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ABSTRACT. A simple independent integral equation technique is presented to solve an
integral equation with a logarithmic kernel which governs solutions of many two-
dimensional Dirichlet boundary value problems involving two coplanar and parallel

infinite strips. The technique is further illustrated by an example.
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1. INTRODUCTION.

Solutions of many two-dimensional Dirichlet boundary value problems involving two
equal coplanar and parallel strips: 0 < b < ,x' <a y=0, -2z = are governed
by a Fredholm integral equation of the first kind with 1logarithmic
kernel {2p + loglb(x2 - xi)'}, b < x, x; < a, in which the known function as well as

the unknown function are even degree functions and p is a known constant.

In order to solve this integral equation, both sides are first differentiated

with respect to x2 to reduce it into a singular integral equation with kernel
(x2 - xf)-l which can be easily inverted by the known technique (Lowengrub and
Srivastava [l1] and Jain and Kanwal [2]. The solution of this singular integral
equation contains an unknown constant which is evaluated by substituting this solution
in the original integral equation with logarithmic kernel. Unfortunately, the process

of evaluating this unknown constant is very tedious.

We present here a simple independent technique to solve a Fredholdm integral
equation of the first kind with logarithmic kernel {2p + log|4 (x2 - xf),}, b < x,
Xy < a, in which the known function as well as the unknown function are even degree

functions and p is a known constant. By simple substitutions, this equation is first
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transformed {into a Fredholm {ntegral equation of the first kind with logarithmic
kernel {2q + log|2(cose - cosel)l}, 0<o, el < mwwhere q 1{is a known constant.
Finally using the Fourler series expansions of the known function of this integral
equation and its kernel, the constant coefficients in the Fourier series expansion of
its unknown function are readily obtained by appealing to the orthogonal property of
cosines of the multiples of angle 9 over the interval [0,n]). Thus we have obtained
the Fourier series expansion of the unknown function of this integral equation which
readily yields the required solution of the given Fredholm integral equation by
appealing to the substitutions already used. We also explain here that this series
solution of the given integral equation can be reduced to the closed form obtained by
the known methods [1,2]. Finally we illustrate the application of our technique to
solve the Fredholm integral equation of the first kind with logarithmic kernel

{2p+log|4)(x2 - xf)l}, b < x, x) < a, p being a known constant when the known even

degree function is 'xl.

2. INTEGRAL EQUATION TECHNIQUE.

Solutions of many two-dimension Dirichlet boundary value problems involving two
equal coplanar and parallel strips: 0 < b < |x| a y=0, -2z (o is governed

by an integral equation of the form

e T2

[+ g(x)) {p+log 2|x - xll} dx, = 3 £(x9), b < Ix' <a (2.1)
-a b

where f(xz) is a known even degree function, p is a constant and g(xf) is an unknown

even degree function.
When we substitute in the integral equation (2.1)
2 2

g(x)) = |x Jex]), b < Ix,| <a, (2.2)
it takes a simpler form

r 2 2_2 2

[ % 0(x]) (2p+log|a(x"x])|} ax, = J £x), b<x<a. (2.3)

b

In order to solve this integral equation by the known method [1,2], we first
differentiate its both sides with respect to xz and get,

2
a x,¢(x7)dx
j—;-—%-lz'-f'(xz), b<x<a, (2.4)
b x" - L3

where the singular integral is a Cauchy principal value. The solution of this
integral equation is known to be [1,2]
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a
003y = 2 (s y? [ (ee-p? K My S b <,
b
1

1
[(a? - xf) (XT - b%)] "
(2.5)

where the constant C is to be evaluated by putting this value of ¢(xf) in (2.3). This
process of evaluation of the constant C is very tedious as clearly shown in the

illustrated example given at the end.

We present here a simple independent method of solving the integral equation
(2.3) without differentiating its both sides. First in (2.3) we make the
substitutions

2
X = Acosel + B,

(2.6)
x2 = Acos6 + B,
where
2 2 2 2
a_-b a_+b
= = 2 .7
A 3 , B 77 (2.7)
0 <9, el < w when b < x, x; < a, and get
" n
[ h(8)) (2q+log|2(cos® ~ cosd )|} a6, = 7F(8), 0 <0< w (2.8)
0
where
n(e,) =2 sine ¢(x?) (2.9)
1 2 1 17
1
q = ptlog(a®-b2) 2 (2.10)
2
F(8) = £(x"). (2.11)
Now the Fourier series expansion of the known function F(8)
l @
n
7 F(8) =5 C + ] C  cosnd, 0<8<m, (2.12)
n=1
where -
C, = | F(8) cosnd do
0
T o2
= [ £(x°) cosn® d9, n=0,1,2,...
0
are known coefficients and the formula
® cos nb cosnel
log|2(cos® - cosel)l = -2 ~ ,0<86, 8 <, (2.13)

n=1

lead the integral equation (2.8) to the form
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LA ® ® cos nf cos nb
f {f d0 + z dn cos nel} {2q - 2 Z ——«--4--n-~-~~-—A-~} del
0 1 n=1
=1c +Z C Cosnd, 0< 6<m, (2.14)
2 o n=1

where we have used the following Fourier series expansion of the unknown

function h( 61 ):

h(e,) = 5 d  + 2 d cosnd , 0< 8 < (2.15)
n=1

The values of the constant coefficients dn, n = 0,1,2,... in this expansion are

readily obtained from equation (2.14) in terms of the known coefficients Cn, n =

0,1,2,... by appealing to the orthogonal property of Cosines of the multiples of

angle el over the interval 0 < el < m. These values are

C
o
4 " e 4 ™ -(nC_)/x, n>l, (2.16)
where the values of the known coefficients C, are given in relations (2.12). |Lastly,
using the relations (2.9), (2.15) and (2.16) we obtain the required value of the
unknown function ¢(x€) of the integral equation (2.3) in the form

2 1, {c, /C4q) - § nC cosn®, 1, (2.17)

ox3) =
n[(a -x )(x b )] n=1

where the relation between cosel and xf is given in the substitutions (2.6) and we

have used the following formulas readily derived from this relation:

6 x2_b21 6 az-le
0 S S ) 1. LA
cos 7 2 2) 5 sin 3 3 2) . (2.18)
a =b a -b

We now explain that the series solution (2.17) of the unknown function ¢(xf) can
be put in the closed form (2.5) which is derived by the known technique [1,2] and
contains an unknown constant C. When we integrate by parts, we obtain the integrals

which define the values of the C, in relations (2.12), as

sinne.sine.t"(xz)de, n>l, (2.19)

(2]

| ]
s>
o—=3

where we have used the relation between x2 and Cos6 defined in the substitutions

(2.6). Substitution of these values of the coefficients C_ , n > 1 in the series
solution (2.17), gives

Nl:>

2
o(x]) = /2 4 ff(x )de +

o
] (1-cos8)£ ' (x)de
nl(a -X] )(x -v%)] 0
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n v 2

A . 8 _f1(x7)de 2.20
+3 (l+<.osel) [ tan 5 sind. {cont = cos ] )}, b < X < a, ( )
where we have used the relation
o 1 in®
sin
L ston® cosndy = - 5 (o6 cona)
1 sind 1+cos®
- = LA —_——— .2
2 (l+cose) (a+ Lose-cosei 0 <o, el < (2.21)

readily derived from the formula (2.13) by differentiating both sides with respect
to 6. Finally, when we use the substitutions (2.6), relations (2.7) and (2.18) in the

expression (2.20), we obtain

a
¢(x ) _________2_ _______ {l f ___-)Sf_(x )dx

—'_—1*
r (a2 -x2)(3-bD)) T2 720 4 [(a2-x2)(x2-b2)) 2

1
, 72 (xg* (x%) )ax

a az—x
R
b x"-b

a 2 2 1 2
R (xz-bz) f (37X fy (xf'(x ))dx}’ b < x, < a, (2.22)
1 2.2 2 2 1
b x"-b X" =X

which agrees with the known result (2.5), and the value of the unknown constant C in

the known result (2.5) is thus also evaluated by our technique and its value is
a a 2 2,
c=2¢- [ -yt x 5(—5-%‘155--;7 [ (525 2 xtr (ePyax) (2.23)
b et 2 b xPb

This appears to be a new result.

3. AN ILLUSTRATIVE EXAMPLE.

To illustrate our technique, we solve the integral equation (2.3) when

f(xz) = le = v/xi_
so in this case

' (x%) e (3.1)

£(x) = /x, £'(x) =
2/x 2/x2

Solution of this equation by the known technique [2] is obtained by using the formula

(2.5) and in this case, we have

2 1 x2 l:»2 l/ ein2 g de
$(x7) = 53— ( 2[ —
17 2na 22 0 2 8 20 2. 28,Y
*) (sin® - - sin” ) [1-K%sin” = ] 2
2 2 2
. c

(@ - xh &2 - D172
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1 X1 7P Ué m az-b2 2l n 2. Y
cm G 2 Gy 7 -2 - r L -ty B
a- x a =x
1 1
+ ¢ b <x < a, (3.2)

2 2.2 2.1
[(a -xl)(xl—b )] h
where we have used the substitutions (2.6), the relations (2.18), and is the elliptic

integral of the third kind n:

2 8 da
n(e,n“,K) = [ I » (3.3)
0 (l—nzsinza)(l-Kzsinza) :

KZ = l-cz, ¢ = b/a, and F(%,K) is the elliptic integral of the first kind.

In this case the solution ¢(xi) of the integral equation (2.3) given by the equation
(3.2) still contains the unknown constant C which is finally evaluated by substituting
this value of ¢(xf) in the integral equation (2.3) and evaluating some complicated
definite integrals.

The required value of C, in this case, is given by [2]
a 1 n L
¢ =3 g -1 EG K +FGKI, (3.4)

where E(%,K) is the elliptic integral of the second kind.

By substituting the above value of the constant C in the equation (3.2), we
obtain the required solution of the integral equation (2.3), in this case, by the
known technique [1,2]. We readily obtain the solution of the integral equation (2.3)
by our technique, in this case, by putting the values of f(xz), f'(xz) from the
relations (3.1) in the formula (2.22) and this is given by

2 2a 1 n 1 n n
o(x7) = {5 EG5,K) + 5 [F(5,K) - E(5,K)]
1 n[az_xf) (xf—bz)]j/z 2q "2 2 & 2
+L-hH @ 32—"32-x)-r(1x)1} b < x, < (3.5)
el *1 77 2 2’ ’ ¥ < a :
a a —Xl

This agrees with the solution given by the equations (3.2) and (3.4) which was derived
by the known technique [1,2].
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