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ABSTRACT. The object of the present paper is to show the extreme points of the class

A(n,Bk) consisting of analytic functions with negative coefficients and the support,
points of the subclass A (n,Bk) of A(n,Bk).
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1. INTRODUCTION.

Let A(n) be the class of functions of the form

f(z) z . akzk (a
k => 0; n N {1,2,3 })

k=n+l
(1.1)
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which are analytic in the unit disk U {z: Izl < I}.

A function f(z) in A(n) is said to be in the class A(n,Bk) if and only if it

satisfies the condition

Bkak (B
k

> 0). (1.2)
k=n+l

Note that A(n,Ck). A(n,Bk) for 0 B
k

<-- Ck. The class A(n,Bk) was introduced by

Sekine [I].

A function f(z) belonging to A(n) is said to be starlike of order a if and only

if

Re zf’.f(z)(Z) > (1.3)

for some a (0 E a < I), and for all z E U. We denote by Tn(a) the subclass of A(n)

consisting of functions which are starlike of order a in the unit disk U.

Further, a function f(z) belonging to A(n) is said to be convex of order if

and only if

zf"(z)
Re + f’ (z > a (1.4)

for some (0 a < i), and for all z E U. Also we denote by C (a) the subclass of
n

A(n) consisting of all convex functions of order a in the unit disk U.

For the above classes Tn (a) and Cn(a), Chatterjee [2] has showed the following

results.

LEMMA I. The function f(z) defined by (1.1) is in the class T () if and only if
n

k=n+l
I. (1.5)

LEMMA 2. The function f(z) defined by (I.I) is in the class C (a) if and only if

k(k- a) a
k i. (I 6)

k=n+l
a

It follows from Lemma that A(n,Bk) Tn(a) for B
k

(k a)/(l a), and from

Lemma 2 that A(n,Bk) Cn(a) for B
k

k(k a)/(l a). Further, we note that a

function f(z) in A(n,Bk) with Bk k is univalent in the unit disk U.

2. EXTREME POINTS.

We begin with the statement and the proof of the following result.

THEOREM I. A(n,Bk) is the convex subfamily of A(n).

PROOF. Let the functions

k
fj(z) z k=n+ ak’ jz (ak,j 0" j =oi 2) (2 I)

be in the class A(n,Bk). Defining the function h(z) by

h(z) %fl(z) + (i- %)f2(z) (0 =< I)

z . {ak, + (I )a
k 2

zk
k-n+l

k

k;n+l
(2.2)
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we have

Z BkAk Z Bk{}’ak, + (1- )ak 2
k=n+l k=n+l

[. Bkak, + (I- ) Z Bkak 2k:n+l k"n+l

which implies that h(z) e A(n,Bk). This completes the proof of Theorem I.

Next, we show

THEOREM 2. Let

fl (z) z

and
k

fk(z) z -- z (k Z n + I).
k

Then f(z) e A(n,Bk) iff f(z) can be expressed as

f(z) klf1(z) + . kkfk(z),
k-n+

where I -> 0, Ik "> 0 (k -> n + I), and

/tl + . )tk 1.
k=n+l

PROOF. Suppose that f(z) can be expressed as (2.6). Then we have

f(z) ,if1(z) + Z ’kfk (z)k-n+

k k

k=n+l k
z I k.

k=n+

It follows from (2.8) that

Z BkAk Z k ’I
k=n+l k=n+l

which shows f(z) e A(n,Bk).
Conversely, suppose that f(z) defined by (I.i) belongs to the class A(n,Bk).

Since Bkak -< for k - n + 1, we may put Xk Bkak (k - n + 1) and

’I Z ’k"
k=n+l

Therefore, we have

f(z) z [. akzk
k;n+l

ifl (z) + Z lk(Z_ k)
k=n+l

z

ifl(z) + kfk(z)
k=n+l

(2.3)

(2.4)

(2.5)

(2.6)

(2.7)

(2.8)

(2.9)

(2.10)
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which completes the assertion of Theorem 2.

Now, we have

COROLLARY I. The extreme points of A(n,Bk) are the functions fl(z) and fk(z)
given in Theorem 2.

With the aid of Lemma I, we have ,
COROLLARY 2. The extreme points of T () are f (z) z and

n

z (k>n+ I).fkz, z

Furthermore, by Lemma 2, we have

COROLLARY 3. The extreme points of C () are f (z) z and
n

kk(k)fk(z) z z (k n + I).

3. SUPPORT POINTS.,
Let A (n,B,k) be the subclass of A(n,Bk) such that B

k
Z ,k" Then a function f(z)

belonging to A (n,Bk) is univalent in the unit disk U, and A (n,Bk) is a convex sub-

family of univalent functions with negative coefficients., ,
A function f(z) in the class A (n,Bk) is said to be a support point of A (n,Bk)

if there exists a continuous linear functional J on A(n) such that Re{J(f)} Z Re{J(g)},
for all g(z) e A (n,Bk), and Re{J} is nonconstant on A (n,Bk). We denote by,
Supp{A (n,Bk)} the set of support points of A (n,Bk), and also the set of extreme

points of A*(n,Bk) is denoted by Ext{A*(n,Bk)}.
Let F be a subfamily of univalent functions in the unit disk U whose set of

extreme points is countable, suppose f0 is a support point of F, and let J be a

corresponding continuous linear functional. Defining Gj by

Gj {f e F: Re{J(f)} Re{J(f0)}}, (3.1)

Deeb [3] has proved the following result.

LEMMA 3. Let Gj be defined by (3.1). Then Gj is convex, Ext{Gj} Ext{F}, and

Gj-- {f e F: f(z) I hifi(z), h
i

-> 0, I h
i

I, fi(z) e mxt{Gj}}.
i=l i=l

Let A denote the class of functions of the form

f(z) [ akzk
k=O

(3.2)

(3.3)

which are analytic in the unit disk U. Then Brickman, MacGregor and Wilken [4] have

shown the following lemma.

and set

LEMMA 4. Let {bk} be a sequence of complex numbers such that

lim sup lbk[ I/k < i,
k/

J(f) [ akbkk=O
(3.4)

ly, any continuous linear functional on A is given by such a sequence {bk}.
for f(z) A given by (3.3). Then J is a continuous linear functional on A. Converse-
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Applying the above lemmas, we prove,
THEOREM 3. The set Supp A (n,Bk) of support points of A (n,Bk) is given by

Supp{A*(n,Bk)} {f e A (n,Bk): f(z) z k--n+l k zk’ xk >= 0,

[ Xk --< --0 for some j}. (3.5)
k=n+l J

,
PROOF. Let the function f0(z) be in the class A (n,Bk), and let

f0(z) z [ z (3.6)
k=n+l k

where kk 0, I kk --< i, and . 0 for some j _-> m + i. If b
k

0 for k n + I,
k=n+

k # j, and b b. I, then lim suplbk ll/k < i. Then, with the aid of Lemma 4, we
3 k+

can define the continuous linear functional J given by the sequence {bk}. It follows,
the above that J(f0 I, and that J(f) a.3 <-- for f(z), e A (n,Bk) given by

(I.i). Thus we have Re{J(f0)} Re{J(f)} for all f(z) in A (n,Bk). This shows,
that f0(z) is a support point of A (n,Bk). ,

Conversely, suppose that fo(Z) is a support point of A (n,Bk) and that its

continuous linear functional J is given by the sequence {bk}. Note that Re {J} is also,
continuous and linear on A (n,Bk). Consequently, by the Kreln-Milman theorem, there,
exists an extreme point fk(z) of the class A (n,Bk) such that

,
Re{J(f0)} Max{Re{J(f)}: f(z) e A (n,Bk)} Re{J(fk)}.

Let

Gj {fk: Re{J(f0) Re{J(fk) }’ fk(z) e Ext{A*(n,Bk)}}.

If Gj Ext{A*(n,Bk)}, then Re{J} must be constant on A (n,Bk). This contradicts

that f0(z) is a support point of A (n,Bk). Therefore, there exists a j such that

Re{J(f0)} > Re{J(fj)}. It follows that

Ext{Gj} {fk: fk (z) Ext{A*(n’Bk)}’ k > n + I, k # J}.

Hence, by Lemma 3, we have

fo(Z) kfk(z) (3.7)
k=n+l

where k 0, k I, and fk(z) e Ext{Gj}, k n + I, k # j. It follows from
k=n+l

this and Corollary that

fo(Z) z [ %k k
z (3.8)

k=n+l

which completes the proof of Theorem 3.
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COROLLARY 4. The set of support points of T (=) is given byn

Supp{T* *n(=)} {f T (=): f(z) z
k- =n

k=n+l
k > 0,

k S I, . 0 for some j}.
k=n+l J

Finally we have

COROLLARY 5. The set of support points of C () is given by

Supp{Cn(U)} {f C (u): f(z) z [ (_ )
I
k

E 0,
n k=n+

k=n+
Xk <-- i, j.= 0 for some j}.
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