Internat. J. Math. & Math. Sci. 527
VOL. 13 NO. 3 (1990) 527-534

ORTHODOX I'-SEMIGROUPS

M.K. SEN

Department of Pure Mathematics
35, Ballygunge Circular Road
Calcutta - 700 019, India
N.K. SAHA

Department of Mathematics
Pingla Thana Mahavidyalaya
P.O. Maligram, Dist. Midnapore
Pin - 721 140, India

(Received December 7, 1988)

ABSTRACT. Let M = {a,b,c,...} and T = {a,B,Y,-.-} be two non-empty sets. M is
called a TI'-semigroup if acb ¢ M, for a e Tand b ¢ M and (aab)Bc = aa(bBec), for

all a,b,c €M and for all a,B € I« A semigroup can be considered as a T-semigroup.
In this paper we introduce orthodox I-semigroups and extend different results of

orthodox semigroups to orthodox I'-semigroups.
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1. INTRODUCTION.

Let A and B be two non-empty sets, M the set of all mappings from A to B, and T a
set of some mappings from B to A. The usual mapping product of two elements of M can
not be defined. But if we take f, g from M and a from T then the usual mapping
product fog can be defined. Also we find that fog € M and (fog)ph = fa(gph) for
f,g,h ¢eM and a,B € T.

If M is the set of mxn matrices and T is a set of some nxm matrices over the
field of real numbers, then we can define A a B such that
m,n n,m m,n

(A a B ) C =A a (B B C )whereA ,B ,C €M and
m,n n,m m,n’ n,m m,n m,n n,m m,n n,m m,n m,n’ m,n’ m,n

an,m’ Bn’me I An algebraic system satisfying the associative property of the above
type is a T'—semigroup (Saha [1]).

DEFINITION 1.1. Let M = {a,b,c,...} and I={a,B,...} be two non-empty sets. M is
called a TI'semigroup if (i) aab ¢ M for a € I'and a,b ¢ M and (ii) (aab)Bc = aa(bgec),

for all a,b,c € M and for all a,B € T.
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A semigroup can be considered a TI-semigroup in the following sense. Let S be an
arbitrary semigroup. Let 1 be a symbol not representing any element of S. Let us
extend the given binary relation in S to SU 1 by defining 11 = 1 and la = al = a for
all a in S. It can be shown that SU1l is a semigroup with identity element 1.

Let ' = {l1}. Putting ab = alb it can be shown that the semigroup S is a
I-semigroup where T = {l}. Since every semigroup 1is a T-semigroup in the above
sense, the main thrust of our work 1is to extend different fundamental results of
semigroups to I-semigroups. In Sen and Saha [2] and Saha [1,3,4] we have extended
some results of semigroups to I-semigroups. 1In this paper we want to introduce
orthodox T-semigroups and we want to extend results of Hall [5] and Yamada [6]

to I-semigroups.

2. PRELIMINARIES.

We recall the following definitions and results from [1], [2], [3] and [4].

DEFINITION 2.1. Let M be a I-semigroup. A non-empty subset B of M is said to be
a TI-subsemigroup of M if BIB<B.

DEFINITION 2.2. Let M be a I'semigroup. An element a € M is said to be regular if
a € alMTa, where aMTa = {aabBa: b ¢ M, a,B € '} A T-semigroup M is said to be
regular if every element of M is regular.

EXAMPLE 2.1, Let M be the set of 3x2 matrices and T be a set of some 2x3 matrices

over a field. We show that M is a regular I-semigroup. Let A € M, where A = (a b)
c d
e f

Then we choose B € T according to the following cases such that ABABA = ABA= A.

CASE 1. When the submatrix (2 :

both be 0 or one of them is 0 or both of them are non-zero.

is non-singular, then ad - bc # 0. e,f may

d -b
Then B = 3d-bc  ad<be 0 and we find ABA = A.
=c a
ad-bc ad-be
CASE 2. af-be #0. Then B = f[—5S— 0 —2 \and ABA = A.
af-be af-be
—-e a
af-be 0 af-be
f —d
CASE 3. cf - de # 0. Then B = 0 ———\and ABA = A.
cf-de cf-de
0 —e c
cf-de cf-de

CASE 4. When the submatrices are singular. Then eitherlad - bc = 0 or
ad - be = 0, cf -be =0
af - de =0
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If all the elements of A are 0, then the case is trivial. Next we consider at least

one of the elements of A is non-zero, say a #0, 1 = 1,2,3 and j = 1,2. Then we

- ij

take the bjith element of B as (a land the other elements of B are zero and we

)
find that ABA = A. Thus A is reguliajr. Hence M is a regular I'-semigroup.

DEFINITION 2.3, Let M be a I-semigroup. An element e ¢ M is said to be an
idempotent of M if there exists an a € T such that eee = e. In this case we shall say
e is an a-idempotent.

DEFINITION 2.4. Let M be a I'semigroup and a ¢ M. Let b ¢ M and a,8 € I. b is
said to be an (a,B) inverse of a if a = aabBa and b = bpaab. In this case we shall
write b € Vi(a).

DEFINITION 2.5. A regular T-semigroup M is called an inverse TI-semigroup if

lvs(a)l =1, for all a €¢ M and for all a,B € T, whenever Vz(a) # ¢ That 1is, every
element a of M has a unique (a,B) inverse whenever the (a,B8) inverse of a exists.

THEOREM 2.1. Let M be a I'—semigroup. M is an inverse I'-semigroup if and only 1if
(i) M is regular and (1i) if e and f are any two o-idempotents of M then eof = foe,
where a € T.

LEMMA 2.2. Let M be a regular T'-semigroup and let M' be a I'-semigroup. Let
(f,g) be a homomorphism from (M,T) onto (M',T'). Then M' is a regular T'-semigroup.

3. ORTHODOX I-SEMIGROUP.

DEFINITION 3.1. A regular I-semigroup M is called an orthodox I-semigroup if for
e an a-idempotent and f a B-idempotent then eaf, foe are B-idempotents and eBf, fge
are o-idempotents.

EXAMPLE 3.1. Let A = {1,2,3} and B = {4,5}. M denotes the set of all mappings
from A to B. Here members of M will describe the images of the elements 1,2,3. For
example the map 1+4, 245, 344 will be written as (4,5,4) and (4,4,5) denotes the map

1+4, 24, 3+5. Again a map from B+A will be in the same fashion. For example (1,2)
denotes 4+1, 5+2. Now, M = {(4,4,4), (4,4,5), (4,5,4), (4,5,5), (5,5,5), (5,4,5),
(5,4,4), (5,5,4) } . Let I' = {(1,1), (1,2), (1,3), (2,1), (2,2), (3,3)} be a set of
some mappings from B to A. Let f,g e M and a € T. Under the wusual mapping
composition, fog is a mapping from A to B and hence fag € M. Also, we can easily show
that (fog)gh = fa(gph), for all f,g,h e M and a,B € I'. One can easily verify that M
is a regular T-semigroup. Here

(4,4,4) (1,1) (4,4,4) (1,1) (4,4,4) = (4,4,4)
(4,4,5) (1,3) (4,4,5) (1,3) (4,4,5) = (4,4,5)
(4,5,4) (1,2) (4,5,4) (1,2) (4,5,4) = (4,5,4)
(4,5,5) (1,2) (4,5,5) (1,2) (4,5,5) = (4,5,5)
(5,5,5) (1,1) (5,5,5) (1,1) (5,5,5) = (5,5,5)
(5,4,5) (1,2) (5,4,4) (1,2) (5,4,5) = (5,4,5)
(5,4,4) (1,2) (5,4,5) (1,2) (5,4,4) = (5,4,4)
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(5,5,4) (1,2) (5,4,5) (1,3) (5,5,4) = (5,5,4)
Here (4,4,5) is (1,3) idempotent, and (5,4,4) is (2,1) idempotent, but (4,4,5) (1,3)
(5,4,4) = (5,5,4) is not an idempotent. Hence this regular T'-semigroup is not an
orthodox T-semigroup.

EXAMPLE 3.2. Let Q* denote the set of all non-zero rational numbers. Let T be
the set of all positive integers. Let a € Q*, a e T and b € Q*. acb is defined
by la' ab. For this operation Q* is a I'—semigroup. Let E € Q*. Now

’g' ‘q”%l 15- -qp- Hence this is a regular I'semigroup. Helre —,(q\ e I'is a (qF
idempotent. These are the only idempotents of Q*. Now —\q\— is a | pridempotent.
Hence Q* is an orthodox TI'-semigroup.

THEOREM 3.3. Every inverse I-semigroup is an orthodox T-semigroup.

PROOF. Let M be an inverse I-semigroup. Let e be a a-idempotent and f be a
B-idempotent. Now eof € M. Since M is an inverse I'-semigroup, let x € Vg(e of).

Then eof Sxyeof = eaf, xveofdx = x. Let g = féxyeaf. Then gog = g. Also, let

= féxvye. Then, féxveaf BfSxyeof Sxyeof = féxyeof Sxyeof = féxyeof = g. This shows
that gghoag = g. Similarly hoggh = h. Hence gevg(h). Also eof € V:(h). Since M is
an inverse I'—semigroup, g = eof. Hence eof is a B-idempotent. Similarly we can show
that foe is B-idempotent, and both eBf and fBe are o-idempotents.

EXAMPLE 3 4. In example 3.2 we have shown that Q* is an orthodox T-semigroup.
Now (1/q) eV (Q/P) Also (-1/q) € Vp(q/p). Hence Q* is not an inverse I-semigroup.

THEOREM 3 5. A regular T-semigroup M is an orthodox I'-semigroup if an only if for
any a-idempotent e € M, where a € T, if VB(e) # ¢and V (e) # ¢, then each member of
v (e) and V (e) is a B-idempotent.

PROOF. Suppose M is an orthodox I-semigroup. Let e be an o-idempotent of M and
let x € V:(e). Then eaxfe = e and xBeax = x. Now eax is a B-idempotent and xBe is an
oidempotent. Then x=(xBe)a(eax) is a B-idempotent. Next let y ¢ Vg(e). Then
efyce = e and yoaeBy = y. Now yoe is a B-idempotent and eBy is an o-idempotent.
Then y = (yoe) «(eBy) is a B-idempotent. Conversely suppose that M satisfies the given
conditions. Let e be an a-idempotent and f be a f-idempotent. Consider eof. Now
eodf €M, and since M is regular there exists x e M and Y, 6 € T such that
eof yxdeof = eof and x8eafyx = x. Let g = fyxde. Then
gg = fy(xSeofyx)be = fyxbe = g. Now, ecdf Bfyxbeoeof = edf yxSeaf = eof and
fyxbeaeaf Bf yxde = fyxSeaf yxe = fyxle. Hence eof ¢ Vi(fyx&e). Then by the given
condition eof is B-idempotent. Dually we can prove that foe is B-idempotent.

Similarly, it is easy to see that eBf and fBe are oa-idempotents.
THEOREM 3.6. A regular T-semigroup M is an orthodox I-semigroup if and only if

B
for a,b e M, o, 02’81’82 el, a'e V:z(a), and b' ¢ Vsz(b) we have
1 1

b'Bza' € V:f(aalb) and b'ala' € V:T(aszb).
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PROOF. Let us assume that M is an orthodox T-semigroup. Let a'e V:zl(a) and
8

b' € Vsi(b). Then aala’aza = a, a'a.zaala' =a', bBlb'sz = b, and b'82b81b' =b'.
Now a'aza is an al—idempotent and bslb' is a Bz-:ldempotent. Hence (a'a.za)a.l(bﬁlb') is
a B,~idempotent, and (bBlb')Bz(a'aza) is an al-idempotent. (a'aza)ez(bslb') is an
o,~idempotent and (bBlb')al(a'o.za) is a B,-idempotent.
aclbelb'BZa'oLZaulb =aala'azaalbslb’Bza'azaalbslb’sz

= aala’azaalbalb'szb (since a'azaalelb' is 82- idempotent)

= aalb.

b'Bza'azaalelb'Bza' = b'szBlb'Bza'azaalbslb’aza'azaula'
b'szBIb'Bza'azaala' (since bBIb'BZa'aza is - idempotent)

1] Al
sza.

% %
Al 1] 1 1
Hence b Bya' € VBl(aulb). Similarly it can be shown that b oa' e Vel(aﬂzb).
Conversely, assume that the given conditions hold in M. Let e be an a-idempotent and
f be a B-idempotent of M. Now f ¢ Vg(f) and e € Vg(e). Then by the given conditions
(1) eof evi(fﬁe) and (ii) epf evz(foe). From (i) we get eofffReceof = eaf.
Then eof Beaf = eaf. Thus eof is a B-idempotent. From (ii) we get foeoeBfffoe = foe.
Then foeBfae = fae. So, fae is B-idempotent. Again
e € V:(e) and f € V:(f). Then by the given conditions we get (iii) fge ¢ V;(eaf)
and (iv) foe evg(eef). From (iii) we get fBeaeaffffe = ffe. Then fReaffe = ffe.
Hence fBe is a-idempotent. From (iv) we get epfpfaeceff = eff. So, effaeBf = eff.
Thus eff is o-idempotent. Hence M is an orthodox I'—semigroup.
THEOREM 3.7. A regular TI'-semigroup M is an orthodox T'-semigroup if and only if

for a,b € M, Vg(a)ﬂvz(b) # ¢ for some a,8 € I' This implies that

Vs(a) = Vs(b) for all v, § € I.

Y Y

PROOF. Suppose M is an orthodox TI-semigroup. For a,b € M, let there exist

a,B € T such that Vg(a) n Vz(b) # ¢. Let vy, § ¢ T. First let us show that

Va(a) c Va(b). Let a'e VB(a) n VB(b), and a* € VG(a). Then aoa'Ba = a,

Y Y a a Y
a'Bam' = a', baa'Bb = b, a'Bbaa' = a', aya*ba = a, a*Saya* = a*. We can easily

show that
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(a*8a)a(a'pb)R (a*sa) . (3.1)
Now a*8a is y-idempotent, and a'Bb is a-idempotent. Hence (a*8a)a(a'Bb) is
Y-idempotent. Then from (3.1) we get
(a*8a)a(a'Bb)y(a*8a) = a*éa . (3.2)
Now a'Ba = a'Baya*8a = a'Baya*Saca'Bbya*8a = a'Bama'Bbya*8a = a'pBbya*da.
Hence boa'Ba = baa'Bbya*8a = bya*8a. (3.3)
Again we can show that (baa')B(aYa*)(‘ﬁ'(aYa*). Now (boa')B(aya*) is é-idempotent.

Hence (avya*)8(boa')B(avya*) = ava*.

Then aca' = avya*Saca' = avya*Sbaa'Baya*8aca' = avya*Sbaa'Baca' = aya*Sbma'
aca'f = aya*Sbaa'fb = aya*éb. (3.4)
Now, bya*éb = bya*d8aya*éb

= bya*8aaa'pb by (3.4)
= baa'Baaa'pb by (3.3)
= bama'Bb = b
and a* ébya* = a*8aya*Sbya*S8aya*
= a*8aya*Sbaa'Baya* by (3.3)
= a*8aaa'Bbaa'Baya* by (3.4)
= a*faca'Baya* = a*faya* = a*.
Hence a* e Vo(b). Thus vi(a)cvi(h). simitarly vo(b)cvia). Thus va) = vob).
Y Y Y Y Y Y Y
Conversely, assume that the given condition holds in M. Let e be a-idempotent
and f be B-idempotent. Consider eoaf. Since M is regular, there exists v,8 € T and
x €M such that eafyxSeaf = eaf and x8eof yx = x. Let g = fyxéde. Then gog = g.
Hence fyx&e eV:(fyxde). Let h = eaf yx8e. Then hoh = h. Also, fyxfe € V:(eafyx&).
Hence V:(g)nvz(h) # ¢. Then V:(g) = Vg(h) for any 6 € I'. But eafBfyxSeceof = eof
and fyxSeoeof BfyxSe = fyxbe. Hence eaf ¢ Vz(fyxde). Then eof ¢ Vi(eofyx&e). This
implies that eafBeaf yxSeaeaf = eaf. So eaf Beof = eof. Hence eof is B-idempotent.
Similarly, it can be proved that foe is a B-idempotent and both eBf and fBe are
a-idempotents. Let M be a regular TI-semigroup and a,b e M, a' ¢ VS(a), and
b' € V:(b). Then e = a'Ba is a-idempotent and f = byb' is &-idempotent. Let 6 € I.

B

Suppose x € Vai(eef). Then e6f = eefalxsleef and x = xBleefolx.

Let g = fa.lele. Now gbg = faleleefaleIe = faleIe = g. Hence g is 6-idempotent.



ORTHODOX TI'-SEMIGROUPS 533

Also goe = g = fég and ebgbf = eOf. Now,

(aBb)y(b'Sgaa')B(abb) ad(byb')éga(a'Ba)6b = abf Sgoebb

abfégbb = abgbb = aca'Babgbbyb'db

aoebgbfdb = ane6fSb = abb.

Similarly we can show that (B'égaa')B(abb)y(b'égaa') = b'égaa'. Hence
b'égm' € Vs(aeb). Thus we have the following lemma.
LEMMA 3.8. Let M be a regular T-semigroup and a,b e M. If a' € Vi(a),

b' € V$(b) and 6 € T, then there exists a 6-idempotent g € M and b'égaa’' € Vs(a%).

4. INVERSE T'-SEMIGROUP CONGRUENCE.

DEFINITION 4.1. Let M be a T'-semigroup. A congruence on M is defined as an
equivalence relation p on the set M stable under left and right T-operations. That
is, for every a,b,c ¢ M, (a,b) € p implies (caa,cab) € p and (aac,bac) € p for all
a € T. A left (right) congruence on M is an equivalence relation on M, stable under
left (right) T-operation.

Let M be a I'—semigroup. Let p be a congruence on M. We define
(ap)a(bp) = (acb)p for all ap, bp € M/p and for all a € I'. It can easily be seen that
the definition is well defined and M/p is a T-semigroup. Let us now characterize the
minimum inverse I-semigroup congruence on an orthodox TI-semigroup.

DEFINITION 4.2. Let M be an orthodox TI'-semigroup. A congruence p on M will be
called an inverse I-semigroup congruence if M/p is an inverse TI'-semigroup.

THEOREM 4.1. Let M be an orthodox T-semigroup. Then the relation p defined
by p = {(a,b) & MxM: Vg(a) = Vi(b) for all o, B € T'} is the minimum inverse
T-semigroup congruence on M.

PROOF. From the definition of p it is clear that p is an equivalence relation.
To prove that p is a congruence relation, assume that (a,b) ¢ p, c e M and 6 € T.
Then Vg(a) = Vz(b) for all a,B € I'. Hence there exists a,B € T such that
Vg(a) = V(B!(b) # ¢. Let a* ¢ V:(a) = Vz(b), c* ¢ V:(c). Then by Lemma 3.8
c*égoa* € Vs(aec) and c*8gaa* € V$(b6c), for some 6-idempotent g = gbg e M. Hence

Vs(aﬂc) nvs(bec) # ¢. Then by Theorem 3.7, Vz(aec) - VS(bec) for all a8 € T, so that



534 M. K. SEN AND N. K. SAHA

(abc, b6c) € p. Similarly we can show that (cba, c6b) € p. Hence p is a congruence
on M. Suppose now e = eae and f = fof are two idempotents of M. Then eof and foe are
aidempotents and eof € V:(eaf) and eof € V:(fce). Hence V:(eaf)ﬂ V:(fce) * ¢
Consequently V:(eaf) = Vs(foe) for all y, § e I Thus we find that (eof,foe) € p.
Hence from Theorem 2.1 and Lemma 2.2 we find that M/p is an inverse I-semigroup.
Finally, suppose that 2 is a congruence on M such that M/pl is an inverse
I-semigroup. If (a,b) € p then Vz(a) = Vz(b) for all o, B € I'. There exist x € M and
a,B € T such that acxBa = a, xBaox = x, boxfb = b and xBfbax = x.

Then (ap )alxp,)B(ap,) = ap;,(xp,)B(ap alxp) = xpl,(bpl)a(xpl)B(bpl) = bp,,
(xpl)B(bpl)n(xpl) = xp,. Hence ap;, bpl € Vg(xpl). But M/s:v1 is an inverse
T-semigroup. Hence 'Vg(xpl)l = 1. Then ap, = bpl, so that (a,b) € Py Hence pc P -

This completes the proof.
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