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ABSTRACT. This paper deals with aspects of the limit behaviour of products
of nonidentical finite or countable stochastic matrices (Pn)' Applications
are given to nonhomogeneous Markov models as positive chains, some classes of

finite chains considered by Doeblin and weakly ergodic chains.

KEY WORDS AND PHRASES. Stochastic matrix, nonhomogeneity, Markov chains,
weak ergodicity, tail o-field, atomic set.
1980 AMS SUBJECTS CLASSIFICATION CODES. 15A51, 60J10.

1. INTRODUCTION.

Let PO’PI""’ be a sequence of finite or countable stochastic matrices,

(n) - (m,n)
Pi,j the (i,j) entry of Pn’ Pm,n Pm ves P the (i,j) entry of P m,n
In the 'homogeneous' case, when P = PO = ..., the classical Markov chains
theory provides a detailed analysis of P": for ergodic chains 13 converges as

d+r

. n
n+», whereas otherwise P converges as n> for some d > 1 and

r=1,...,d-1. It turns out that in the 'nonhomogeneous' case, when (Pn) are

(m n) > 0 and P(m n)

nonidentical, lim inf *m 1,3

> 0 imply that

{p im;n)/P(m,n)} converges as n+ in a case that may be thought of as aperiodic

£ ]
whereas otherwise {P(m;n)/P(m;n) > m} assume a finite number oflimit points.
’
Both lim 0o im;n)/P(m,n) and the limit points of {P(m,n)/P(m;n).n = mtl,...}

(m)

will be identified in terms of aim)(k)/aém)(k) where au p(m,n)

(k) = llmn_,ooig.Er(lk) u,j

(k)}

for some sequence of sets {E Our results may be understood without

reference to Markov chains, but the proofs will consider a Markov chain
{Xn:n > m} with finite or countable state spaces assuming a strictly positive

(m)

initial probability vector T and the one-step transition probability
matrices (P ) n > m as the starting point. It will turn out that the structure
of the tail o-field of {X :n 2 m} is crucial for the asymptotic behaviour of
{Pm } and that a(m)(k) (m)(TkIXm = u) where T, is an atomic set of the tail
o-field of {Xn.n 2 m}. We first consider the countable case where a number of

results are obtained under the assumption that lim inf +mpim3n) > 0.
A particular case is that of convergent {Pgmfn)} where lim fmt“) will be
i,j n—>oo i,j

identified. Then we look at the case of finite S where more powerful results

are obtained without any assumption on (Pn)' Further, we specialize our
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results to some classes of finite and countable nonhomogeneous chains and
explore some connections with the notion of weak ergodicity.

We do not include in this paper specific applications of products of
stochastic matrices which seem to be numerous, ranging from demography as shown
by Seneta [21], to recent developments in the theory of Markovian random
fields assuming phase transitions (see Kemeny et al [12] and Winkler [22]).

Our paper is a streamlined survey of the literature of nonhomogeneous

Markov models from the viewpoint of tail o-fields.

2. TAIL o-FIELDS.

Let (Q, F,P) be a probability space and A a set in F . We shall say that
A is a P-atomic set of ¥ if P(A) > 0 and A does not contain any subset A' with
Ae F and 0 < P(A') < P(A). A nonatomic set A in F is said to be a
P-completely nonatomic set of F if P(A) > 0 and A does not contain any
P-atomic subsets of F . It is easy to see that, in general, § may be
represented as § = U:=0An where A is P-completely nonatomic and A AZ""
are P-atomic sets of F. This representation is unique modulo null probability
sets of f Of course, some of {Ai} may be absent. If A0 is present, we
shall say that F is nonatomic whereas if AO is absent ¥ is called atomic. If
AO is absent and there is only a finite number of atomic sets {Ai} we shall say
that ¥ is finite. Finally, F is said to be trivial if Al = Q.

Take now 2 = S X S X,,. where S is finite or countable, Xn(w) = wn for
w= (wl,...,wn,...) and write ?n for the o-field generated by {Xk:k > n}. A
(m) = (ﬂim);i € S) and a sequence of S X S
(m)
(m))

strictly positive distribution T
stochastic matrices (P ) uniquely determine a probability measure P

on ?m such that {Xn.n > m} 1s a nonhomogeneous Markov chain on (2, ? P

with P(m) (Xm=i) = ﬂim) and P(m)(Xn+l=j|Xn=i) = pi :)i for i,j€S and n 2 m.
(m’n)

This model will allow us to use probabilistic arguments on all Pi P since

(m, n) P(m)(x -j|X =1) makes sense in view of P(m)(X =i) > 0.

(0)(Xm=i) > 0 even if we

the equality P

The usual model {X :n 2 0} may not always lead to P
(o)

take T to be strlctly positive.

We shall write {A_i.0.}forn .U, A and {A ult.} for U N._A . Here
n n=1"m=n n=1l m=n m
'i.o.' stands for 'infinitely often' and ult. stands for 'ultimately'.

Further, 11mn—>°°An = A a.s. will mean that limn-mlAn = lA a.s. where 1 stands

for the indicator function of a set. We shall say that A = B a.s. if 1
a.s. The o-field generated by X ,...,X will be denoted by?

B

A key tool for out study will be provided by the tail o-field of {X :n > m}
(m) T
defined as T = n”_ F .

PROPOSITION 2,1, Suppose that A is a set in T(m). Then there exists a

sequence {L } of subsets of S such that lim {XneLn} = A a.s. with respect to
p(®

PROOF. Since A belongs to }— s the martingale convergence theorem implies
that lim _m (m) (A| ?—(n))_ lAa .S with respect to P( ). By the Markov property
of {Xn:n > m} we get P(m) ] ?-(n)) (m) (AIXn). Thus taking

m
L = {1:p¢ )(A|Xn=i) > A} with 0 < X < 1 ylelds lim _ {X €1 } =A ™ as.,
completing the proof.
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The argument used above goes back, essentially, to Blackwell [1].

3. POSITIVE STATES.
Consider the Markov chain {X :n2m} with a strictly positive initial

() and write TT(n)=P(Xn=j) for n>m. We shall say that j

o 5.
o'’

probability vector T
is positive if lim inf

PROPOSITION 3.1, A state j is positive if and only if for any subsequence
(nk) with 1lim __n = ® there exists a state 1 (possibly depending on (nk))

n>® k
(m,n, )
i >
such that 1lim supk_mP:,L § 0.
PROOF. Since nf“) =3 (m) (m,n) and ‘n(m) >0 for i € S, it suffices
3j ieS i 1 % i

(n,) (m,n,)

to notice that ll.mk_mﬂj = 0 if and only if 11mk->°°Pi,j = 0 for all i € S.

Proposition3.1 shows that the definition of positivity for j depends only

on {P(m,n) ;n 2 m, i € S},
1,]
THEOREM 3.1l. If j is positive then
d
{X =j i.0.} = U T, P™ L.
k=1

(m)

where Tk, k=1l,...,d are P —-atomic sets of T(m) with d < o,

PROOF. Notice first that {Xn=j i.o.} ET(m). Assume by way of
contradiction that {Xn=j i.o.} does not equal a finite union of atomic sets
and therefore we may find some infinite sequence of disjoint sets

LIS P eT® Gien p@ (T,) >0 for all i such that

0

X =j iw0.}= U T, P™as. (3.1
n k
k=1
Take § = 1lim inf n(n). If (3.1) were true, there would exist a set T

n»>o j k

with P(m) (T ) < 8. Let {Et(lk):n > m} be some subsets of S such that
{X eE(k)} P(m) a.s. as ensured by Proposition 3.1. In view
of (3.1) j must belong to an infinity of sets {E( )} This entails
1im inf 7 3 1im p® (E(k)) p(™ (T) <8

n>eo J no

which is absurd. Thus {Xn=j i.o.} consists of a finite number of P(m)—atomic

sets of .T(m).

THEOREM 3.2. Suppose that j 1is positive. Then there exist d disjoint

sequencesof integers {I‘k}‘wherel" = {nik):t=l,2,...} and d sequences of

k

sets {Er(xk)} such that Ul(:=lrk = {m+l,...}, and for i,2¢S
(m,n') _(m,n") _ o (m)
:.llile i3 /sz oy (k)/ocz (k) (3.2)
n'eFk
(m) (m n)

provided that P(mJn ) > 0 where o, for u ¢ S.

(k) = Z(k)
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(k)} =T

PROOF. Let {E(k)} be some sequences of sets with lim {X €eE K

(m)

P a.s. for k=1,2,...,d whose existence is ensured by Proposition 2.1.

(k)
1Ea

We first show that j EU for n sufficiently large.

k=
(k)

Indeed, if we assume the contrary, i.e. that j ¢Uk_ll32n for a sequence {nk}

()

with limt_mnt = o, the positivity of j leads to P (xn =j i.0.) > 0 and

t

d g d 5
kl i.o.} = {X SR NREN ult:}—Uklk P a.s.

Thus, we may assume, if necessary by modifying a finite number of sets {E

s oyd g(K)
that j suk=lEn

contradicts {X eu
(k)}

for n = m+l,...

Define now the random variable P(m,n) /P(m,n)

to equal P(m,n)/P(m »m) for

(m,n) *n

we{X =u} if Pg

>0 and 0 otherwise. Since

p(™ & =i|x ‘u)ﬂ(m)

(m n)/P(m n) _ (3.3)
i u 2,u (n) (x_=2|x =l“)ﬂgm)
m n i
the Markov property of the reversed chain yields
p® oy —iFm)y ()
x_=iF™) )
1im ™ p(man) (3.4)

LX) 2, X (m) (X QF(H)) ,"(m)

nr®
Using the martingale convergence theorem and Theorem 2.1 in (3.4) leads to

(m) , _ (m) (m) s
(myn) . (myn) P (Xm—ilTk) T P (Tklxm—l)
Un P x Pox = om @ "W
e n P (xm=zlrk) m P (Tk|Xm=9,)

(3.5)

for almost all WeT,, k=1,...,2, provided that p(m (Xm=9,|Tk) > 0. Notice
(m) (m,n) _ (m)

) = (m) &)y oy =
that P (T, |X =u) = lim _ P™"(X_€E "' |X =u) = lim ng(k)Pu’j a, (k).
Let {nék):t=l,2,...} be the set of values of n with jEEt(lk). We show

now that (3.5) holds if n runs through {nik):t=1,...} and Xn is replaced by

k.
j . Indeed, suppose the contrary. Then there exists {nt}g-‘{ni )} with
lim n_ = @ such that

[
(m) -
e P (Tk| X =2
for some ke {l,...,d}. But {Xnt=j i.0.} ¢ Tk a.S.
P(“‘)({xn =j i.0.}) 2 lim infn_m‘nj('“) > 0 makes (3.6) contradict (3.5) and

t

completes the proof.

REMARK 3.1. Theporem 3.2 was stated as a result about products of
stochastic matrices without reference to Markov chains theory. We have seen

in the proof that al(lm) (k) may be expressed in terms of the tail o-field
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T(m) as P(m) (TkIXm=u). We shall further consider some characteristic

properties of the sets {E(k)} which, for some special cases, may lead to the

actual identification of {on(m)

(k) 1.

THEOREM 3.3. Suppose that j is positive and {X —] i.o.} = U T P( m)

k=1"k

a.s. where {T } are P( )-atomlc sets of J(m) and let {Eék)} be some sets such
that lim {X EE(k)} =T P(m) a.s. Let I' = {n(t)} be the set of values
k k k
n such that jEE(k), k=1,...,d. Then
n
) z (n)
neT, itE(k) (3.7

PROOF. Define A = {x S > S #E(k)} for n > m. It is clear that

P(m)(An,nSF i.0.) =0 . (3.8)

k

Recallgnfn) is the o-field generated by Xm,...,Xn with m<n. According

to the Borel-Cantelli-Levy lemma

P(m) (An,n&:l"k i.,0.) =0 if and only if

(3.9)
(m)( ) P(m)(A Iﬁn)) —w) =0 .
nel
k
Notice now that the Markov property of {Xn:n >m} yields
(m) (n), _ ,(m) k), _.
P (Anlgm ) =¢ (Xn+1¢En+1|Xn-J)l{Xn=j} : (3.10)

. . . (m) (m) (n), _ _ .
Thus, it will suffice to show that P (ZneFkP (Anl Im ) = ®) =0 implies
(3.7). Assume, by way of contradiction, that

pm (m) &) v iy -
P R RS $E 11X =1) = (3.11)
k *:,_,(k) neI‘k

and write

p(@
n'el ﬂ%l n} * ,+1¢E '+1|X ! J)l{x =i}
Y = k (3.12)

n
(m) (k) s
P (xn'+1 ¢En'+1‘xn'-J)

n'el"kn{l,...,n}

Since 0 Yn <1, for {Yn} to converge in probability to 0 as n+>%, it is

necessary that E(m) (Yn) + 0 as n~»>», where E(m) (Yn) denotes the expectation

of Y under P(m). However, lim 1nf (m) (Y ) 2 lim inf n?“) > 0 and
n o j

therefore P(m) (1im SuPn-mYn > 0) > 0. Since the denominator of Yn in (3.12)
tends to © as n>~, it follows that the numerator of Yn will tend to « as

n-+® on a set of positive P(m) probability. Taking account of (3.9) and (3.10)
(m) (m) (n)y _ A
yields P (Xm-:l"kp (Anl :;m ) = ©) > 0, a contradiction that completes the

proof.
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(k)4

REMARK 3.2. For homogeneous Markov chains with period d , the sets {En

become {Cu+n(mod d)}’ i.e. the cyclically moving subclasses of the recurrent
class to which j belongs. In this case
(m)
£ =
P X € C i (mod ) %o € Curn1(moa @y = s

l]’.mn_*m{xneCu+n(mod d)} =T, u=1,...,d, and (3.7) holds trivially in view
(n) _ .
of py 3 =0 for 1¢Cu+n+1(moc1 d)*

The results and proofs of this Section rely on Cohn [5], [6] and [8].

4. A CLASS OF COUNTABLE CHAINS.
We shall next consider a class of stochastic matrices (Pn) satisfying

the following condition

(A) S admits the decomposition S = TUC where j €T if lim Pgm,n) =0
> i,j

for all m and i , and jeC if there exists m such that j is positive
for {X :n > m}.
n

A partition T, CI’C2”" of S will be said to be a basis for (Pn) if for
(m)

any j €Ck and m large enough, {Xn=j i.o.} =Tk a.s. is a P “-atomic set of J(m)

THEOREM 4.1. Suppose that (Pn) satisfies condition (A). Then the

existence of 1imnwpi‘:'3“)/1>§'f3“) for i,2€S, m 3 0 and j €C with Pé‘i‘;“) >0

is a necessary and sufficient condition for the existence of a basis T,

CI,CZ,... .

PROOF. We know from Proposition 3.1 that A=={Xn=j i.0.} is a
finite union of P(m)—atomic sets of 3(m)’ i.e. A= Uz=lTk' We shall first

prove that d=1. Suppose otherwise, i.e. d 22. Since {Xn=j 1'0'}3T1UT2’
Theorem 3.1 implies that there must exist two sequences {nk} and {ni} such
that

(@,n)  (m,n)

lim P, . /P, .
oo 133 4.3

P(T, |Xm=i) /(T [X =)
(4.1)
(@,n)  (m,n)

11:): Pi’j /Pl,j = P(TZIXm=1)/P(T2|Xm=JL)
However, lim P(m,n)/P(m,n) was supposed to exist. Thus (4.1) entails
’ nro 1,5 2,3 *

(m) _ (m) _oy < p(m - (m) -

PO (T K =) /BT (T X =0) = PUVT, (X =1) /RN, X =) (4.2)
Further, for any set A iJ‘SKHO with P(m)(A) > 0, the martingale convergence
theorem in conjunction with the time reversibility of the Markov property

P(m)(AIXn) may be made as close as desired to 1, for n

large enough. It is easy to see that if j is positive for {Xn:n;zm} it

will stay positive for any {Xn:an'} with m' >m, and
\] 1
p(@ (A]x =3) = p(® )(AIXn=j) if p™ (Xn=j)P(m )(Xn=j) > 0. Thus, one may

choose i , £ and m such that for e< P(m)(T1|Xm=i)> 1-¢ and
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(m)

(T2|Xm=2) >1-€; since T, and T, are disjoint we also get

1 2
(m)

m) (T2|Xm=i) <€ and P (TIIXm=SL) <g. It is easy to see that these four

inequalities are in contradiction with (4.2). We have reached a contradiction

that proves that A = {Xn=j i.o.} is a P(m)-atomic set of j‘(m).

(m)

Conversely, if we assume that A = {X =j i.o.} is a P*’ -atomic set ofT(m),

then Theorem 3.2 yields that lim (m n)/ (m n) (m) (I\[xm=i) /P(m)(/\|Xm=2),

—)(l) 1 J
completing the proof.

THEOREM 4,2. Suppose that (P ) assumes a basis T, C Then

(m n)

I’CZ"" .

(i) for any j ECk, i,2€8S with P >0 and n large enough

Lin p{™ “)/P(‘“:“) = o™ (g 7a{™ (1)
o 2,3 i L
where al(lm) (k) = limn-m}: (k) l(1‘:1}1) with 1lim supnwzjsckpf“:‘gn) Susm) (k).

(ii) if for any Ck there exists A with 0 <A <1 such that aim) (k) < 1-X for

jECk, with k'# k and m large enough, then ieC, implies

k

™ < w
n=l ifC, UT Js4

PROOF. Part (i) follows from Theorem 4.1 and Theorem 3.2 if we notice

. p(msn) (m,n) S
that lim SuPn—mzjeC " Sllmn-wozjgg(k)l)u,j . Indeed, although it is not
true in general, that P (X ECk i.o.) = P(m)(Tk), {XneF i.o.} = Tk
P(m) a.s. obtains for any finite set FCCk. This being true for any k and

(k)

the states of Ck being positive necessarily imply that FCEn for n large
p(msn) SOL(m) ),
k 9]

For part (ii) we may invoke Theorem 3.3 provided that we show that

enough and therefore lim which proves (i).

n>® jeC

CkUTEEik). The latter follows from taking Er(lk) - (jp™ (T, IX_=3) <Al,

(m) (T, |% 1) = lim_ p(m (xnezn(k)}lxn=1)

noticing that, as shown before, P oo

and arguing as in the proof of Proposition 1l.1.

. . (myn) _
REMARK 4.1. It is easy to see that in case that llmn—mzjeTPu,j = 0 for
all ueS we get that oc(m) (k) = lim Z (m n). This happens when
u N> JECk u,]
limn_)mP(m) (XneT) = 0. In particular, the finite chains always satisfy this
condition.

The results in this Section were derived in Cohn [8].

5. CONVERGENT CHAINS.
( ) )

—-)001J

A chain {xn} will be said to be convergent if lim exists for all

m, i and j (see Maksimov [15], Iosifescu [11l], and Mukherjea [l7]). Of

course, this definition depends only on (Pn) and does not need to involve a
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chain {Xn}. As before our results may be read off without reference to a
Markov chain structure. The class of matrices (Pn) for which {Pimjfn)} converge
’

is a subclass of that considered in Section 4 and, naturally, will lead to

stronger properties. For convergence chains we shall identify the limits of

m,n . .
{Pg > )) rather than those of their ratios as was done in the previous sections.

THEOREM 5.1. Suppose that {Xn} is a convergent chain. Then

(i) there exists a basis {T’CI’CZ""}
(ii) for any m, i€ S and je:Ck
. 5 (m,n) (m)
lim P, )7 = w.a; " (k)/
oo 123 ji %

(m) o (m,n) _ (n) o (n)
where ay (k) = llmn_mi' (k)Pi,j > oy = lim 2 "3 and m, o= hmn—wo“j
JeE JEeE

n n
. (n) _ (m)_ (m,n)
with Tfj = Eissﬂi Pi,j s, N 2 m.
REMARK 5.1. Since {Pim;ln)} do not depend on the choice of “(m) provided
E ]
that nim) > 0, we notice that 1Tj/or.k is also indepedent of n(m).
PROOF. Theorem 4.1 ensures the existence of a basis {T,Cl,CZ,...}.
Further, the martingale convergence theorem yields
(m) . _ 5(m) T 44 (m) _ . re(m)
P (xm—llxn) =P (Xm—1|¥m 5-»P (Xm-1|'j ) as n > «,
But
m .y _iiy sy = p@mn)_(m), (n)
P (xI11 1|xn-3) = Pi’j "y /'nj
and taking into account that {Xn=j i.o.} = Tk a.s. is a P(m)-atomic set of
T(m) we get
Lim @ @) () p® 7 (5.1)
i iX X m k
n>e n

for almost all w € Tk' Further we can argue as in the proof of Theorem 4.2(i)

to conclude (ii) on using (5.1).

COROLLARY 5.1. Suppose that {Xn} is a countable convergent chain assuming

(m,n) (m)

(m) _ =
} and denote q G lim_ P and qi,j limm_mqi’j.

a basis {T,CI,C i, e 1, §

gseee
Then
'nj/ak for ieCk, j ng

0

PROOF. According to Theorem 5.1, qim; = njaim) (k) /ak and since :l.z.:Ck
t ]

im “(m) > 0 and {Xn=i i.n.} =T P(m) a.s. we easily conclude that

me i k
P(m) (TkIXm=i) + 1 as m+», and the case ieCk and jeCk follows. Assume now

that j¢ck' Then either j € T which yields qij =0 for ieCk, or jsck, , with

k' £k, in which case P(m) (T, ,|X =1i) - 0 as n>> is a consequence of
k''""'n
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(m) s
P (Tklxm—l) > 1 as m>* and Tk and Tk'

(ii) yields qij = 0 and completes the proof.

being disjoint. Using now Theorem 5.1

REMARK 5.2. Theorem 4.2(ii) holds, of course, for convergent chains as well.
The additional condition imposed on convergent chains does not seem to make

this result any stronger.

The convergent chain concept goes back to Maksimov [15]), who considered
the case of bistochastic matrices (Pn)° Extensions to finite and countable
convergent chains were given by Mukherjea [16-18], etc. The methods used in
these papers are matricial and the sets of the basis are characterized by means

of some limit points of matrices {Q } with Q, = 1li . However, such
k k

mn*«Pk,n
matricial methods yielded much weaker results and do not seem to permit the
identification of {Qk}'

The results of this section were derived in Cohn [8].

6. FINITE MARKOV CHAINS: THE GENERAL CASE.
We shall now consider the case when s , the number of elements of S ,
is finite. For such chains we shall derive stronger results under less

restrictive or no assumptions on {Pn}. As before we need start off by

considering the structure of gxm)n

THEOREM 6.1. The tail o-field J (™

(m)

of {Xn:n 2m} is finite and the

number of P ~atomic sets of gKm) does not exceed s .

PROOF. Let Tl,...,Td

k=l,...,d. As shown in the proof of Proposition 1.1, letting
®y _p p@
n k

be some disjoint sets in:r(m) with P(m)(Tk) > 0 for

oK) _ . o (m) _ .
oy {j:P (Tk]Xn j) >0.5} yields limn_)m{Xn €E a.s. for

(x)

B k=1,...,d} are disjoint for any

k=1,...,d. It is easy to check that {E
. (m) (k)
n . Since P (Tk) >0, {En } must be non-empty for n large. However,
there are s states in S which requires d € s and completes the proof.
LEMMA 6.1. Let {Xnumam} and {X;:n 2 m'} be two finite Markov chains

with strictly positive initial probability vectors "(m) and ",(m) and
sequences of transition probability matrices (Pn)n 2ma.nd (Pn)n sm'

(n
i

)>0}

1
respectively. Write n(n) = P(m)(Xn=i), ni(n) = P(m )(X;=i), E: = {i:m
and E;+ = {i:ﬂi(n) > 0}. Then there exists a number N > 0 such that E: = E;+

for my, m' > N and n > max(m,m').

PROOF. Suppose that m' > m and let j EE: . Then n;n) >

(m)

i

(m) , (m,n)
"i Pi,j >0

> 0, it follows that P™™ > 0. By the

i,j
Al 1
Chapman-Kolmogorov formula there must exist £ € S such that Pimim )Pémj‘n) > 0.
’ ’

for some i€S and since T

A 1
Thus_ﬂ!(n) > N'(m )Pémj,n) > 0. We have shown that E: [ E': . Notice that
t]

the finiteness of S makes it impossible that E:<:E;+ with strict inclusion for

all myn and m' > m. Thus there must exist m and N such that for m" > m

+
E; = E§+. Choose now n > N and j EE;+. Then there is a state i.eE& such
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that ﬂ'(n) 3 “i(l\) (NJH) > 0. Thus P(N:;n) >0 for i 8E1:1+' But E[f:- = E; leads
’
to §n) 2 ﬂiN’n) > 0 and En = 1'1 obtains for n > N, completing the proof.

THEOREM 6.2. Suppose that S is finite. Then there exist some sequences

of subsets of S, {Er(lk)}, k=1,...,S, such that for m=0,1,...

Lin 2™ /(M0 = ol (@) /o’ (m) (6.1)
n->oo
(k) (k) (m,n)
f E s k=1,...,d, =
or j€ N 1 where OLu limn"w%EE(k)Pu,j provided that
aék) > 0, and
1im (™™ = 0 (6.2)
R P5
for jf:l-:n =85 - Ulti=1 Eik).

REMARK. Throughout the paper we will drop the explicit dependence of j
upon n; and so j is not kept fixed, but in general varying with Er(lk). The
same convention will be valid for all the sets dependent on n to be further

considered.

PROOF. Choose m such that the sets {E:} attached to {Xn:n > m} are
maximal. Such a choice is always possible in view of Lemma 6.1.
According to (3.5)
im p(ms0) (m n) _ p(m) -1y /p(m -
lim P L% /) ('rklxm i) /P ('rklxln L) (6.3)
n>e
for almost all wETk, k=1,...,
Write now
{i: lP(m ,n) /P(m >n)

(’])( = {3:2(T,|X =) >0.5}n n
n n i,26S,m=0,1,...,r-1

-p® (Tklxm=i)/1>(“‘) T lx =)1 < —}
But (6.3) implies

lim{X € n G IP (m,n) /P (m,n)

we b 1,268,m=0,1,...,r-1
(m) —1y /p (@ - 1
P (Tklxm—i)/P (T, X =8| <2}271 a.ws.
for any r and k . Take r=2v, v=1,2,... For each v one can find a number
m(V) such that

(m) (r) Y
P U(T, A U {X €E 7/} €2 75 k=l,40.,d
nsm(v) * ™K

pP™ e A n {XneEI(lrl)(}) <27, k=1,....d

n2m(V)
Define now Er(lk) = Efafl)c for m(v) € n < m(v+l) and consider the elementary set
properties
AA(BNC)

c(AAB) U (ALC) (6.4)
AA(BUC
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Using (6.4) yields

[e]

P n U x eE(k)}) = P(m)(T AU ( U {x EE(ZE)})
nzm(V) u=V m(u) &n<m(u+l) non,
5 op™(r v {x eE(z:)})
u=Vv n(u) €n<m(u+l) oo
< 2 P v & eE(Z;:)})+2 P™@ A 0 {x EE(Z)})
u=v n2m(u) a, u= n3m(u) n
2~V
Similarly, one can show
P(m)(TkA n X eE(k)}) ¢ 270D
n2m(V) n
which boils down to
(t,n) ,,(t,n) _ (m) _ (m) -
Illi: Pi,j /PQ,J, =P (Tklxt-i)/P (Tklxt-z) (6.5)
(k)

for j € E and i,j € E:. If we notice now that

o (my = p@ |X =u) = lim p™ ((x EE(k)HX =u)
u k' m n n m
n>xe
we get that (6.1) holds for states i, j in E: which depend on the m that
was chosen at the beginning of the proof. We shall nest show that (6.1)
holds for every t with the same sequences {E(k)} constructed above for a
particular m . Indeed, assume m'#m. Then with our choice of m E = E'

for n > max(m,m'), and

(m'n')_(n',n) ,_(n',n)
ZE+ Pi u Pu | /Pu 5]
p(m'sn) p(m'sn) _ e\ (6.6)
i,] 253 p@’snh) (@'n) (a',n) ’
2 + §L u Pu 5] /Pu
uek_, ’ »3
where u' is a state in E 0! with P(m Sn) > 0. Since n(n ) (n ) > 0 the ratio

(n ,n)/P(n »)
u,j u',j

{Xn:n > m} and (6.5) implies

makes sense on the probability space attached to the chain

r];_]:: IET:J »m) /P(n ;n) (m) (Tk‘xn'_-_-u) /P(m) (Tklxn'=u')

where j EE( ). Using this in (6.6) yields

z + i u’n ") (m)(T lx =u)
ueE

(m »n) (m :n)
lim P, /P =
i,j 253 (m',n")_(m)
Ly Pgu BTX
ueE '

n->o ' =u)

p(™ (T, |X =)
p(™ (T, [X =2

which completes the proof of (6.1).
(m)

=QP a.s. which entails

eE®i 0.3

To prove (6.2) notice that {Xneud i.o.

k=1"n
P(m) (X_€E_ i.o.) = 0. This, in turn implies lim P(m) (X €E ) =0 and
n n n>oo n_ n

proves (6.2).
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The tail o-field of a finite Markov chain was proven to be finite in Cohn
[2]. Further, Senchenko [19] and Cohn [3] have independently shown by different
methods that the number of atomic sets does not exceed the number of states.
The proof of Theorem 6.1 given here was taken from Cohn [4]. TIosifescu [11]
has studied the tail O-field structure of continuous time Markov processes.
Kingman [13] has given a geometrical representation of the transition matrices
of a nonhomogeneous Markov chain from which the tail 0-field structure may be
derived.

As far as the asymptotic behaviour of transition probabilities is
concerned, it seems that the first result in the case of nonasymptotical
independent chains was given by Blackwell [1] who derived the existence of
limits for the reverse transition probabilities. However, Blackwell's paper
does not refer to the tail o-field notion. The results of this section on the

asymptotics of {Pm n} are derived in slightly different forms in Cohn [5] and [7].

s
7. SOME CLASSES OF CHAINS CONSIDERED BY DOEBLIN.

In an important, but little known paper published in 1937, Doeblin [9]
introduced a number of nonhomogeneous Markov chain models and gave without
proofs several results concerning their asymptotic behaviour. One model was

defined by the following
CONDITION (D1)° There exists a strictly positive number § such that for

any fixed states (i,j) either pin; > § for all n or pin; =0 for all n .
£ ’

Doeblin asserted that in this case it is possible to decompose S into
disjoint 'final classes' GO’GI""’Gv , and each final class Ga’ lcaxgv
may be further decomposed into 'cyclical subclasses' {Ci(a); i=l,...,d(a)}.
These have the following asymptotic properties (according to Doeblin) as n-—+>

(i) Pimgn) + 0 for every i€S and j EGO H
’

. (m,n) _ . . .
(ii) Pi,j = 0 for every i €G, and j ¢Ga H

(m,n)

(iii) if i, 3 eGa with i.eCl(a) and j ECQ,(a) then Pi,j

that n - m # (2'-2) mod d(a) ;

= 0 provided

(iv) 1if 1,3eG  with 1€Cy(a), jeCpy(a) then PiTE“) = p§“)-+e§T3“)

provided that n - m = (' -2) mod d(a).

Here € -+ 0 exponentially as n -+ © for any m, 1 and j and the limit

(m,n)
i,]

. (n) (n) _
distribution {P' '} satisfies Zjecl,(a)Pj = 1.

Ga s jeCl(a) and some 1 € £ € d(a), a=1,...,V

(n)i-e(mfn) where P§n), €im3n)

j i,j

(v) for i€ U;=0

P, = P(m)[i,(-ln l(a)]P are as in (iv) and

P(m)[i,an 2(Ot)] is the limit as r + = of the probability, given an= i, that
’

X

n+rd (o) € Cﬂ,(a) :

. to

Doeblin subsequently relaxed assumption (A) allowing positive Pini
’

tend to 0 as n > ©», More precisely, he considered
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CONDITION (D2). There exists a strictly positive number § and some N 2> 1

such that for any fixed pair of states (i,j) either p§n§ 2 6 for n 2 N or
’
tim__p™ = 0.
>t i, j

Two subclasses of chains satisfying Condition (DZ) were further considered:

{ee]
those satisfying Xn=lmax(i j)eApin;<(n (Condition (Dé)) and those satisfying
] ’

2m=1max(i’j)eAp§?§ = o (Condition (D;)) where A = {(i,j):limn*mpiT; = 0}.

To study chains satisfying Condition (DZ) Doeblin proposed introducing an
associated chain, derived from the initial one by taking 0 for the positive
one-step transition probabilities tending to 0. However, by so doing the
transition matrices become nonstochastic, and it seems to us that Doeblin
intended to add the transition probabilities replaced by O to the ones bounded
away from O in the same row to preserve the stachasticity of the matrix. But
there is considerable leeway in defining a matrix in this way and Doeblin's
details are rather sketchy.

In the case (Dl) it will be easily seen that the associated chain may be
defined in any way described above, but in general we shall have to use some
arguments based on the tail o-field structure to justify the definition that
we are going to adopt for an associated chain.

We proceed now to define an associated matrix., For the sake of definiteness
we shall consider a matrix in which the entries of the initial matrix replaced
by 0 are all added to the first entry in their row larger than §. More

(n) (n) _
1,3 i, =0

» j(i) being the first entry in the ith

precisely, we say that Pé = (p ) is an associated matrix of Pn if p
[ (n) ' (n)

. 3 = (n)
for (i,j) eA; Pi,j(i)"pi.j(i)-FZjesipi’j

1(n) (n)

1,3 = pi,j for the pairs

row such that (i,j) ¢ A and Si = {j:(i,3) €A}, and p

(i,j) such that (i,j) #A and j > j(i).
A Markov chain assuming the initial probability vector 7

(m)

and the

transition matrices (Pr'\)an will be said to be associated to {Xn:nkxn}.
Denote by {E::n=0,1,...} a sequence of sets with the property

ﬂ(n) > 0 and write E:* = S-E: . If {E:*} are present, then

1lim inf minieE; i

™ _ o,

lim infn»“paxieE:*ni

LEMMA 7.1. Suppose that there exists a sequence of positive integers

© (mu:nu)
m, <n1 <m2 < n, < .. such that 2u=1Pi,j = o where i EE:’u and jeS. Then

p(‘“)(xn =j 1.0.) > 0.
u

PROOF. Using the argument employed in the proof of Theorem 3.3 we get

that P(m)(Au i.0.) > 0 where A = {xmu=1, xmu=j}, w=1,2,... But

P(“‘)(xn =j i.0.) 3 P(“‘)(Au i.0.) > 0 as stated.
u

Inh what follows we shall consider a condition that contains (Dl)' We call

this Condition (DT):

. . (n)
*% = *%
(i) either the {E } are empty or 1lim T i 0 for ieE**, and
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(n)

(ii) the sequence {p 'i S, n=1,2,...} may contain 0's but its positive

values are bounded away from 0, i.e. there exists § >0 such that

inf'i j,n ( (n)) > 0 where inf' means that the infinum is taken over the strictly
’ ’

positive matrices of the sequence.
Notice that (D*)(ii) holds under (D ). As far as (DT)(i) is concerned

an arbitrary assoc1ated matrix P', say P may be considered and taking into

0’
account only the position of its positive and null entries one may derive the
periodicity and the cyclically moving subclasses of a homogeneous Markov chain
assuming such type of transition probability matrix. Choosing D to be a

multiple of {d(a), @=1,...,v} we can easily conclude that P have all
m,n+ND

the positive and null entries in the same position as PND and that

1
(n,n+ND)

{P j : 1,3 €Ck(a), k=1,...,d(a)} are all positive for N sufficiently
,

large, 6ND being a lower bound of these entries. Using this we can show that

. (n+ND) (n)
* = =
C (a)fTE Ck(a), since for j €Ck(a), nj 2c6 with c= minies P
Therefore E* > Y G for n sufficiently large. Further, it is easy to see

a=1"o
that E;* = G0 , and it will be seen that G0 plays in this case the role of a

'transient' set.
THEOREM 7.1. Suppose that (DT) holds. Then

(i) there exists a sequence of disjoint events of S, say

(@)

,...,En , n=0,1,... and a positive integer N such that for any m=0,1,...

O
n

U {X € E(k)} = T

n=N

P a.s. (7.1)

for k=1,...,d.

L. d k
(ii) 1If En =E - Uk=lE§ ) are present, then for ieS, m=0,1,... and j eEn

(m,n) _
lim Pi g T 0. (7.2)
n>e
(k)

For ieS, m=0,1,... jr-:En », 0 2N

P (| & EE(k)}IX =1)

p(mm) _ () n=N + o™y . (7.3)
i,J j
(“‘)( u X, eE(k)})
n=N
For ieE(k). jeE(k), m3N
m n
o
Pgmsn) i + o(n™y, (7.4)
(m)( v X eE(k)})
n=N
%rieE$0,3¢Ew),m,nzN
(m,n) _ 0. (7.5)

i,j
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PROOF. We shall first prove that for n sufficiently large E** = lEIn s

where P(m) (XnEEn i.o.) = 0. Suppose that for an infinity of n's p(n) 26

1 Then ﬂj(n+1) ;5"(“) . But lim inf in)

> 0, which is impossible. Thus, pin). = 0 whenever

where i€E* and j €E*+ > 0; this

entails lim infn_mﬂ

(n)
3

:'Lx»:l:",:tl and j €E§_f_ for n sufficiently large. It follows that P(tn n) =0 for

1 i,
ieE;’:1 and j EE:* and by Theorem 6.2 we get that E1(1k) nE:* must be empty for

n 2 N since otherwise (6.2) would be invalidated. Therefore Er(\k) ﬁlil’rk1 = Er(lk)

(n)
i,j

. (k") '
and j EEn+l with k' # k. It follows

that P(m)({XneE‘(lk)}l{X eE(k)}) 1 for k=1,...,d and n > N which in

n-1
. . (n) _ (m)
conjunction with liml_\_mo{)(n EEk 1= Tk P

for n sufficiently large and according to Lemma 7.1, p 3 § may happen

only for finitely many n with ieEr(lk)

a.s. yields T, = {X eE(k)}

and (7.1) is proved.
It is easy to see that Theorem 6.2 may now be applied to conclude (7.3)
and (7.4). Finally, (7.2) follows from Lemma 7.1, and (7.4) is a consequence

of the proven part (i).

REMARK 7.1. For the chain satisfying Condition (Dl) {E:lk)} are the

subclasses {Ck(a)} in their cyclical order, i.e.

&M} - @)}

u+n(mod d(a))
where u=1l,...,d(®), a=1,...,v and k=l,..°,z;'=1d(a). Indeed,

p™({x_ec @YX =c y(@1) = 1 and

u+n(mod d(a) u+n-1(mod d(a)

m w{xnecuﬂl(mod d(a))(a)} = /\u (say) P(m) a.s. Besides, Au belongs to
(m) (m)

J (m) ~atomic sets

and therefore it is either P —-atomic or a union of P

of J(m). Since {P(an+ND); i,j eck(a), k=1,...,d(a)} are positive for all

n. If Au were not P(®) _atomic then there would exist two P(m)-atomic subsets of

Au, A\: and A:; and by Theorem 7.1 there would also exist two sequences of sets
' " 1 o= Af (m) "} - An
{En} and {En} such that UnzN{anEn} LA a.s. and Un)N{xneEn} Au

p(m) a.s., in which case (7.5) would be contradicted. This proves Doeblin's
results stated before.
We next consider conditions which contain as particular cases Doeblin's

Conditions (Di) and (D'2'). First we consider

CONDITION (B). There exists § > 0 such that if An = {(i,3): pin; < 6}
(n)

(L,3en Pi,5 7028 m T

then max

For chains satisfying Condition (B) we consider an associated chain in
the same way as in the case (Df), i.e., we define the associated matrices
(P;) in which the entries of the initial matrix replaced by O are all added
to the first entry larger than § in their row. In fact the whole definition
of an associated matrix given before may be copies here word for word, the
only difference being that A is replaced by A , where An = {(i,3): p§?} < 8};



224 H. COHN

S, and j(i) also depend on n and should be denoted by S and j(i,n)

i
respectively.

i,n

Let us next consider

(o)

Ny : n=0,1,...}

0=1l,.e0,d" with d' 2 2 and a number N such that pin:)i = 0 for iEFr(‘o‘)
t]
(o)

j tFn-H forn 2 N, a=1,...,d".

CONDITION (C). There exist sequences of disjoint sets {F

and

Theorem 7.1 shows that (D*lf) is a particular case of (C); the difference

3} =~ (n)

between these two conditions lies in that limn_m{XnEFa } Un=N{xn€ F. }
(m)

(m)

P a.s. need not be an P(m)-atomic set of J(m), i.e. it may be a union of

P -atomic sets of J(m).

We are now in the position to formulate the following two conditions.
CONDITION (D%). (i) (B) is satisfied with zw max p(n) <o
2 n=1 (i,j)eAn i,j ’

(ii) the associated matrices satisfy (D”l‘).
CONDITION (D%*). (i) (B) is satisfied with §._ max p™
2 n=1 (1,;])5/\n i,]j ?

(ii) the associated matrices satisfy (C).

THEOREM 7.2. If (D*Z*) holds, then for i€S, m=0,1,... and jeEr'\

lim pi‘“t“) -0 (7.6)
o -2d

and for i €S and jEEr"(k), k=l,..0,d"

(m) -
P @ P Tt

(n)
. ). (7.7)
i3 h| 1,(m) (Tk)

PROOF. It is easy to see that if A = {(X ,...,X ,.) €B} for B&€§x ... xS,
n n+N e~
(m) _, (m) N+1 times
and if i€ {j: Tfim 'n:; >0}, then

(m) - v (m) -
[P*™(alx =1) - “lxl=1] <€ (7.8)

0 k
where € = Zk=n2(i,j)€l\kp§.,?] , for n > m and any N > 1. The standard monotone
class argument extends (7.8) to any A efn .

Suppose that we choose an associated chain {Xr'l:n 3 u} such that niu) >0

(n) > eu . Then if we write (7.8) for m = u

% .
for ieEu , and lim :i.nfn_mmmiEE;‘IHi

and ie{j: nj(“) > 0}, and take A = {X =3} we get

(u,n) 1 (u,n)
e -y ce, (7.9
But ngn) = Xiesnz(lu) P:(Lu__’in), ﬂ:'i(n) = Ziesﬂgu) Pi(‘jl’n) and therefore
L R R el e Sl R (7.10)
ieS ? ’

On the other hand (7.9) implies
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™) lim inf ()

L . . _ . " %
lim 1nfn_mm1nj€E;nj ovod 1nj€]:,‘:,.:1r:i Eu > 0 which entails En > En

for n sufficiently large. Take now A = {Xn, € Er'l’:*} in (7.8). Since

n

Further it is easy to see that {j:TT:} ™, 0} < {j:ngn) > 0} and since 'n3 m 0

: 1 (m) Rk g1osy o . (m) kk |y i
lim ,, P (Xr'l' € E'n'lX;-l) = 0 we get lim sup_ P (Xn, € E[‘l |Xm—1) £ e .

for j e:E::l and m sufficiently large, we get
i (m) Vik * *
lim supn_mP ({anEn }n {XmsEm}) e - But the sequence {En} has the
. (m) *) = (m) Tx%) =
property lim supn_mP (XneEn) = 1. This leads to limn_mP (Xn eEn ) =0
and therefore E: = E:' and E'%* = E:* for n sufficiently large.
n

Consider now a P(m)-atomic set of J(m), say Tk . Then by Theorem 7.1
1im_(x e} (m)

n*e n n

=T P

X a.s. and (7.8) implies

Y )1y @, S (K)o
} (U@ eE X =1) - P (rgn{xreﬁr Hxi=0)|<ce =~ (7.1D
and
el oo
(m (4 1y 2y - pr(@ S N
[P {x_eE V}x =) - PV (N {XLeE VYHxI=D|ce . (7.12)
r=n r=n
Taking the limit over n in (7.11) and (7.12) and using the triangle inequality

yields

o' ™ (14 sup{X! eEr(‘k)}[X‘;fi) -P'(“’)(u:? inf{X' e Eék)}|xr;1=i)| $2¢ . (7.13)

n'so n'->o
Multiplying (7.13) by ni(m), assuming over i and taking the limit over m
we get that limn_m{xl'leEr(lk)} a.s. with respect to P'(m) exists, has positive
P'(m)—atomic or a union of P'(m)—atomic sets of f(m).

probability and is either

We may now interchange P(m) and P'(m) and get that

(m) v (k) _ (m) .. v o (k) .
[p (liz_:;up{xneEn, Hx =i) -P (hlci;nf{xneEn. }|Xm—1)|szem.(7-14)

Now because J(m) and J'(m) are finite, we conclude that their atomic sets are

in a one-to-one correspondence. Therefore d=d' and

|
o

p(™ (Lin_ {X e Eék)} A lim (X e El'l(k')}) -

o (m) ' (k) . ' 1 (k) =
P (limn—WO{XnEEn } A 11mn_m{xn€En bH 0
for k,k'e {l,...,d}. Since we have seen in the proof of Theorem 7.1 that
L]
Er'l(k) n Er'x* = Ex'l* for n large enough it follows that El;(k ) c Er(lk) for k

sufficiently large. Now it is easy to see that P(m)({xneE;‘ i.0.}) = 0 and

complete the proof by an already familiar reasoning.
REMARK 7,2, The sets E'r(lk) corresponding to the associated chain {X['l:n 3 m}

are in general smaller than the sets {Er(lk)} for which Theorem 7.1 guarantees
the same convergence property (7.7). It is therefore possible that there

(k)

n

exists states quEr'x with iueE for some k and n . However such states
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have the property p(™ (X, =1, i.0.) = 0. The usefulness of using {E;(k)}

instead of {Eék)} lies in the fact that the former are more easily obtainable.
For example in case (Dé) we have seen that such sets may be identified by
means of an arbitrary one-step transition probability matrix.

We turn now to the case (Dg*) which is considerably more complicated than

the ones considered so far. We shall first need the following
LEMMA 7.2. Suppose that the sequence of sets {An} is such that for

<np.< < < i i * =
m1 nl m2 n2 ... and a sequence (1k} with 1k€E s k=1,2,... and some N21

b (m ,n, )
; mom)

min Pi . o (7.15)
k=1 ieA  “k’J
'k
and pi“; =0 for i€A and jEA  with n3N. Then
’

(1) P(“‘)(xnk= B $:02) >0 for §eA, b KoLi2one

Py {x ea }x =1)
(m,n)/ (n) _ =y * %"
i My T

(ii) lim P =
me (m)

P*V(U{X €A}
n=N n n

for ie€S, m=0,1,..4, jEAn s, n=1,2,...

PROOF. (i) Let us consider the subchain X , X , X , X ,... We shall
b S T L)

-atomic set of T(m), where j’v(m) is

m

show that 1:1.111k_m{xn €A }a.s. is a P(m)
k Tk

(n)

the tail o-field of {X ,X ,...s. Since p, -
m n 1,]

1 71
> = 14 (m) .
n 2N, we get Un=N{Xn€An} = llmk-’w{xnkEAnk} P a.s. If limk-’m{xnkeAn }is

k
(m)—atomic set of 3‘(“‘) then it must be a union of atomic sets of J'

=0 for iEAn and j&ZAm_1 with

(m)

not a P

In the latter case, by Proposition 2.1, there must exist sequences

1 v) (r) (r)
{Ar(x ) seees At(‘, } with n' E{ml,nl,mz,nz,...} such that 1imn'+°°{xn' EAn, } =1
(say) P(m) a.s. for r=1,...,v. Further, since i, €E*¥ there must be a number

k

) for k3 m. Bur (AP

ot ,...,Ar(l‘,’)} are disjoint for all

M such that 1 €U’ , A

. _ . (r)
n and therefore there exist the sets Al""’Av with I\t- {m.k.ikEAn 1,

m
- v . : (r)
r=l,...,v and Ur=lAr > {mk.k 3 M}. Take Jk¢Ank for mkel\r. Since

(o, 50,) (m o0, )
2:_}4 P, nk < 2v=1 e P, . k if we apply Lemma 7.1 we get that
oA dk r=limeeh 4163y

( s ) ( sI )
A Pimk.nk < o for r=l,...,v and therefore 5"1):=M P,mk, k < o which
™ Mk 103,
. . (m) . v (m)
contradicts (7.15). Hence llmk_m{xn eAn } a.s. is a P atomic set of 3' .

k k
(m)

Further limk_m{xn eA } = T' a.s. is also a P' '-atomic set of J(m), since

k
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(m)

otherwise J(m) would contain at least two P -atomic sets, T1 and T2. If

{Er(11)} and {Er(12)} are some sequences corresponding to T1 and T2 such that

(m)

(l)} = ’I‘l P(m) a.s. and

; (1) .
l1mn {XHEEn } T1 P a.s. and 11mn {XneEn
a.s., we also get lim {Xn EEr(ll)} =T p(™ a.s.

k k

(2)y _ (m)
N }—T2 P

and limk-”’{xn EEI(‘Z)} = T2 P(m) a.s. contradicting the atomicity of T' with
k k
(m)

i €
lim (X €E

respect to J"

Suppose now that jksE‘.:fl for an infinity of k's. Then {Xn = 3y i.o.} has
k k

(m)

"
=]

positive P probability. But jkeAn and as seen before limk—m{xneAn }

k k 'k

P(m) a.s., which leads to {Xn = j, i.0.} =T P(m)

J a.s. If j, € E** for k
K k u k n

large we get (i) by applying Lemma 7.1. Indeed, ikeE:]kﬂ Amk for k

(U)}

T

sufficiently large and because 1li {x eA } =1i {X ¢€E

(m) for k sufficiently large and (i) follows.

P

a.s. we get that i, € E* N E(u)
k ™

To prove (ii) we shall first prove it for a subsequence {nl'(:k=l,2,...} i.e.

(u)

we shall show that An' NE ,"=A , for k sufficiently large. Notice that
Tk
An n En is not empty for an infinity of k's. Indeed, by (7.15) and Lemma 7.1
3 k
it is impossible for this intersection to be nonempty for all k sufficiently

large, since then (i) would imply the positivity of P(m) (Xn € An n En i.o.)

k k k
contradicting P(m) (X €E i.o.) = 0. Therefore there must exist a
" Tk
subsequence of {n }, say {n'}, such that A , N E(u) = A , for k=1,2 We
1 o ds say iy ts nl'( n, n1'< oo

shall further show that using the existence of such a subsequence {nl:} we
deduce (ii).
We first prove (ii) for m > N and ieAm . Write

_ p(m) sy yp(m) .
Ym,i =P (TuIXln i) /P (Tu) and take j €An to get
s (m,n') (n',n) (7.16)
P(m’n) P, QkPQk
i,j _y - 2=1 1, ] _
e m,i s (o)) (nf,n) Yo, i
b an Py
=1 +J
1 Al 1
P(m,nk) -, TI(l'nk))P(nk,n)
2eA . i, m,i £ ,Q,,j
1 1
) (nk) (ny,m)
112 Pg .
LeA »J

e
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(m,n/) (nl:) (“12’“)
_ X (Pi,r “Tm,i'r )Pr,j
(nl'() (nyg»n)

P
12 2,3

reAn ' z .
k
L€,
k
(m,np) (ng)

_Ym,i r

~n

P
A= ;
red (nk)
k TT1'

where the prime in the last two sums indicates that the sum is restricted to
(ny 5n)

the values r such that Pr j > 0. Now if n > ® we may take k > ® and
k4

Theorem 6.1 implies that the last sum in (7.16) goes to 0 as k =+ <,
We prove now (ii) for arbitrary m and i . Consider the conditional
probabilities

«(m,r) (m) . .
% = = =
i) PP Ry $A g eeeaX ) ALK =5[X =1) (7.17)

for jEAQ, 2 >N, m'" = max(n-1,m) and r > m' + 1, and

x(m,mtl) _ ,(m,ml) (7.18)

P .
i,j i,j

Since {X_ €A } c {x €A } for n > N, a slight modification of a standard
n n — “ntl n+l

reasoning from the theory of homogenoeus chains yields

n-1
pimm) =y g prmDplm) pr(mm (.19
+d fem'+1 kea, +3 2
We recall now that for 2 > N and k EAR, we have already shown that
p(£sm)
; k,j _ _ 1
lim =y =Yg, vhere Yp , = <y - It follows that for an arbitrary
m P(T )
3 u
N' with N' > m'+1
15 e, N
P E) P E (m) B
P’ kea, i,k k,j P (Q,L_‘ '{XQEA,L}[Xm-i)
lim (n) = ~m (m) (7.20)
n*® ‘lTj P (Tu)

Because N' was arbitrarily chosen (7.19) and (7.20) together imply

p(mm)  pm (T, |X =1)

. i,
lim inf - 20 (7.21)
e n:(in) P(m) (Tu)
for any m and 1i .
Further
(m,n) (m)
N PV (T |X =1i)
Lo e L
i€s m j“ i€s P (T)

and (7.21) yields
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(m n) (m) _
P (T, |x =1)

(n) P® ()

lim
n>o

completing the proof.
THEOREM 7.3. Suppose that (D;) holds and let Ql,...,Qd be a partition of

{1,...,d'} and Er(lk) =y F(a)

ott—:Qk 0 k=l,...,d. If for any ke {l,...,d} there

exists a sequence of positive integers m <n1 <m2 <n2 <... and a sequence of

states i(k),i(k),... such that i(k) € E¥ for u sufficiently large,

m m, m m

1 2 u u
(m 0 )
d u (n)
i = =
2u=l m nng( (k) © and max gE(k) '¢E(k) pi,j 0, then
n, mu »3 n " n+l

. . k L
(i) for any lnEEfl ), P(m)(xn=1n i.0.) > 0, k=1,...,d ;

(ii) for ieS, m=0,1,... and jeEik), n=1,2,...
(m) -
pan @ P WD
.+ o(m, )
i,J h] P(m)(Tk) i

where T, = lim_ {X eE(k)} P( m) a.s., k=l,...,d ;

.. . d k
(iii) for any ieS, m=0,1,... and j eEn =8 - Uk=1 Er(\ ), n=1,2,...

11m P(':Il n) =0

i,j
(iv) if S? contains more than one element and if F (n) then the
average sojourn time spent in the sequence of sets {F( ) r(‘ii,...} given that

X =i with :I.EFI(1 ® goes to ® as n+®, but P( )({XnEFr(l @) ult.}) =

PROOF. It is easy to see that (i) and (ii) follow from Lemma 7.2, whereas
(iii) is implied by Theorem 6.2. It remains to prove (iv). Let us denote by

E(Yén) ]Xn=i) the average sojourn time referred to in the statement of the

(n) _ (a) (@)
Theorem. By definition, Ya = m on the set {X eF In...n{x n+m+1 EFn+m-1}

n n_“m#:F(Ot)} for m=1,2,... Because Qk contains more than one element, and

by (i) P(m) (Xn=in i.0.) > 0 for any sequence {in} with inEE:‘k), we conclude
that P(m) (Y(n) < w) = 1, Further, it is easy to see that since
) P'(n+k) 1 for ieF(a) and any k31, we get ) gn,n+m-l) =1
sep(® T 1s] n+k sep(® 1]
I k41 I p4m-1
for ieF[(la) and m 32, Taking into account that 'pin; pi(n)l >0asn >
’

for all i,j €S we get

p(®

+n-1 € P = D) =

1lim P(“)({xn € Fr(l“)} N...n{x

n>o
which implies that 1lim E(Y(n) IX =i) = o for i EF(OL) and o€ . Finally
n>o g n n Qk >

(@)

since P(“‘)(xnan i.0.) = p™ (X e (Er(lk) -Fx(l“)) i.0.) = p™ (T) > 0 we get
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(o)

n ult.) = 0 and the proof is complete.

that p(™ (X, EF

As a corollary to Theorem 7.3 we shall give a result that describes the

asymptotic behaviour of a chain that satisfies Condition (D;*).

COROLLARY 7.1. Suppose that (Dg*) holds and let QI’QZ""’Qd be a

partition of {(%,a), %=1,...,v;0=1,...,d(a)}. Let Ein) = U(Q,a)eFk

n) - max (n)
2,005 (L ,0") 16C) (), JECy (o) Pi,j

minegz)a).(k, ah) = © where the minimum is taken over all
’ ’ Ll

Cl(a),

k=1l,...,d and denote eg Assume that

00
2n=1

(n)
(£,0):(2',a")

and (L',0") ¢Qk' . Then the statement of Theorem 7.3 holds.

{(2,a);(2',a") €9 xgk s k=1,..,d}, and that ¢ =0 for (%,0) €9y

We shall omit the proof of this result, which may be carried out by
arguments already used in this paper.

We notice that in the case of Condition (Dg) Doeblin's statement is wrong.
However, examining Doeblin's formulae makes it clear that he felt that unlike
the previous situations, the limit of the conditional probability that the
chain will circulate through the cyclical subclasses of a fixed class may not
exist here. The analogy to the homogeneous case seems to break down for the
chains satisfying (D;) since several atomic sets of the tail 0-field of the
associated chain may be lumped into one atomic set of the tail o-field of the
original chain.

Theorem 7.3(iv) generalizes a result stated by Doeblin about chains
satisfying Condition (D;). It is hard to see how Doeblin could have reached
his conclusions in this respect, given the knowledge available at the time his
paper was written,

The results of this section, in slightly different form, were given in
Cohn [7].

8. WEAK ERGODICITY.

One of the main concerns of the theory of finite stochastic matrices has
been to characterize sequences of matrices satisfying the so-called 'weak
ergodicity' condition, i.e.

nm(pfl‘:‘;“) - pﬂ‘j'“)) =0 (8.1)
n>r«e
for any i,j,2 and m . This condition has been introduced by Kolmogorov [14]
and most papers on nonhomogeneous chains are related to it. Doeblin [9] has
found necessary and sufficient conditions for (8.1) and Hajnal [10] has derived
similar conditions unaware of Doeblin's results. We shall first give a result

that relates weak ergodicity to the structure of the tail o-field.

THEOREM 8.1. The following conditions are equivalent
(i) weak ergodicity;

(ii) any Markov chain {Xn:n >m} with transition probability (Pn)n sm and

arbitrary initial distribution ﬂ(m) has a P(m)-trivial o-field :ﬁm).

PROOF. Since S is finite we may assume, if necessary after relabelling

the states at successive times n=0,1,..., that there is a positive state j€S.
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Then Theorem 3.2 and Remark 3.1 imply that

(m,n') (m.n ) _ (m) _ (m) _
n}inp R (T, [ =)/ (T, [X =0) (8.2)
n €Fk

If (8.1) holds then P(m)(Tk|Xm=i)/P(m)(Tk|Xm=l) = 1 necessarily follows by

(8.2). However, if J(m) is not P(m)-trivial this is not possible as by the
(m) (T

martingale convergence theorem P k|xn=i) must have values close to 0 for

. (m) (m) m)
some i in view of limn*mP (Tklxn) =1 P a.s. Thus :ﬂ is

Tk
(m) (m)

P' " -trivial. Suppose now that J(m) is P —trivial. Then by Theorem 6.2 we

know that

(m,n) , (m,n)
i = .
i m Pi,j /Pg,j 1 (8.3)

(m)
for i tEn . But limn*«? (Xn EEn) 0 for all m and (8.1) follows.

THEOREM 8.2. Let (Pn) be a sequence of finite stochastic matrices. The
following two conditions are equivalent:
(i)  weak ergodicity;
(ii) there exists a sequence of sets {Eil)} such that for i,2€S and meN

11 p(ms “)/P(“"“) 1

i,j £,3
for j EEil), and for any i €S and m=0,1,...
Lin I op{m® -
(nisd

jeE

This result is a consequence of Theorems 6.2 and 8.1.

A classical type of results in the theory of nonhomogeneous Markov chains
establishes weak ergodicity in terms of some coefficients attached to a
stochastic matrix. A historical account of such coefficients, that goes back
to Doeblin, may be found in Seneta [20]. Kingman [13] has proven a general
result of this kind. Usually, the proof is carried out by some inequalities
relating the coefficients of the product of two matrices to the coefficients
of the matrices themselves. For example, Hajnal [10] considered the following

coefficient attached to a matrix P with entries Py g * l1<ags, 1€B<s
t ]

S
Pr = >
te} gfg. lemi“("a,s Pyr,p)

We show next that such results are immediate consequences of the results

given in this paper by proving the following theorem due to Hajnal [10].

THEOREM 8.3. A sequence of stochastic matrices (Pn) is weakly ergodic if
there exists an increasing sequence of positive integers nyshyseee such that
y.{p } diverges.

J nj’nn+1
PROOF. According to Theorem 8.1, (Pn) is not weakly ergodic if the tail
(m)

O-field.j‘m) is not P(m)-trivial and thus assumes at least two P -atomic

sets. According to Lemma 7.1 we must have
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(n,,n, )
+ ]
2;.:1 Pa :é e whenever OLEEIEk) ﬁE:‘l and BEEr(lk ) with k #k' which makes
’ 3j j+1
zj{Pn n } convergent for any sequence ny <n2 <..., and finishes the proof.
37T+

There is an important result for bounded positive matrices known in the
demographic literature as the Coale-Lopez theorem (see Seneta [21]). The
result was given in a somewhat more general form in Seneta [21] and its proof
seems rather laborious. The specialization of the Coale-Lopez theorem to the
case of stochastic matrices reveals a strong asymptotic independence property.
We shall state such a property under a less restrictive assumption on the

stochastic matrices.
THEOREM 8.4. Let (Pn) be a weakly ergodic sequence of stochastic matrices

such that 1im inf _ max, P(o,n)

a2 5o sPy 5 > 0 for any j€S. Then for all i,2¢€S

(m,n) ,,(m,n) _
linPig MPey T

The proof follows easily from Theorem 3.2 and Remark 3.1 in view of the

fact that {E_} are empty.
n
(n,n+r )
The Lopez theorem imposes the condition Pi P
kd

and 6§ and any n . This clearly implies weak ergodicity, since as seen in the

2 8§ > 0 for a certain L

course of the proof of Theorem 8.3, the failure of weak ergodicity prevents
(n,n+r°)
Pi j from being bounded away from O for all i,j and n .
’

The results of this section were derived in Cohn [5].

REFERENCES

1. BLACKWELL, D. Finite non-homogeneous Markov chains, Ann. Math. 46, 594-599,
1945.

2. COHN, H. On the tail o-algebra inhomogeneous Markov chains, Ann. Math.
Statist. 41, 2175-2176, 1970.

3. COHN, H. On the tail events of a Markov chain, Z. Wahrscheinlich. 29,
65-72, 1974,

4, COHN, H. A ratio limit theorem for the finite nonhomogeneous Markov chains,
Israel J. Math. 19, 329-334, 1974,

5. COHN, H., Finite non-homogeneous Markov chains: Asymptotic behaviour,
Adv. Appl. Probab. 8, 502-516, 1976.

6. COHN, H. Countable non-homogeneous Markov chains: Asymptotic behaviour,
Adv. Appl. Probab. 9, 542-552, 1977.

7. COHN, H. On a paper by Doeblin on non-homogeneous Markov chains, Adv.
Appl. Probab. 13, 388-401, 1981.

8. COHN, H. On a class of non-homogeneous Markov chains, Math. Proc. Camb.
Phil. Soc. 92, 527-534, 1982.

9. DOEBLIN, W. Le cas discontinu des probabilités en chafne, Pub. Fac. Sci.
Univ. Massryk (Brno) 236, 1937.

10. HAJNAL, J. Weak ergodicity in non-homogeneous Markov chains, Proc. Camb.
Phil. Soc. 54, 233-246, 1958,

11. IOSIFESCU, M. On finite tail o-algebras, Z. Wahrscheinlich. 24, 159-166,
1982.

12. KEMENY, J.G., SNELL, L.J., and KNAPP, A.W. Denumerable Markov Chains,
Springer, New York, 1976.




13.

14.

15.

16.

17.

18.

19.

20.

21.

22.

PRODUCTS OF STOCHASTIC MATRICES AND APPLICATIONS 233

KINGMAN, J.F.C. Geometrical aspects of the theory of non-homogeneous
Markov chains, Math. Proc. Camb. Phil. Soc. 77, 171-185, 1975.

KOLMOGOROV, A.N. Uber die analytischen Methoden in der
Wahrscheinlichkeitsrechnung, Math. Ann. 104, 415-418, 1931.

MAKSIMOV, V.M. Convergence of non-homogeneous biostochastic Markov chains,
Theor. Probab. Appl. 15, 604-618, 1970.

MUKHERJEA, A. Limit theorems: Stochastic matrices, erdogic Markov chains,
and measures on semigroups. Probabilistic Analysis and Related Topics,
Vol. 2, 143-203, Acadenic Press.

MUKHERJEA, A. A new result on the convergence of non-homogeneous
stochastic chains, Trans. Amer. Math. Soc. 262, 505-520, 1980.

MUKHERJEA, A. and CHAUDHURI, R. Convergence of non-homogeneous stochastic
chains II, Math. Proc. Camb. Phil. Soc. 90, 167-182, 1981.

SENCHENKO, D.V. The final O-algebra of an inhomogeneous Markov chain with
finite number of states, Math. Notes 12, 610-613, 1972.

SENETA, E. On the historical development of the theory of finite
nonhomogeneous Markov chains, Proc. Camb. Phil. Soc. 74, 507-513, 1973.

SENETA, E. Non-negative Matrices, George Allen and Unwin Ltd., London,
1973.

WINKLER, G. The number of phases in inhomogeneous Markov fields with
finite state spaces on N and Z and their behaviour at infinity, Math.
Nachr, 104, 101-117, 1981.




