 134). Define £:R » R by
g(0) = 0, g(x) = ) otherwise. Put f = g o h. It follows from Proposition 2.3

that the graph of f 1s closed. Clearly f has the required properties.

In Example 4.1 it will be shown that 'normal' cannot be replaced by 'completely
regular' in Theorem 3.2. First we will establish two lemmas which will be used in

this example.

LEMMA 3.3. If f:X + R has a closed graph and if x ¢ D(f), where D(f) 1is
nowhere dense in X, then there exists a net [xulu el} C [D(f)]c such that

%, » x and {f(x,)|a € I} has no convergent subnet in R.

PROOF: Let x ¢ D(f). There exists some net {ya} in X such that Yo T ¥
and f(ya) has no convergent subnet in R. We may assume without loss of
generality that Yy € D(f) for all o and that |f(ya)| > |£(x)| + 1 for all a.

c
For each open neighbourhood U of x, select ya(U) e U and xa(U) elUnNn [D(f)]
such that |f(xa(U))] Z_lf(ya(u))l ~ €. Such an x exists for each U and

a(U)
each ya(u) since ya(u) e D(f) which is nowhere dense in X, and, if ya(U)B is

c
any net in [D(f)] which converges to ya(U)’ then either f(ya(U)B) + f(ya(U)) or
f(ya(U)B) has no convergent subnet in R. Clearly xa(u)
not converge to f(x). Since the graph of f 1is closed, it follows that

+ x and f(xh )) does

Q)

f(xa(U))
has no convergent subnet in R.

LEMMA 3.4. Let f, g:X + R be two functions with closed graphs. If there
exists a dense subset X, of X such that £|X, = g|X;, then D(f) = D(g).

PROOF: Suppose x ¢ D(f). By Lemma 3.3 there exists a net
{xalc eI} C [D(f)]c such that x_ -+ x and f(xa) has no convergent subnet in R.
If {x o eI} CX then clearly x e D(g): If {x |aeI}CX-[X uD()] =D,
then D U D(f) is nowhere dense in X. It can be shown as in Lemma 3.3 that there
exists a net {xB|B edJfc[pu D(f)]c C X, such that xg > x and f(xB) has no
convergent subnet in R. Since f(xB) - g(xB) for all B ¢ J, it follows that
x ¢ D(g).

4. X IS COMPLETELY REGULAR. Let C(X) and G(X) denote the families of all real
valued functions on X which are continuous and which have a closed graph,
respectively. Let ¥(X) denote the family of all subsets of X. If A C X, let



4 I. BAGGS

|A| denote the cardinality of A. The next example shows that Theorem 3.2 does not

hold for completely regular spaces.

EXAMPLE 4.1: Let (X,t) denote the upper half of the euclidean plane (y > 0)
with the tangent disc topology. Namely, put P = {(x,y) ¢ R2|y > 0}. Let
L = {(x,y) ¢ Rzly =0}. Put X=PUL. Let t be the topology on X such that
T restricted to P 1is the usual euclidean topology. If x ¢ L and D 1is any open
disc in P tangent to L at x, then {x} UD 1is an open set in X containing x
(Stein and Seeback [6], page 100). (X,t) 1is completely regular and L 1is closed
and nowhere demse in (X,1). |P(L)| = 2%, where ¢ 1s the cardinality of the
continuum, and each F ¢ P(L) 1s closed and nowhere dense in X. Let f,g € G(X)
such that D(f) C L, D(g) CL and D(f) #D(g). Since f|(X - L) and g|(X - L)
are both continuous, it follows from Lemma 3.4 that £|(X - L) # g|(X - L). Since
|C(X - L)] = ¢, it follows that if fC #(X) has that property that for every
M e £ there exists f ¢ G(X) such that D(f) =M, then |#| < c. Therefore, there
exists a family 7 C P(L) such that |F| = |P(L)| and for every F e # there does
not exist a function f € G(X) such that D(f) =F.

REMARK 4.2: Let X be a topological space and let L be a closed and nowhere
dense subset of X which is relatively discrete as a subspace of X. If
JP)] > |c(x - L)|, it follows from Lemma 3.4 that there exists a family F of
elements of H(L) m&tMt|ﬂ=|ﬁU|aMfmeww F ¢ # there does not
exist a function f ¢ G(X) such that D(f) = F.

The following results hold when X 1is completely regular.

THEOREM 4.3. Let X be a completely regular space and let F be a compact
GG subset of X. There exists a function f:X + R with a closed graph such that
D(f) =F if and only if F 1is of first category in X.

PROOF: The necessity follows from Theorem 2.1l. To show sufficiency, note that
if U 1s any open subset of F, U 1s of first category since F 1is of first
category. U 1s of second category since F 1is compact and hence a Baire space.
Therefore U =@ and F is nowhere dense in X. Since F 1is compact GG’ there
exists, by Lemma 2.4 a continuous function h:X + R such that h-l(O) =F. Let
g:R + R be defined by g(x) = %3 x # 0, and g(0) = 0. By Proposition 2.3, if
f=goh, then f has a closed graph. It follows that D(f) =F.

5. X IS REGULAR. It follows from Example 4.l that the condition 'let F be
compact' cannot be omitted in Theorem 4.3. Example I.6.1 by Hamlett and Herrington
[3] shows that Theorem 4.3 does not hold if F 1is not GG‘ It will be shown in
Example 5.2 that Theorem 4.3 does not hold in general for regular spaces. The
topology on the space presented in Example 5.2 will be a refinement of the topology
on a nice example of a regular space which 1s not completely regular that was
constructed by Thomas [7]. An outline of Thomas' example follows. See [7] for

further details and a geometric interpretation.

EXAMPLE 5.1 (THOMAS): If n = 0,t1,£2,%3,..., put L(2n) =
[@n,y) eR%0 <y <3} If n=0,21,£2,£3,..., and k= 2,3,4,..., put
P@n-1,k) = @n -1, 1 - ) R, and put T@n=- 1, k) = {@n-1¢¢,l - ¢ - e
R2|t e (0,1 - %1}. Let a and b be two points at 'infinity'. Put
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x={0 Lewmlu{ U o |T@n- 1,00 U p@n- 1,0]} U [a,b]-
n=-—w n=—oo

k=2
Topologize X as follows. If x € T(2n - 1,k) for n = 0,%1,%2,..., and
k=2,3,..., then x 1is open. If x = p(2n - 1l,k), then a neighbourhood of x
contains all but finitely many points of T(2n -l1,k). If x = (2n,y) ¢ L(2n), then
a neighbourhood of x consists of all but finitely many points of X with the same
y-coordinate and with x-coordinate that differs from 2n by less than 1. If x = a
and c¢ 1is a real number, then a subset of X which consists of all points with
y-coordinate > ¢ 1s an open set containing a. If x =Db and c¢ 1is a real
number, then a subset of X which consists of all points with y-coordinate < ¢ is
an open set containing b. It was shown by Thomas [7] that X is regular and if
f:X + R is continuous, then f(a) = £(b).

Let (X,t) be the space of Example 5.1l. In the following example a topology
' Dt will be constructed on X such that (X,t') is regular but not completely
regular. For the space (X,t') there will exist an x ¢ X such that {x} is G
but there will not exist a function f e G(X) such that D(f) = {x}.

§

EXAMPLE 5.2: Let (X,t) be the space of Example 5.1. If x ¢ X and x # a,
let the neighbourhood base at x be as defined in Example 5.1. Let x = a and let
A= {xili = 1,2,...}, where x ¥ a for all i, be a sequence in X which
converges to a in (X,t). If for fixed i, x is discrete in (X,1), then put

i

S1 = {xi}- If for fixed 1, x, = p(2n -1,k) for some n and k, put

Si = {xi} U T(2n - 1,k). If x, = (2n.y0) € L(2n) for some i and n, then put
S1 = {(x,yo) € X|2n - 1 < x < 2n + 1}. For each basic open neighbourhood U of a

L]
in (X,t) and each sequence A converging to a in (X,t) define U - { v Si}
i=1
to be an open set containing a. Let 1' be the topology on X generated by =t
and by the new neighbourhood base of a. Clearly <t' D t and every open set V in

T containing a contains T(2n - 1,k) U p(2n -1,k) for countably many n and
4o

ke Also V contains all but countably many elements of U L(2n). It follows
n=-w

from the construction that (X,t') 1is regular. (X,t') 1is not completely regular
since it can be shown as in [7], that if f:(X,t') + R 1is continuous, f(a) = £(b).
{a} 1is Gy
that D(g) = {a}. For let g:(X,1') + R be any function with a closed graph which

. There does not exist a function g:(X,t') + R with G(g) closed such

is continuous on X - {a}. It can be shown as by Thomas [7] that g(x) =c, a
constant, for all but countably many elements of X - {a}. Since a is a cluster
point of (X,T1') but not of any sequence in (X,t'), it follows that any net X
in X which converges to a in t' has the property that S(XB) + c. Since the
graph of g 1s closed it follows that g(a) = c and g 1s continuous at a.

Therefore Theorem 4.3 does not hold when X is regular.

6. X IS A URYSOHN SPACE. 1In this section it will be shown that there exists a
countable Urysohn space X (Example 6.3) with the property that if F is any
non-empty, closed and nowhere dense subset of X, there does not exist a function
£:X + R such that G(f) is closed and D(f) = F (Proposition 6.6). The space X will

be essentially the countable comnected Urysohn space constructed by Roy [8].
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The following proposition will be useful later:

PROPOSITION 6.1l. Let G be an open subset of a topological space X. If

]

G= U Fn, where the Fn's are mutually disjoint, closed and nowhere dense in X,
n=2

then there exists a function f:X + R with G(f) closed and D(f) = G.

PROOF: Let F, =X -G and F o= G - G. Define f£:X +» R by £(F ) = n, for n
=0,1,2,... Since f 1is constant on X - G, f 1is continuous on X - G. Let

X € Go Since for n = 1,2,3,... each Fn is closed and nowhere dense in X, there
exists a net {xala €1} in G such that x,*x and F_ does not contain a
subnet of {xu]a e 1} for each n. {x la € I} NF #9 for infinitely many

n's, {f(x)]a € 1} is unbounded and does not converge in R. Therefore f 4is not
continuous at x and D(f) = G. For each x ¢ X and for each net {xa} in X
which converges to x, it is easily seen that either f(xa) + f(x) eor

{f(xa)|a € I} has no convergence subnet in R. Therefore G(f) is closed.

COROLLARY 6.2. Let X be a countable connected T2 space. If G 1s an open
subset of X, then there exists a function f£f:X + R such that G(f) 1s closed and

D(f) = G.
PROOF: Follows immediately from the preceding proposition.

EXAMPLE 6.3: Let {Cn}n'+° be a countable collection of pairwise disjoint
subsets of the rational numbers indexed by the set of positive and negative integers
such that C_ is dense in R for each n. Let X = {(x,n)|x ¢ C.»
n=0,t1,#2,...} U {w}. We may visualize X as being 'lines' in the plane through
y = 0,t1,+2,+3,..., together with a point at 'infinity', w. For each p ¢ X,
define a neighbourhood system for p as follows. Let p = (s,n) ¢ X and let
€ 0. If n 1is even or zero, put N (p) = {(x,y) € Xli =n, X € Cy and
s-e<x<s+e¢e}. If n is odd put N (p) = {(xy) eX|]y=n, n+1 or n-1,
X € Cy and s-e<x<s+¢€}. If p=uw, put N (p) = {(x,y) € X]y > —1 Let =
be the topology generated on X by the neighbourhood system defined above for all
€ > 0. (X,T) 1is essentially the space constructed by P. Roy [8]. (X,1) 1is a

countable connected Urysohn space.

Let F be a closed and nowhere dense subset of X. It will be established in
Proposition 6.6 that if there exists a function f£:X + R such that D(f) = F, then
F = ). Note that since F 1is nowhere dense in X, F N C2n is a nowhere dense
subgset of I N C2n for each integer n and every interval I C R. Also, for each
n, C2n—1 is closed and nowhere dense in X. In what follows Ve(f(x)) denotes an
open neighbourhood of f(x) of radius € in R.

PROPOSITION 6.4. Let (X,t) be the space of Example 6.3, let F C X be
closed and nowhere dense and let f£f:X + R be a function with G(f) closed. If
D(f) = F, then for every integer n and for every open interval I C R, f
restricted to the subspace I N C2n-1 is discontinuous on at most a nowhere dense

subset of I N Cy _;, with the relative topology.

PROOF: Suppose on the contrary that for some n and some open interval

I1 C R, f|(I1 8] CZn—l) is discontinuous on a dense subset of the subspace
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I N Cpre
that f 1is continuous at x. Let € > 0, choose § > 0 such that

Ns(x) C (I1 n c2n) and f(NG(x)) C Ve(f(x)). Select s ¢ I1 N cZn-l
flll N cZn—l is discontinuous at 8 and such that every neighbourhood U(s) of s
in (X,t) has the property that U(s) N Czn C Ns(x) for sufficiently small

Since D(f) is nowhere dense in X, we may select X ¢ I1 n Czn such

such that

neighbourhoods of s. Since f|(I1 a) Czn_l) 18 discontinuous at s, there exists a
sequence {sk|k = 1,2,...} such that s, eI, nCy , forall k, s +s, and,
since G(f) is closed, {f(sk)lk = 1,2,...} has no limit point in R. Select

s, € {sklk = 1,2,...} such that f(sm) é Ve(f(x)). Then there exists a sequence
{xnln =1,2,...} C Nc(x) where X, * 8, and {f(xn)ln = 1,2,...} converges to a
point p € Ve(f(x))- Clearly p % f(sm). This contradicts the fact that the

graph of f 1s closed. Therefore f£|(I N CZn—l) is discontinuous on at most a

nowhere dense subset of I N C2 for every open interval I C R and every

n-1
integer n.

PROPOSITION 6.5. Let (X,t) be the space of Example 6.3, let F C X be
closed and nowhere dense and let f£f:X + R be a function with G(f) closed. If
b(f) = F, then for each integer n and for each open interval I C R there exists
a subinterval IZn—l C I such that f 1s continuous at x for each
x € Ipp-1 N C2p-1e

PROOF: Let I be an open interval in R. For each integer n, there exists,
by Proposition 6.4, an open interval IZn-l C I such that f|(12n__1 n c2n—1) is
continuous on the subspace IZn-l N CZn—l with the relative topology. Since F is

nowhere dense in I N Czn and INC for each integer n, we may assume

without loss of generality that Izn_in ﬁas been chosen for each n such that f
i8 continuous at each point of (IZn-l n CZn) V) (IZn-l N CZn—Z)'

Let xel, ,NCy , and let {xnln = 1,2,...] be a sequence in X which
converges to Xx. We may assume without loss of generality that {xnln =1,2,...}
is eventually in either IZn—l n cZn—l or IZn-l 8 Czn or I, ., N CZn-Z’ 1f
{xnln = 1,2,...} 1s eventually in 1,1 NCy; then it follows from the way
IZn-l was selected that f(xn) + f(x). Suppose {xn|n - 1,2,...} is eventually in
Ton-1 7 Cop°
Vel NGy
Ve L1 NGy
N(x) N CZn C NG(Y)° {xnln = 1,2,...} will eventually be in NG(Y)° Since
f(Ns(y)) c Ve(f(y)), it follows that {f(xn)|n =1,2,...} 1is eventually in
Ve(f(y)) and we may assume that {f(xn)|n = 1,2,...] converges. Since the graph
of f 1s closed f(x )+ f(x). Similarly it follows that if {xnln =1,2,...} 1is

eventually in IZn—l n CZn-Z’ f(xn) + f(x). Therefore f 1is continuous at x for

Let € > 0. Since f 1is continuous on IZn-l n c2n’ for each
there exists a 6 > 0 such that f(NG(y)) C Ve(f(y)). Select some
such that for all sufficiently small neighbourhoods N(x) of x,

each x € IZn-l al cZn-l’

PROPOSITION 6.6. Let (X,1) be the space of Example 6.3, let F C X be
closed and nowhere dense and let f:X + R be a function with G(f) closed. If
D(f) = F, then F = @.

PROOF: Suppose F 1s a non—-empty, closed and nowhere dense subset of X and
that there exists a function f£f:X + R with G(f) closed such that D(f) =F. If
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f 1is constant on X - F, it follows that f 1is constant on X and hence
continuous on X. We may assume therefore that f 1is not constant on X - F. Let
y e X-F and let € > 0 such that f(w) ¢ VZT??;SSZ Since f 1s continuous at
y there exists a § > 0 and a neighbourhood NG(Y) of y such that

f(Ns(y)) C Ve(f(y)). We may assume without loss of generality that

Ns(y) c@an CZn—l) U an CZn) u@an C2n—2) for some interval I C R and some
integer n. It now follows from repeated applications of Proposition 6.5 and the
definition of open sets in (X,t) that for each m > 2n, there exists an interval
Im C I such that f(Im N Cm) C Ve(f(y)). For each m > 2n, select Yo € (Im al Cm).
Then Yp* @ and f(ym) € Vs(f(y)), for m = 2n + 1, 2n + 2,... Since

f(w) ¢ V;?f?;jj' this would contradict the fact that the graph of f 1is closed.
The proposition follows.

In contrast to the results of Dob¥s [2] and Thompson [1] for perfectly normal
spaces, it now follows that if X satisfies only the Urysohn separation axiom it is
possible that there may exist a function f£f:X + R with a closed graph such that
D(f) =F if and only if F 1is a closed subset of X with a non—empty interior.
That this 1s true for the space given in Example 6.3 follows immediately from
Proposition 6.6 and Corollary 6.2.

REMARK 6.7: Proposition 6.6 does not hold for all countable connected Urysohn
spaces although it does hold for the countable connected spaces constructed by
Kannan [9] and Martin [lO]. It is possible to redefine the topology on the space in
Example 6.3 such that the space remains connected and Urysohn and F = C1 U C0 V) C_1
is closed and nowhere dense and there does exist a function f£:X + R such that

G(f) 1is closed and D(f) =F.
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