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ABSTRACT. The radial limits of the weighted derivative of an bounded analytic
function is considered.
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1. INTRODUCTION.

Let D denote the unit disc of the complex plane C and let H® denote the
space of bounded analytic functions on D. An analytic function on D is called a
Bloch function if Sug |£(2) | (1-|z|2) < w. The space 3 of Bloch functions is a

Z€

Banach space with norm

lielly = 1£60)| + sup [£°(2)] (1-|2|?).
z€D

A Bloch function is in the little Bloch space , if f/(2) (1—|z|2) -+ 0 as |z|

*0
-+ 1-. An immediate consequence of Schwartz lemma (see for example [2], Lemma 1.2)
is that H® ¢ %, however it is well known (see section 3 for an explicit example)

that Hm¢ wo. The main result of this paper is to show that, if f ¢ H” then
f'(r elo) (l—rz) -+ 0 for almost all # as r = 1-.
2. APPROXIMATE IDENTITY.
In this section we establish an approximate identity akin to the Poisson

Kernel.

LEMMA 1. Let 0<r <1, t e R and
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2.3
plr,t) = (1-—rz) 1 —
(14r°) (1 - 2r cos t + r%)
1 T
Then — p(r,t)dt = 1.
27

-r

1]

l—rz n
PROOF: Let P (t) = =1+2 2 r cos nt be the Poisson
r 2
1-2rcost+r 1

2

kernel. As usual let L“ be the Lebesgue 2-space on [0,2rx]. Then,

1 T (1- 2) 2
- L plr,t)dt = -H:Egr ||Pr<t)||L2

2 © o
=—S-1-:£—2-)——<1+22rncosnt,1+22rncosnt>
(1+4r7) 1 1

2 00
1"”2 1+2) P =1
1+4r 1

LEMMA 2. Let p be a complex measure on [-7, 7] and suppose the derivative
Dp(f) exists for some point #. Then

T
L7 p(r, 6-t) du(t) = Dp(#) as r - 1-.

2r “r

PROOF: The usual approximate identity proof with the Poisson kernel Pr(f)—t)

(see for example [1] page 4) works for p(r, 0-t) as well.
Without loss of generality we may assume that # = 0. Let A = Dp(0) and

T
u(reio) = I—J p(r, f-t) dp(t).
ar 1,

then

i, . _ 1 [*
u(re " )-A = —2—- p(r,t) [dp(t) - Adt]
T
-

1 T
— [p(r,t) [p(t) - At]

2r -7

1 (" J
- -—j (p(t) - at) 2 at
ot

ar )
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where g(t) is the function of Bounded Variation associated with p. Note that
the first term tends to 0 as r ~ 1-. Fix 6> 0 and let § < Jt] < 7.
Then

, 2,3
|_‘ZL (r,t)] ¢ (1-r2) (1;
Jt 16r sin 6/2

Hence for each § > 0,

utrel?) _ a - I, 0

as r =+ 1-, where

§ § .
I, = - -L-J (h(t) - At) 2 at - -;—J [ (t) - p=t) A] t(—=%) at
2r I dt 0 2t it

Given € > 0, chose § > 0 such that

I (t) - p(=t) —Al(—;— for 0 <t < 4.
2t

T
Then IIJI < —E—J t |- —£L|dt.
2r Y, Jt

2.3 .
i (1-r°) 4r sin t
But then —— p(r,t) = -
dt (14r%) (1 - 2r cos t + r?)°

Ll
Hence |I;| ¢ — J t (- 22 (r,t))at
2r J0 at

r T
-t p(r,t)] + £ J p(r,t)dt
2r 0 2r 70

€
2r

IA

T
J p(r,t)dt = e.
-r

Now we are ready to prove the main result of this paper. We may recall that if f

¢ H® then the radial limits, lim f(relo) = f(elo) exists for almost all 6 and
r-+1-
that
. x 2 .
f(retf) = 1 J (1-r) - fletfat.
2r 1 - 2r cos(f-t) + r

-r
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Taking derivatives with respect to r, we get

e £ (rel?) = 1 (rel?) - Iz(rei”),

. 7 .
where II(re”)) = —I—J “2r 5 f(e't)dt and
2% Tr 1 - 2r cos(f-t) + r

7 2 . .
(1-r7) (r - °°S‘”'t’% 5 fle't)dt. Note that (1-r) I, (rel?) -
. (1 - 2r cos(f-t) + r°)

if 1
I(rel)=—J
2 r J

—f(eio) for almost all ¢ as r - 1-. Also

T 2 .
1, (1-r) = L (1) J {or) (ccosl8t) # 1) gieityae
T - (1 - 2r cos(f-t) + r°)
(1-r)® r (1-r?) felt)at.
. (1 - 2r cos(f-t) + r2)%

-T

The first term in Iz(l-r) is dominated by (1-r) "f"m and hence tends to zero as

r + 1-, However the second term of Iz(l-r) is
_ 204?) )

)
(14r)

1 (" it
—J p(r, 6-t) f(e ")dt =+ - f(e
2r
-
for almost all § as r + 1- by Lemma 2.
The Proof is complete.

3. A BLASCHKE PRODUCT NOT IN Bg-

In this section, for completeness sake we give an explicit example of an bounded
analytic function which is not in %0.

First we state an elementary lemma, whose proof we omit.

LEMMA 3. Let 0 <r < 1. Then
(a) If 0<x<r <1, then -In (1-x) < 4

(b) 1-x decreases on -w < x < -—11‘—
1-xr
(c) 1+x increases on -w < x < —;- .
1-xr
LEMMA 4. Leta:l-l—andzﬂ =a +a with n > 1.
n n n n+l =

zl"l
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®
Then 1li |

lim >c¢ >0 for some c.
mo n=1

PROOF: Fix m 2 1. We first show that

) a -4
) -In [ LI ] < 32.
m+1 1 - an ﬂm
For,
x a -4 x (1-a )(1 + 4)
Z_ln[n__m ]:z_ln(l-___"_—m)
m+1 1 an ﬂm m+1 - an ﬂm
1-a.. 48 X (1-a)(1+8)
g[ m '"]z n M. (use Lemma 3 (a) and (b)).
"n+1 T ﬂm m+1 r- dm
Then
i a -8 (1 - Ja|? ®
z_ln[n_m ]5 |m| 2 2 1n$32.
m+1 1- an ﬂm % (dm+1 - am) (l_ﬂm) m+1 2
(1-4 )(1+a ) (1-4 )(1+a )
Now applying Lemma 3(c) to 14x , we have L n < m m
l_xﬂm 1 - anﬂm 1 - amﬂm
for 1 {n<m
Thus,
m m
2 C (a -8, . z o [1 ) (1-4) (1+a ) ]
n=1 1- anﬂm n=1 1- anﬂm
1-0a4 Mmoo (1-4 )(1+4a)
5[ ~_o'm ] —B B by Lema 3 (a),(c).
’ﬁm T n=1 1- anﬂm
Hence;
m m
- ﬂ 1
R R | PRELU SRS
n=1 1- anﬂm ﬂm T n=1 1
1 -2 o
m n+1
< - (1-4) ) 2™ e
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Now Lemma 3 follows.

COROLLARY 1. Let b be the Blaschke product with zeros {an: n 2 1}. Then

b’(r)(l-r) 0 as r =+ 1-.

PROOF: Let c > Iim |b’(r)| (1-r).
r~1-

Then for sufficiently large n,

Y] o
Ib(ﬂn)lfcjn 1 drSOJ"+1—J—dr=cln2.

A 1-r Y 1-r
n n

Hence by Lemma 4,

lim [b’(r)| (1-r) # O.
r~1-
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