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ABSTRACT. The purpose of this paper is to establish the expansion theorem for a
regular right-definite eigenvalue problem for the Laplace operator in Rn, (n>2)
with an eigenvalue parameter A contained in the equation and the Robin boundary

conditions on two 'parts" of a smooth boundary of a simply connected bounded

domain.
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1. TINTRODUCTION.

Regular right-definite eigenvalue problems for ordinary differential equations
with eigenvalue parameter in the boundary conditions have been studied by Fulton
[1], Hinton [2], Ibrahim [3], Schneider [4], Walter [5], Zayed and Ibrahim [6],
Zayed [7] and many others, while in the present paper we shall study regular
right-definite eigenvalue problems for partial differential equations with
eigenvalue parameter in Robin boundary conditions.

The object of this paper is to prove the expansion theorem for the follow-
ing problem:

LetS)EERn, (n > 2) be a simply connected bounded domain with a smooth

boundary 9Q. Consider the partial differential equation
_1 _ .
Tuz= ?( Anu) = \u in @, (1.1)
together with the Robin boundary conditions

u + hl(x)u = Au on T, (1.2)
and
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u, + hz(f)u = Au on  AN\T (1.3)

where we assume throughout that

n 2
(i) An = I - is the Laplace operator in Rn, (n> 2).

i=1 9x| -

i

n
(ii) u, = I u (x)vi(x) denotes differentiation of u(x) along the outward unit

i=1 i~ - ~

normal “(f) = (vl(f)”"’vn(f)) to the boundary 3Q, where x = (xl,...,xn) is a
generic point in the Euclidean space R".

(iii) The weight function r(x) is a real-valued positive function with reCa(ﬁﬁ,
2 = aUdQ where C*(?) is the space of all H8lder continuous functions with

k+a(§) denotes the space

exponent a, 0 < a < 1 which are defined on Q, while C
of all functions in Ck(ﬁ) whose derivatives are H8lder continuous with exponent a.
(iv) hl(f)’ (§er) and hz(f)’ (fean\\r) are non-negative real functions, where T
is a part of the boundary 3@ while 3Q\T is the remaining part of 3Q-

(v) A is a complex number.

If A =0, hl(x) = -y, hz(x) = 0, then problem (1.1)-(1.3) reduces to

Anu =0 in @, (1.4)
u, = uu on T, (1.5)
u, = 0 on 3Q\T , (1.6)

wherein u is an eigenvalue parameter. The eigenvalue problem (1.4)-(1.6) is called
a "Steklov problem", which has been studied by Canavati and Minzoni [8], Odhnoff [9]
and many others. Odhnoff's approach is to give problem (1.4)-(1.6) an operator-

theoretic formulation by associating with it a semi-bounded self-adjoint extension
operator A and to obtain a direct expansion theorem by using the spectral resolu-

tion of A. Moreover, Odhnoff proved that there exists a complete set of generalized
eigenfunctions of every self-adjoint extension operator A. Canavati and Minzoni
have associated with problem (1.4)-(1.6) a self-adjoint operator L which has compact
resolvent and they have shown that the spectrum of L consists of a sequence {Aj} of
non-negative eigenvalues such that \.»0 as j»». Furthermore, they have derived an
eigenfunction expansion by using a suitable Green's function.

Recently, Ibrahim [3] has discussed the eigenvalue equation (1.1) together with

the Robin boundary condition
u, + h(x)u = Au on 3Q , (1.7)

where h(x) is a non-negative real function on the whole boundary 3Q. Ibrahim's
approach~is to give the regular right-definite eigenvalue problem (1.1) and (1.7)
an operator-theoretic formulation by associating with it a self-adjoint operator A
with compact resolvent in a suitable Hilbert space H and he has shown that the
spectrum of A consists of an unbounded sequence of eigenvalues {Aj} such that Aj*w
as j»>» and also that the corresponding eigenfunctions of A form a complete
fundamental system in H.

In this paper, our approach is to find a suitable Hilbert space H and an
essentially self-adjoint operator A with compact resolvent defined in H in such
a way that problem (1.1)-(1.3) can be considered as an eigenvalue problem of this

operator.
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2. HILBERT SPACE FORMULATION.
Let L2 (n), L (F) and L2 (3Q\T) be three complex Hilbert spaces of Lebesgue

measurable functions f(x) in @, on T and on e\ respectively, satisfying

(i) S E(x)]2 dx <@,
a :
(ii) flf(g)\z ds) <=
T
and
(iii) SIE(x) |2 ds, < .
3ONT

DEFINITION 2.1. We define a Hilbert space H of three-compoment vectors by

H=12@) 0 L2y @ L2\ ; (2.1)
with inner product
<f,g> = Sr(x)f (x)g, (X)dx + [, (x)g, (x)dS, + [ £ (x)g,(x)dS,, (2.2)
o o UTEIT T TR G N\s 3~ 32
and norm
HEl12 = reol,02 dax + slg,(0 (2 ds; + 1 1£,(0]2 dsy, (2.3)
Q - ~ - r - EIANGY ~

for each f = (fl,fz,f3) and g = (31’32’33) in H, where dx = dx1 ce dxn is the
volume element corresponding to Q while dS1 and dSé are the surface elements
corresponding to T and 3Q\TI respectively.
DEFINITION 2.2. Let Hl be a set of all those elements f satisfying
fecl(ﬁ)r]cz(n) and AnfeLi(Q).
We define a linear operator A: D(A)-H by
Af = (tf), £+ h (Nf,

v flv + hZ(f)fl) (2.4)

for each f = (fl’fz’f3) in D(A), in which the domain D(A) of A is defined as
follows:

D(A) = {(fIQ, £ps f|,(m\r YeH:feH, }

where fIQ, fIF and fIBQ\\F are restrictions of f on 2, on T and on 3Q\T
respectively.

REMARK 2.1. The parameter A is an eigenvalue and £, is a corresponding

eigenfunction of problem (1.1)-(1.3) if and only if
£ = (f,f,,f5)eD(A) and Af = Af. (2.5)

Therefore, the eigenvalues and the eigenfunctions of problem (1.1)-(1.3) are

equivalent to the eigenvalues and the eigenfunctions of operator A in H.

REMARK 2.2. D(A) is a dense subset of H with respect to the inmer product
(2.2).

LEMMA 2.1. The linear operator A in H is symmetric.

PROOF. Let f = (fl’fZ’fB) and g = (gl,gz,g3) be any two elements in D(A),
then

<Af,g> = - f{Anfl(f) Vg, (x)dx + f{fIV(X) *+ by (£ (0 )g,()ds) +
+ {f1 (x) + h (x)f (x)}g3(x)dS (2.6)

EINNG
Making use of first Green's formula [10, p. 50] in (2.6), we obtain
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<Af,g> = [(grad fl, grad gl)dx + Ifl(x)hl(x)gl(x)ds1 +
Q i r 1= - -
+ [ £(0h (X)g. ()dS,. 2.7
snr L2 e,
where

n
(grad fl’ grad gl) = I flx (x)g1x (x) for xeQ .
i=1 i~ i~ -

Applying a similar argument, it follows that
<f,Ag> = é(grad £/, grad gl)df + {fl(f)hl(f)gl(f)dsl +

+ S £ (x)h,(x)g,(x)dS,. (2.8)
30N\I 1M07720 07510 T2

From (2.7) and (2.8) we find that
<Af,g> = <f,Ag>. (2.9)
Therefore A is a symmetric linear operator in H.
LEMMA 2.2. Let f = (fl,fz,fB)ecl(ﬁ) be a complex-valued function. Then

flfl(x)|2 dx < 16y [ |grad fl(x)lz dx + 2u S |£,(x)|2 s, +
Q t- -~ Q ~ ~ r -

+2u f |f3(x)|2 ds, (2.10)
where saN\r
uo= sup{lxll: x = (x75 «ves xn)eﬂ} .

PROOF. Since |f1(x)| is a real-valued function and |f1(x)|ecl(§), then by

using Theorem 2 in [10, p. 67], we have
n

JIE ]2 dx <t r ¢ {|£,(]. Y2dx+ 20 s |£.(x)]|? ds, +

10 o . 1°07 'x, - 20 1
Q Q i=1 i r

+2u S |f3(x)|2 ds,. (2.11)
IONT -

Substituting the inequality
2
{|f1(§)|xi}2 < z.{lflxi(g)[} , xeq,
into (2.11) we arrive at (2.10).

REMARK 2.3. Since A in H is symmetric, then it has only real eigenvalues.

3. THE BOUNDEDNESS.
We shall show that the linear operator A in H is bounded from below, unbounded

from above and strictly positive,.

LEMMA 3.1. The linear operator A in H is bounded from below.

PROOF. Let f = (fl’fZ’f3) be any element in D(A). We have
<Af,f> = - é {Anfl(if)}flfic)d:f + .II" {f1v(’f) + h1(§)f1(’f)}f2zf)dsl +

+ f  {f; (x) + h,(x)f, (x)}E,(x)dS.,. (3.1)
20\ T AVR 220771 3 2
By using the first Green's formula, (3.1) becomes

<Af,f£> = J |grad £.(0)|? dx + S h (0 |£,(x)[2 dS, + S h,(x)|£,(x)|2 ds
0 s D s 17 o\ 20008 2
(3.2)

With B = max{16u2, 2y, 2u}, Lemma 2.2. gives the inequality
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%f I£,0 ]2 dx =/ [£,(0]2 ds; = S [£,(x)|2 ds, </ |grad £,(0]2 ax. (3.3)
Q ~ - T - IQN\T - Q - -

Substituting (3.3) into (3.2), we have

1 1 2 2
i PO e T AU L T
+ {h, (x)-1}|£.(x)|%2 ds, > c_||£]]2, (3.4)
3a\T 20 3L 2="0
where

. 1. 1

C_ = min{= inf eI inf [h,(x)-11, inf [, (x)-11}. (3.5)

° 8 XeQ rix xel L 2~

xedQ\T

This proves that the linear operator A in H is bounded from below.

REMARK 3.1.
(1) Since r(x) > 0 for xeQ, and if hl(x) > 1 for xel and if hz(x) > 1 for

xe3Q\T then Co > 0 and consequently the linear operator A in H is strictly

v
positive. We assume these conditions on h; (x) and hy (x) for the remainder of
the paper.
(ii) Since A in H is strictly positive, then A = 0 is not an eigenvalue of A
in H.

LEMMA 3.2. The linear operator A in H is unbounded from above.

PROOF. Let x (x) be a test function with the compact support on  and define
a sequence of this test function in D(A) by

Xy (®) = x(Nx), xe@, N=1,2, ...
By using the same argument of Lemma 3.1, we find that

4
Aoy 2 6N | Ixgl 12 (3.6)
where C1 is a positive constant.
Taking the limit as N+« in (3.6), we obtain
lim <Ay, ,X,> = =. 3.7
Noeo N’ N

In other words, A is unbounded from above.

REMARK 3.2.
(i) Since A in H is bounded from below, then the set of all eigenvalues of A is
also bounded from below by the constant C, defined by (3.5).

(ii) Since A in H is unbounded from above, then the set of all eigenvalues is too.

DEFINITION 3.1. The linear operator A in H is said to be essentially self-
adjoint if
(i) A in H is symmetric
(ii) (A + iE)D(A) and (A - iE)D(A) are dense in H, where E is the identity operator

and i = v-1 (see [10, p. 172]).
REMARK 3.3. Since A in H is symmetric, then *i cannot be an eigenvalue of A.

LEMMA 3.3. The linear operator A in H is essentially self-adjoint.
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PROOF. We must prove that (A * iE)D(A) is dense in H. Suppose the contrary;
first of all, suppose that (A + iE)D(A) is not dense in H. Then there exists a
non-zero element O # f = (fl,fz,f3)eH such that

<f,(A + iE)g> = 0, ¥ g = (8),8),89)€D(A).
By using the same argument of Lemma 2.1, we find that
<A - iB)f,g> = 0, ¥ gect@nc@),

which means that (A - iE)f = 0 and conseguently Af = if.
Since feH, it follows that AfeH. Thus feD(A) and since f # O, then +i must
be an eigenvalue of A. This contradicts the fact that A in H is symmetric.

Similarly, we can show that (A - iE)D(A) is dense in H.

4, THE RESOLVENT OPERATOR.

Since A = 0 is not an eigenvalue of the linear operator A in H, then the
inverse operator A-1 of A exists in H. To study the operator A-1 it is convenient
to give an explicit formula for it in terms of the Robin's function R(f,z) for the

Laplacian A on Q.
Here 1t is difficult to characterize D(A~ ) = R(A), the range of A, exactly.

In any case, it is not true that
-1 o
DA = {(flg, £, £l yo\ ) H: £eC ™1}

because for such an f we cannot in general find u = (ul’u2’u )eD(A) with Au = f.

Hence we define A -1 in H by

pa’l) = Elgs £l Elyg\ Pebitec’@) (4.1)

At 5w,
-1
AT = (RO DTy, TROGY)E,(y)dS,, [ OROGYEAS),  (4.2)
g ~ = LR ot ae\r - - 3=
for each f = (fl,fz,f3)eD(A_1).

REMARK 4.1.
(i) D(A—l) is dense in H.

‘s -1 . . .
(ii) A " is a linear operator in H.

REMARK 4.2.
The Robin's function R(x,y) for fixed xen is a fundamental solution of y
with respect to Q (see [10], [11]), i.e., )

R(f,z) = S(x,y) + K(x,y) (4.3)

where S(x,y) is a singularity function defined as follows:

1 2-n
?32775;1§"Z| for n > 2,
S(x,y) = (4.4)
pie4 1
- 7——-10g|x - y| for n = 2,

which is the solution of the equation A u =0 for X 4 s where wy denotes the
surface of the unit ball in R" , while K(x,y) is a regular funct1on satisfying

the following:
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K(x,y)ec' @M @),
AnK(x,y) =0 in Q,
Kv(x’y) + hy (PKx,y) = ={8 (x,y) + hl(Y)s(x:Y)} on T,
and
K, (x,) + h2(y)K(x’y) = _{Sv(x’y) + hz(y)S(x,y)} on INT.

B, as follows:

DEFINITION 4.1. We define the linear operators Bl’ B,, By

(i) D) {ueLi(n):uec%m},

Bju é R(x,y)uly)r(y)dy,
for each ueD(Bl).
(i) D(B,) = {ueL2(r) :uec®@ 3,

Bzu = {R(f,z)u(z)dsl,
for each ueD(Bz).
(iii) D(B,) = {ueLz(aﬂ\\r) :uec®(@ 1,

B3u = BQ{F R(f’f)“(f)dsz’
for each ueD(B3).

REMARK 4.3.

(i) With reference to [10, p. 128] we conclude that the linear operators
31,32,83 are compact in Li(ﬂ), LZ(F), LZ(BQ\\F) respectively. Consequently,
formula (4.2) shows that A-l is also compact.
(ii) From Lemmas 2.1, 3.1, 3.2 and theorem 3 in [10, p. 60], we deduce that
the set of all eigenvalues of A, counted according to multiplicity, forms an

increasing sequence

0 < CO <A g_xz < eee <X

]

< eees A, > as j e

1 i)

(iii) Since A in H is symmetric, then Al in H is also symmetric.
(iv) Since D(A-I) # H, then only the closure of Al is self-adjoint.

(v)  On using theorem 3 in [10, p. 30] we deduce that the density of D(A) in H
gives us the completeness of the orthonormal system of the eigenfunctions

¢1,¢2,¢3, ... of the operator A.

5. AN EXPANSION THEOREM.
We now arrive at the problem of expanding an arbitrary function feH in terms
of the eigenfunctions {¢j};=l of the operator A.

The results of our investigations are summarized in the following theorem:

THEOREM 5.1. The spectrum of A consists of an unbounded sequence of real
eigenvalues of finite multiplicity without accumulation point in (-%,9).
Denoting them by

0 <X 22Xy 2 A32 ..

and the corresponding eigenfunctions by $1599,84, ..., we have {°j};=1 forms a

complete fundamental system in H and for every feH we have the expansion formula
f= £ <£,0.>9, (5.1)
j=1 J 1]
in the sense of strong convergence in H.
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The above theorem has some interesting corollaries for particular choices

of the function feH.

COROLLARY 5.1. If f = (f,f,,0)eH, fleLz(Q) and fzeLz(r) then we have
fl(if) = Jil{ ér(X)f (x)¢ (}f)d:j + £f2(§)¢j2(§)dsl}¢j1(f).

£, jil{ ér(f)f1(¥)°j1(§)d§ * {f2(§)°jz(§)ds1}¢j2(f)’
and

T { ft(i()f (x)¢ 1(x)dx + ff2(§)¢j2(¥)dsl}¢j3(1().
j=1 Q r
COROLLARY 5.2. If f = (fl,O,f3)eH, fleLi(Q) and f3eL2(BQ\J) then we have

©

o
(]

f(x) = I { fr(x)f (x)¢ (x)dx + [ f,(x)0.,(x)dS,}¢.. (%),
A aPEr A 3PP n G
0= { /S rxf (x)Q (x)dx + f f.(x)0..,(x)dS,}.. (%),
P A DA i R
and
f,o= Z{ fe(x)f,(x)0..(x)dx + [ f.(x)%..,(x)dS,}0..(x).
3 j=lnQ_l.,.]]._,., 20\ 3V 33 T2 33
COROLLARY 5.3. If £ = (0,£,,f;)cH, £,cL2(1) and £,e12(20\")  then we have
0= ): { /£, (x)d> (x)dS + f £.(x)¢.,(x)dS,}o.. (x),
PR 2 S N T o Ehtac i 1
f.(x) = £ {/f,(x)..,(x)dS, + [ £,(x)9. . (x)dS, }e., (%),
ani - j=1 T 2 775200 1 3O\ T 3077330 2°732°
f,.(x) = & { SE,(x)0..(x)dS, + S £, (x)0.,(x)dS, }d.. (x).
e e T S E e U £
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