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ABSTRACT. The inverse of the multidimensional Laplace transform is often obtained by
the method of association of variables. In this paper, some basic theorems are
developed for evaluating the associated transform of certain types of transformed
functions. Many useful associated pairs can be produced with the aid of these
fundamental theorems. Several illustrative examples are included.
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1. INTRODUCTION.

In non-linear systems analysis, multidimensional Laplace transform is applied to
solve Volterra model. The special technique often used for the inverse Laplace
transform solution is known as the association of variables. Suppose F(SI’SZ"“’Sn)
be a Laplace transform. Its n-dimensional inverse is given by the integral

= -1 .
f(tl,tz,...,tn) =L, [F(SI'SZ""’Sn)’ tl,tz,...,tn]

a,+ie a +ie
n

1 1 ( n |
= I ... J exp(r st
(zﬂi)n ul'iw Gn-im j=1 JJ
* F(s1sSps.0008,) dsyds,...ds (1.1)

In certain types of systems analysis, particularly in Volterra series applications
[1-2] on non-linear systems [3-51, it becomes essential to invert the n-dimensional
Laplace transform and specify the inverse image at a single variable, t. We denote
this image function of one variable as

9(t) = f(tl’tZ""’tn)‘t1=t2=...=t =t (1.2)
n

One appreach to obtain the time function, g(t), is to associate with F(sl,sn,...,sn) a
function G(s) from which an application of the one-dimensional inverse transform
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yields g(t). This particular approach is called the Association of Variables. The
function G(s) is said tc be the associated transform of F(sl,sz,...,sn).

Chen and Chiu [6] and Koh [7] have presented several theorems for evaluating G(s)
for certain types of F(SI’SZ"“’Sn)‘ In this paper, some additional theorems are
developed. Few examples are also included for each theorem. However, once the
fundamental theorems are established, it is possible to derive as many associated

pairs as one desires, and use them flexibly.

2.  THEOREMS ON ASSOCIATIOM OF VARIABLES

Suppose G(s) be the associated transform of F(sl,sz,...,sn) and Gl(s) be that of
F(SI’SZ""’Sm-l’sm+1""’Sn)’ m < n. Let k be any constant, and we restrict the
variables s, S1s Sps +ees Sy to the right half of the complex plane.

Theorem 2.1. If a given function F(SI’SZ""’SH) can be written in the form

F(SI’SZ’ --ss ) —(——-)- Fl(Sl,Sz,...,Sm l,Sm+1, ..,S )
and if F,(s,,s s s s.) éﬂ:l G,(s). Then the associated transform
1'°1°°2°°°°m-1""m+1°" " " *°n 1 .

A
F(5125ps--25,) — G(s) = £ [6,(s)-6;(s+a)]

where A, means the association process for finding G(s) from F(SI’SZ""’Sn)° An-l

has the similar meaning.

Proof: By Equations (1.1) and (1.2), we have

g(t) = flty,tysensty )|t ty=...=t =t

-1 .
Lo LF(sposgeeeeosg)s Bpatpeeeestle op ot <t

a,+i® o, tiw a tie
2 n

1
1
I I eee  F F(S{5S,5...55.)
(201)" aj-ie apie  a-ie 172 n

"

+ exp( E s t) dsyds,. ..ds,
j=1
a, e an+1w

1 1

_ .
(2w1) ay -je @ -1w

—(—)‘ Fl(Sl, .. ,Sm_1,5m+1,. . ,S'

exp( z s t) ds ds2 .ds

j=1 4
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1 1 k
ol f_ RGED] exp(smt) dSm .
(!m"l'” mm
) a1+1°° am-lﬂw am+1+'l°° an+iw
—_— . IS s P J
.yn-1 : . . .
(2ni) al-lw am_1-1°° am+1—'l°° -

n
F(SyaeeesSy 19Smepe e 2Sp) exp(jz1 sjt) ds ...ds  ,ds . q...ds)
j#m

_ -1 1 . -1 .
=k Ll [W,t] Ln_l[Fl(Sl,...,Sm_1,5m+l,...,Sn),t,t,...,t]

Using the table of inverse Laplace transform given in [8], we get

olt) = k lzexelzat) ¢ ()

X [gy(t)-exp(-at)g, (1)]
Taking Laplace transform of both sides of the Equation (2.1) yields
6(s) = & [6,(s)-G;(s+a)] .

Hence the theorem is proved.

Example 2.1

Consider

) K
Fls1:55553) S5(s 7 (s, /b1(5,7C)
and let
1

Fils1:59) =ty
1'°1°°2 sl+a sz+
Using the table given in [6]
Fr(syosp) —2 6405 = srkp
1151252 1'8) © sraF

By Theorem 2.1,

A
3 _k 1 1
F(s1559553) — 6(s) = ¢ [aaep - svavbec!

_ k

~ Ts+a#b)(s+atb*c)
Example 2.2
Let

k
[a(sl+sz)2+b(sl+sz)+c]s3(s3+d)

F(Sl ,52 ’53) =

365

(2.1)
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and

1
2
a(sl+sz) +b(sl+sz)+c

Filsyss,) =

Use of the table given in [6] gives

A

2 1
Fi(s1ss)) —= Gi(s) = ——r
171772 1 as“+bs+c

Theorem 2.1 yields

e - —————1]
d asz+bs+c a(s+d)2+b(s+d)+c

A
F(SI:SZQSa) '_" G(S)

k(2as+ad+b) )
(asz+bs+c){a(s+d$215(s+d)+c}

Theorem 2.2. If a given function F(SI’SZ"'°’Sn) can be factored in the form

k(s +a)
Flsyssgeesnsspy) = tE‘?ETTE‘iiT FrlspseeesSp 1oSpers--os5p)

. n=- .
and if Fl(SI’SZ"'"sm-1’5m+1""’sn) ———l GI(S)' Then the associated transform

An
F(S155psenss,) —=> G(s) = 573 Gy(s+a) + g=5 G;(s+8)

Proof. By Equations (1.1) and (1.2), we get

g(t) = flty,t,.,t ) Lo o L
1°72 nllty =ty st =t

-1 .
Lo [F(spospaeeessylityntyneenntydly cp oot <t

. ul+i° an+1'°° , )
wee f  F(S71+S95...4S
(20i)" a)-i=  a -ie 1*72 n

- exp( Z S, t) dsy...ds,
j=1

aptie “n+im k(s +a)

1
(e )(s 78) P11 oSporoSmer o5,

s
(2ni)" al-iw o -1m

n
- exp( £ s.t) ds,ds,...ds
je1 3 1772 n
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1 °m+i° k(sg*a) X
=5 o 1¢ T§_¢§7T§_:§T exp(; t) ds
. al+'i°° um_1+‘i°° am+l+i° an+'i°°
C 1 s cee 7 J ces I
(Zﬂi)"' al-‘iw am_l-'im “m+1'i° c.n-'i@
FilsyseensSy 15Spapoe=+oSy) exp(J}:1 s5t) dsy...dsy ,ds . ,...ds
j#m

(s

-1
= kL] [rg—;ayrg—;gy,t] L l[Fl(sl’ ceaSp_1oSparse e oSy)itats. .ot]

Referring to the table of inverse Laplace transform [8],

k[%f% exp(-at) + %}% exp(-8t)] g,(t)

g(t)

k(a a) k(e a)

exp(-at) g,(t) + exp(-8t) g;(t)

On taking Laplace transform of both sides of Equation (2.2), we obtain
- k(a-a) k(g-a)
6(s) = S35 Sqlsta) + S5 6y (s+e)
This establishes the theorem.

Example 2.3
Suppose
k(s +c)
Flsps2:53) = TomaTleyITe;aTe; )

and let

1
F(s 5)=.(_.).(__B.)..
1'°1°°2 sl+a sz+

From the table shown in [6],
FL(s705,) —2o 6,(s) = rek
151252 1'8) © Ts¥ab)
Then by using Theorem 2.2, we get
F(s1555055) —> 6(5) = (25) (gmierp) *+ (E5) (crpmarp)
1°°2°°3 a-B’ ‘statatb s+s+a+b

K p_o-c ]
a-B ‘s+atatbh s+8+a+b

- k(s+a+b+c)
(stata+b)(s+gt+a+b)

n

367
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Example 2.4
Consider
k(s3+d)
F(Slyszﬁs'a) = V]
- [a(sl+52) +b(sl+52)+c](s3+u)(s3+3)
and suppose
. 1
FI(SI,J?) =

a(sl+sz)2+b(sl+sz)+c

Using the table shown in [6], we cbtain

A
4 1
Fils1ss5) —= Gy(s) = ———
1*71072 1 as +bs+c

Then Theorem 2.2 gives the associated transform

A
3 a-d 1 g-d 1
F(s;5s,, —= G(s) = k ) (——s——) + Kk (3=5) D
S1:52°53) : e-f a(S+a)L+b(S+a)+c) = a(s+8)2+b(s+8)+c)
S L), (sa)

a(sta)itb(sta)c  a(s+8)2+b(s+B)+c

k d[2as+a(a+8)+b]+as +bs-aaB
{a(s+a) +b(s+a)+c}{a(S+B)2+b(s+B)+c}

Theorem 2.3. If a function F(sl,s,,...,s ) is of the form

F(SI’SZ' -esSy ) "'“_"——TZ FI(SI’SZ""’S 1,sm+1,...,sn)

M)
with
An-
Fl(sl,...,sm_l,sm+1,;..,sn) -1 Gl(s)
Then
A
F(Sl9529 --’S ) '_" G(S) G (S) - = [_ GI(S“‘G) + ( 1) G (S+(!)]

Proof: By definitions (1.1) and (1.2)

g(t) = fltyato,.ent M 0 o o L
1°72 n t1 t2 e tn t

-1 .
L TF(sy55ps -85ttt t]
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o +ie
m
= 2%— ——2- exp(s t) ds,

LA (s +u)

. ul+i°° am_1+'i°° am+1+iw an+1°°
1 I i) I e 7
()" i "o e e ie e e

F.(s,, -5y ) exp( 2 S. t) ds ..ds_ .ds
1'%1 51
j#m

oSm-1Sme1 e

Using the results of inverse Laplace transform from [8], we get
e | 1,1
g(t) = k[—z'- 5l *+ t) exp(-at)] Ul(t)
a

= 57 9)(8) - & epl-atlg (1) - & t expl-at) (1)

Taking Laplace transform on both sides of (2.3),

6() = 57 61(s) - § 15 6y(sta) + (1) 5 6y(sv)]
Example 2.5
Consider
k
F(s1455,85) =

(s1#2) (sy*b)s4(s54a)?

Direct use of the table given in [6], we find

. 1 2 _ 1
Fi(s1esp) = T5,7aT(5,75) Gy (s) = w375

Thus, by Theorem 2.3,

F(s,15,050) —3» 6(s) = ok Sk L +
1°°2°°3 62(75"‘3"")) a G(S"’O.."’a"’b) (s+u+a+b)2
or
_k 1 _ _st2atatb
6(s) = 3 Uresamny (srarard)?
Example 2.6
Suppose
k
F(sl,sz,s3) =

[53(S3+a)2][a(sl+sz)2+b(sl+52)+c]

m-1""m+1°

369

..ds

(2.3)
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Use of the results of [6],

A

1 2,G1($)=_2L—

Filsyosy) =
a(sys,) +b(s +s5)4cC as“+bs+c

Then Theorem 2.3 yields

7 * ? 2
afa(s+a)“+b(s+a)+c}  {a(s+a)“+b(s+a)+c}

RIx

A
F(s1s55553) 3, 6(s) =k ¢ 1 ) - X1 1 2a(s+a)+b
1z ;? as +bs+c

Theorem 2.4, If F(SI’SZ""’Sn) can be expressed in the following form

k(s +a)
F(Sl,SZ,.. ) —zz—r) 1(51,...,Sm_1,5m+1,...,Sn)

S

where

A
sp) 3 Gy (s)

FrlsyseeesSy 1oSperoe -

Then the associated transform

G(s) = k(a+°) Gy(s-o) + k(a-q) “) Gy (s+a) - 2 G, (s)
Za Za a

Proof: By definitions (1.1) and (1.2),

-1 .
g(t) = L [F(SI’SZ"’"Sn)’tl’tZ""’tn]|t1=t2=...=tn=t

L W (s ra)k
L Tty TPt G
%" Sm Sm-a

"

. (!1+i°° am_l'l-im am+1+’ieo G.n“'i"
PU— f. e s i S/ e f. F(Sl,...,Sm_1,5m+1,...,sn)
(2xi) ag-ie op-1i=  opepie ap-ie

d

n
. exp(jf1 sjt) dsy...dsy 1ds o q...ds)

J#m
Bv the results of inverse Laplace transform shown in [8], we obtain

g(t) = [— sinh(at) + 5 3 cosh(at) - a1 gl(t) (2.4

On taking Laplace transform of both sides of (2.4),

Llg(t)ss] = L[— sinh(at) g (t) + =5 cosh(at) g;(t) - ql(t) s]

we establish the theorem. That is
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6(5) = g5 [61(s-0)-6y (5+0)] + 227 [6(s-a) 46y (s+a)] - 43 6y(s)
a a

or

sts) = Kol o (s-a) ¢ Kogd g (sv0) - K 6,06

Example 2.7
Let

k(s3+c)

F(S155553) =
172730 s (s5-05) (s +a) (5,#b)

Then

A
_ 1 2 _ 1
Fl(sl’sz) - (sl+a)(sz+5) Gl(s) ~ s+a+b

and by applying Theorem 2.4,

3 _k 1 1 ck 1 1 ck 1
Fls1.55553) 6(s) = 75 lg=o7avp - svarar! * 7aZ lso%awp * svoravd) - 2 s¥a%b

k{cta) + k(c-a) _ ck .
20%(s-atath)  2a°(statatb) o (s+atb)

Example 2.8

Considering
(s,+d)k
3
F(S;35555,) =
172730 s (s5-a")als +s,) Pb(s ¥s, ) +c]
we find
Fi(s1,8,) = 1 —A—Z»e(s)=—2——1
1172 a(sl+sz)2+b(sl+sz)+c 1 as“+bs+c

and Theorem 2.4 shows that

k(d+a)
2a2{3(5~a)2+b(5-a)+C}

Ay
F(sl.sz,s3) —= G(s) =

k(d-a)

+
Zaz{a(s+a)2+b(s+a)+c}

+ kd
T
a“(as“+bs+c)
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Theorem 2.5. If a function F(SI’SZ""’Sn) can be factored in the form

_ k
F(SI’SZ""’Sn) = '”"‘3‘"3; FI(SI"'"Sm-l’sm+1""’sn)

sm(sm+u
Then

A
F(S155p50--25,) —= G(s) = ig [36,(5)-6, (s+q) -
6fs - 3- 3 i) - 6)(s - §+ 3 ia)]
n-1
where Fi(s ,...s80 1oSp01000055.) — Gy(s).

Proof: By definitions (1.1) and (1.2)

_ -1 .
g(t) = L [F(s 80500058, )5t0t,. 00 0t]

1 -1 . .
kL [————3——3—,t] . Ln-l[Fl(Sl"‘"“m-l’sm+1""’Sn)’t’t"‘°’t]
Sm(sm+“

Referring to the results given in [8],

g(t) = k « Lo 11 - L expl-at) - § exp(gh) cos('3 at)] g;(t) (2.5)

Taking Laplace transform on both sides,

Llg(1)35] = &5 Llgy (1) - } exp(-at) 9;(t) - § exp(§h) cos(’F at) gy(t)ss],

a

we obtain
6(s) = 3—k3[361(s)-G1(s+u)-Gl(s ~§- 3 ia) - 6y(s - #+ 3] .
a

Example 2.9
Suppose

k
(sl+a)(sz+b)s3(s§+ 3)

F(sl,sz,s3) =

Then

= 1 -~ Z
FI(SI’SZ) - !sl+a$!sz+5§ - Gl(s) s+a+b

So, by Theorem 2.5,

F(S;,5,,54) —52» G(s) = k [ 3 . 1 - 1 - L
17273 303 s*tath * statath T 1473 i)+atb s - 5(1-73 i)+a+b
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Example 2.10

Consider
Fls1ssp083) = —3 *7
53(s3+u ){a(sl+52) +b(sl+52)+c}
Then
Filsgasy) = ; L. 6y(s) = ——
a(sl+sz) +b(sl+sz)+c as+bs+c

By applying Theorem 2.5, we find

F(Sy4+5,55,) —ﬁg* 6(s) = Xy [—>— - 1
1°72°73 5;3 a52+bs+c a(s+a)2+b(s+a)+c

1
als - %(1+/§ i)}2+b{s - %(1+/§ i) e

1
]
als - (1-/3 1)1%bls - (173 i)}

Theorem 2.6.
If a function

k

F(S1550s.0.55.) = Fi(SqysevvsS, 155 47555, )
1°°2 n Sﬁ(sm*a) 1'°1 m-1""m+l n

then its associated transform
k d
G(s) = G,(s+a) - a G,(s) - G,(s
(s) =z [Gy (s+a) Ts 61(s) - 6y(s)]

Proof. By definitions

g(t) L;1[F(s1,sz,...,sn);t,t,...t]

A 1 -1 .
kL] [-7——————,t] . Ln-l[Fl(sl”"’Sm-l’sm+1""’sn't’t""’t]
sm(sm+u

X lexp(-at)+at-17 g, (1) (2.6)

a

On taking Laplace transform on both sides, cne obtains

G(s) = % Llexp(-at)g,(t)+atg (t)-g;(t);s]

a

- Ei[Gl(S+a)-u gg 6,(5)-6,(s)]
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Example 2.11
Take

k
(sl+a)(sz+b)s§(s3+a)

F(sl,sz,s3) =
Thus as before

F.(s1,8,) —524 G(s) = =
1'°1°°2 1 s+a+b
and by Theorem 2.6

A 2
F(Sl,sz,s3) 3, G(s) = 57 [(s+a+b) +a-s(atbic)
a (s+a+a+b)(s+a+b)

Example 2.12
Let

k
{a(sl+sz)215(sl+sz)+c}s§(53+u)

F (sl,sz,s3) =

Thus as before
F.(s s)_AZ»G(s)=_,2__1
171772 1 as +bs+c

and by Theorem 2.6

1 + a(2astb) 1 ]
a(s+a)2+b(s+a)+c (asz+bs+c)2 asz+bs+c

Ay K
F(51’52953) —_— G(S) = ;‘2’[

Following analogous arguments, it is easy to prove the following results.

Theorem 2.7.
If a function

k(sm+a)

F(S{sSnsevesS.) =
1°°2 n ;Ezgm+°)

Fl(sl""’Sm-1’5m+1”"’sn)’

then its associated transform
_,y1 a ak d
6(5) = ki - Sp)l6(s)-6y(s+0)] - G g Gy(s)
Example 2.13
Consider

(s3+c)k

Fi(syssps53) =
PPI2730 0 (5 4a) (s p4b) (s g+a)

and

_ 1
FI(SI’SZ) - (sl+a)sz+b)
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Then using Theorem 2.7, we can get

6(s) = —Klstatbic)
(s+a+b)“(s+ata+b)
Example 2.14
Considering
( ) (s3+c)k
Fi(S1+5,,S,) =
171723 sg(s3+a){a(sl+sz)2+b(sl+sz)+c}
and
Fi(s1055) = 2,
a(sl+sz) +b(sl+sz)*c
we obtain, by Theorem 2.7,
2as+
6(s) = 52 (a-c)[ 271 _ ?1 ]+ ck(zas b) .
a as“tbs+c  a(s+a) +b(s+a)+c a(as“+bs+c)

Theorem 2.8.
If a function

_ k
F(SlsSZ,..o;Sn) = Gm+a)(sm+8)(sm+v) Fl(sl,...,Sm_1,5m+1,...,5n),

then its associated transform is given by

G, (s+a) G, (s+B) G, (s+v)
) 1 1 1
6(s) = Klrp=oyry=ey * b T(v=8T * TavTTEvT)
Example 2.15
Let
K(sgta) H(sy#8) (s ye)
F1(s1555083) = 577l (5,7b)
and

1
F(sq,s,) =
1°°2 !sl+a$(sz+5$

Then the use of Theorem 2.8 yields

-1 -1 -1 -1 -1 -1
-a) " (y-a) (a-g) “(y-8) (a-y) “(B-y)
s%&+a+b * s+g+a+b * s+ytatb 1

G(s) = k[(s

Example 2.16
Suppose

K(s5ta) L(s5#8) " (s,0) 7!

F(s{,5,,5,) =
1772773 a(51+52)2+b(sl+52)+c
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and take
1

Fi(syss,) =
1\ 1’2 2
a(sl+52) +b(s1+sz)+c

Then, direct application of Theorem 2.8 gives,

- - - - - -1
6(s) = k[ (B-a)zl(v-a) ! + (a-B)zl(XfB) ! + (G'Y)ZI(B‘Y) 7.
a(s+a)“+b(s+a)+c  a(s+s)“+b(s+p)+c  a(s+y)“+b(s+y)+c

3.  CONCLUSIONS.

Theorems on associated transform developed in this paper are rigorous and very
useful in performing the inverse Laplace transform for certain functions. These
theorems can be applied to directly derive many associated pairs, ard thus one can
easily extend the tables given in [5]-[7] many fold. Moreover, the results of this
paper will help develop more basic theorems in this direction, and will appear in
subseauent papers.
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