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ABSTRACT By using the Gronwall - Bellman inequality we prove some limit relations
between the solutions of delay differential equations with continuous arguments and the
solutions of some related delay differential equations with piecewise constant
arguments(EPCA). EPCA are strongly related to some discrete difference equations
arising in numerical analysis, therefore the results can be used to compute numerical
solutions of delay differential equations. We also consider the delay differential
equations of neutral type by applying a generalization of the Gronwall - Bellman
inequality.
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1. INTRODUCTION.

Recently, Cooke and Wiener [4] introduced a new class of delay differential
equations. These, so called delay differential equations with piecewise constant
arguments (EPCA) consolidate several properties of the continuous dynamical systems
generated by delay differential equations ([9]) and of the discrete dynamical systems
generated by difference equations ([10]). In fact, a wide class of delay differential
equations with piecewise constant arguments can be rearranged to some difference
equations (see, e.g. [1], [2], [8]) which remind us of the numerical approximating
equations of some delay differential equations.

Our aim in this paper is to establish some approximating results for the
solutions of delay differential equations via the solutions of some related delay
differential equations with piecewise constant arguments.

Consider the delay differential equation
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m
x(t) + po(E)x(t) + I py(t)x(t-713) =0, t 20 (1.1
i=1
where for i = 1,...,m , Ty are positive real numbers and for i = 0,1,...,m,

py : Ry ? R are continuous functions. Set 7t = max 71y
1<ism

Let [+] denote the greatest integer function, N the set of nonnegative integers.
For a fixed k e N, (k 2 1), set h = i and define three delay differential equations

with piecewise constant arguments as follows :

. o T
a(e) + po(B)ule) + zlpi(tm([ﬁ e 1) =0, 20, 1.2,
i=
and
. t m t Ty
¥®) + (VL I + oy (vl L5 NIW =0, €30, 1.3),
=
and
: £ t % oo & £
W)+ po(l  IWCl i I + T pg(( 5 WK -0 118 = 0,6 3 0, 1.6y,

Note here, the theory of EPCA was initiated by Wiener, Cooke and Shah in [5] and
[11] and some special EPCA with arguments [ ﬁ ]h have been introduced in [6].

In the second section of this paper we show that the solutions of uh(t), vp(E)
and wy(t) of equations (1.2)h, (1.3)h and (1.4)y, respectively, approximate the
solutions =x(t) of Eq. (1.1) uniformly on any compact interval of [0,»), as h 2> 0 .
We also prove that these approximations are uniform on [0,»), if (1.1) 1is an L1

perturbation of x(t) = 0, that is for all 1 = 0,1,...,m, Ig pi (t) Jat < » . our proofs

are based on the well-known Gronwall - Bellman lemma.
In the third section we extend some of these results to delay
differential equations of neutral type , by using a generalization of the Gronwall -

Belman lemma for the nonnegative solutions of the following inequality
y(t) < £(t) + by(t-g) + afgy(s-a)ds . t20

where f(t) 1is a given nondecreasing continuous function and a > O, b2>20, 20 and

a 2 0 are given constants.

2. DELAY DIFFERENTIAL EQUATIONS.
Consider the delay differential equation

m

X(£) + po(E)x(E) + I py(O)x(t-7)) =0 , £ 20 2.1
i-1 '

where we state the following hypotheses
(Hl) for i = 1,2,...,m, T; are positive real numbers and T = max T
1<ism
(H2) for i = 0,1,...m, the functions P; ¢ R, * R are continuous.
The initial conditions associated with (2.1) are of the following type
x(s) = ¢(s), -t <s <0 ; ¢ €C=cC([-7,0],R) .

’

(2.2)
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It is known ([3]) that under hypotheses (Hl) and (H2) the initial value problem

(2.1) and (2.2) has a unique solution on [-7,») which is continuous on [-1,®) and
continuously differentiable on [0,») . The solution of (2.1) and (2.2) is denoted by
x(¢) ().

Let k 21 be a fixed integer and set

T
h = P (2.3)

By using h we define the following three delay differential equations with piecewise
constant arguments:

m T

. i
a(e) + po(t)u(e) + I py()u(( £ - [ 7 1) =0, £ 320 2.6),
j=
and
. t o t Ti
v(t) + po()v([ ¢ Jh) + T py()v([ ¢ - [ 1M =0, €20 (2.5)y,
i=1
and
m T
w(e) + po(l £ IWW(l £ 1) + 2 py([ § IWW(l £ - [ 17h) = 0, €20. (2.6)
i=

With these equations we associate the following initial conditions

u(jh) = ¢(jh) for j = -k,...,0 (2.7)y
and

v(jh) = ¢(jh) for j = -k,...,0 (2.8)y,
and

w(jh) = ¢(jh) for j = -k,...,0, (2.9)y,

respectively, where ¢ € C .

By solution of (2.4)h and (2.5)h we mean a function uh(¢)(t) which is defined

on the set (-k,...,0}) U (0,») and satisfies the following properties:

(a) uh(¢)(t) is continuous on [0,®) ;

(b) the derivative ﬁh(¢)(t) exists at each point t € [0, ®) with the
possible exception of the points t = nh, (n € N), where finite one-sided
derivatives exist ;

(c) the function wu(t) = u,(¢)(t) satisfies Eq.(2.1) on each interval
{nh,(n+1)h] for n € N .

The definitions of the solutions vh(¢)(t) and wh(¢)(c) of the initial value problems
(2.5)y, - (2.8)y, and (2.6), - (2.9, respectively, are analogous and they are omitted.

First we prove the following existence and uniqueness result.

LEMMA 2.1. Assume that hypotheses (Hp) and (H2) hold and h = i , (k21)

and ¢ € C . Then each one of the initial value problems (2.4)y - 2.1y, (2.5 -
(2.8)h and (2'6)h - (2‘9)h has a unique solution.

PROOF. Consider the initial value problem (2.4)h - (2.7)h. For all n 2 0 and

t € [nh, (n+l)h) one has
T,
[£- 15 1h=(n-kph,
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Ti
where ki = [ o ] ,i=1,...,n .
Thus for t € [nh,(n+l)h) , (2.4)h is equivalent to the following equation

m
u(t) + pg(t)u(t) + I p;(t)u((n-k;)h) =0

=1
By using the initial condition (2.7)h we find that wu(t) 1is a solution of (2.h)h and
(2.7)h on [0,h) if and only if wu(t) 1is a solution of

m
u(t) + po(tlu(t) + I pij(t)¢(-k;h) =0, 0 < t<h,
i=1

and
u(0) = ¢(0)
But this initial value problem has exactly one solution which 1is continuously
differentiable on [0,h) and u(h) and u(h) are defined, as t » h . Then one can
easily show, by the method of steps, that u(t) exists and is unique on [0,®)
By using an argument similar to that given above one can prove that each one of

the: initial value problems (2.5)h - (2.8)h and (2'6)h - (2.9)h has one and only one

solution on [0,») . The proof is complete.
m
Let C} be defined by Gl =(y € €l 1 y(0-) + py(0)¥(0) + 3 py(OIY(-7;) = 0 )
i=1
where C1 denotes the set of continuously differentiable maps of [-t , 0] into R.

We now are ready to prove our convergence theorem.

THEOREM 2.1. Assume that hypotheses (Hl) and (HZ) hold and ¢ € C is given.
Then the following statements are valid:
(a) the solutions x(¢)(t), uh(¢)(t), vh(¢)(t) and wh(¢)(t) of the initial
value problems (2.1) - (2.2), (2.4)y, - (2.7)y, (2.5)y - (2.8)y and (2.6), - (2.9)y,
respectively, satisfy the following relations for all T > 0
lim max | x(#)(t) - up(#)(t) | = lim max [ x($) () - vy($)(v)] =
h?0 0<t<T h2*0 O0<t<T
lim max | x($)(t) - w(®)(E) | =0 . (2.10)
h*0 0st<T
(b) If ¢ € Cl0 then for all T > 0 there exist constants L = L(T,¢) and

M = M(T,¢) such that

[ x(#)(t) - u((t)[sLh, 0<t<T, h>0, (2.1
and
I x(#)(t) - vty <M, 0<ets<T, h>0; (2.12)
(¢) If for all i =0,1,...,n the functions pi(t) are Lipschitz-continuous
on any compact subinterval of [0,w) and ¢ € C1 , then there exists a constant

N = N(T,¢) such that
[x(@®)(e) - vy [ sxn , o<t

A

T,h>0. (2.13)

REMARK 2.1. It is known from Lemma 2.1 in [7] that Cé is a nonempty

and dense set in C .
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PROOF OF THEOREM 2.1. (a) Consider the solutions x(t) = x(¢)(t) and up (t)
- uh(¢)(t) of initial wvalue problems (2.1) - (2.2) and (2.4)h - (2.7)h, respectively.
Then from (2.1) and (2.h)h we find

m T
x(t) - Op(t) = -po() (x(t) - u(t)) - I py(t)(x(t-75)-u(l ﬁ - Ly hw o,
i=1

for all t 2 0 .
Thus the function ¢(t) = |x(t) - uh(t)| satisfies ¢€(0) =0 and for all t 2 0 ,

m T

i
e(e) < fpdpo(s) | e(s) + zll py(olx(s-T)-u(l § - [ 7 11h) hds
fm

t o s i
< Jodpgts) | e(s) +iill pi(s) | el § - [ 5 11h)ds + £(t) ,
where
el s i
£(t) = I°1E1| Pilx(s-rp) - x(L§ - (7 N lds , e20.
On the other hand,

T
1
[§-[g 1lh<s forall s3>0,

and by using the initial conditions one has

s 2 h I s ij.' h s 2 h | 0
g - (g I =le -5 1D -wg-15Im]=-o0,
for all i =1,...,n and for all s 2 0 such that
T
i
s - bt R
[§-lgml<o
Therefore we find that the function y(t) = max ¢(s) satisfies the inequality
0<s<t
e B
y(e) € J5 2 lpy(s) ly(s)ds + £¢e) , c20,
i=1
where we used that £(t) 1is a monotone increasing function. By Gronwall - Bellman
inequality ([3]) we find
m
15 2 1py(e) | ds
y&) e 1 £(t) , tz0 . (2.14)
By using the definition of the greatest integer function, we find for all { =1,2,...,m
and for all s 2 0
s Ti
ch<s -7 - | B [ i Jlh £h . (2.15)
Set
o(x;t,h) = max {| x(tp)-x(ty) [ : -7 € ty,t5 € ¢, | ty-t; | € h). (2.16)
Then from (2.15) it follows that
s 1
I x(s-tp)-x(T ¢ - [ 110 | € o(xit,h) 2.17)
for all 0 € s £t and for all i =1,...,m . Also,

m
£(e) < I zOI pi(s) | ds o(x;t,h) , t20,
i
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and clearly (2.14) yields

t:lll
Io = Ips(s)lds

y(t) € e =0 Ig 3 |pi(s)| ds o(x;t,h), t =20 .
i=1

Since £(t) = | x(t)-up(t) | = | x($)(£)-u, ($)(t) | < y(t), we obtain

tlIl
I5.2 lpg(s) | as

i=0
| (9 (€)-up(9)(e) | < e I5 2 1pi(s) [ ds oGxit,h) (2.18)
i=1
for all h=1 >0 and t20 .
But the solution x(¢)(t) of (2.1) - (2.2) is continuous on [-T,») and hence from
(2.18) it can be easily seen that for all fixed T > 0
m
15 2l py(e) | as
max | x(8) (©)-up (O] < e 70 15 21ps(s) ks 0T, 0)» 0, (2.19)
O<ts<T i=1
as h,2> 0 .
By using an argument similar to that given above, we have
m
£5.2 1 py(s) | as
i=0 TS
max | x(¢(t)-v,(#)(t) | < e Iy Zlpi(s) bs o(x;T,h)> 0, (2.20)
Ost<T i=0
as h=>0.

It remains to consider the solutions x(t) = x(¢)(t) and w(t) = wh(¢)(t) of

the equations (2.1) and (2.6)h, respectively. In that case
%(6)-w(t) = po(l £ N G(L £ I -w([ § Ih) +

m Ti ‘l’i
zlpiuf;]h)(x([ﬁ STy -wCIE - (1 TR +(g () -po([EIR)IXC[ETh) +
ju

m T
i
iz1<pi<c>-p1<[§1h>)x<[§ -5 1IR) + po(t) (x(E)-x([£]h)) +

m t Ti
1lei(t)(x(t-ti)-x(tg -l 11h)

for all t 20 .
Set ¢(t) = lx(t)-w(t)l ,t20. Then ¢€(0) = 0 and by integrating we obtain

m ‘l’i
e(t) <05d poCIETh) | eARIm* 2 Loy (RID | eCly - (71 esre(e), €20,
where

m T
i
g(t)=15 pg(s)-po([F1h) le([ﬁ]hwizll Py (s)-py (IFIIx(E -[71I0) | s +

m Ti
150 po () x(s)-x(1£10) hifll Py x(s-r)-x([F - (7)) [as, e>0.

(2.21)
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But for all i =1,...,m and for all s 2 0 the inequality
T
s i
[g-[g <0
yields
s Ti
e(lp -y NNh)=0.
Set y(t) = max ¢(s) , for t 20 Then
0<s<t
s i
e([ B [ . JIh) < y(s) , 1 €i<€<m and s 20 .

Moreover, g(t) is a monotone increasing function and hence (2.21) yields
m
t S
y(e) < foC 2 lpgCl £ ThDy(s)ds + g(t) , €20 .
0 h
i=0
By Gronwall-Bellman lemma (see, e.g. [3]) this yields

e s
fo. 2 lpgCl ¢ 10 | as
i=0

y(t) € e g(t) for all t 20 . (2.22)
On the other hand,
e, . s e
g(t) € Jg 2 1pi(s)-py([§)h) las max | x(s) Wi 2 | py(s) Ms o(x;e,h) (2.23)
i=0 -T<s<t i=0

for all t 2 0, where o(x;t,h) 1is defined in (2.16).

By using the definitions of ¢(t) and y(t), from (2.22) and (2.23) we obtain for all
T>0

IT o | s
0.2l py(lgIm)] as

i=0 T
max | x(¢) (t)-w, ($) (t)] < x -py ([2
max | h I<e (Ioi_olpi<s) Pi“hlh)'ds_fgzskx<sﬂ

m
T
+ foin Pi(s)l ds o(x;T,h)) » 0 , as h=>0 . (2.26)

The proof of statement (a) is complete.

(b) Assume that ¢ € Cé . Then it can be easily seen that the solution

x(¢)(t) of (2.1) - (2.2) 1is continuously differentiable on [-T,%) and clearly for
all T > 0 there exists a constant K = K(T) such that

o(x;T,h) €K h . h20. (2.25)
Set

T
To.2 lpy(s)l as
- T
L = Ke IO b Ipi(s)lds
i=1
and
m
15 = lpg(s)l as
- T
M = Ke 12 2| ps(s) ds
Opg 1
Then (2.11) and (2.12) follow from (2.19) and (2.20) , respectively . Moreover,

if we assume that pi(t)'s are Lipschitz-continuous on any compact interval [0,T], then
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there exists a constant m = ml(T) such that

m
z|pi(s)-pi(l £ Wl < my(s-[ £ 1) < mh

i=0

for all s € [0,T]

m
Set my = max I |pi(s)| and
0<s<T i=0

m,T T?
N=e'2(Tm + [z | py(s)] ds)
1=0

Then (2.24) and (2.25) yield inequality (2.13) and the proof of the theorem is
complete.
In the next result we give a condition which guarantees that the first two

approximations are uniform on the half line [0,w)

THEOREM 2.2. Assume that hypotheses (H;) and (H2) are satisfied and for all i
=0,1,...,m
IJei@lac <o . (2.26)
Let ¢ € C be a given initial function. Then the solutions x(¢)(t), u,(¢)(t) and

vh(¢)(t) of equations (2.1), (Z.A)h and (2.5)h, respectively, satisfy the following
relations

suglx(es)(t) -u @) 20 , as hoo0, (2.27)
t2
and
sup I x(8)(e) - vy 20 , as n=0. (2.28)
t2

PROOF. By using (2.26) it can be easily seen that the solution of (2.1) -
(2.2) is bounded on [0,»), and hence from (2.1) we find

m
.I’g x(t)] at < !3120| py()ldt sup | x(t) < .

-TSt<w
Thus for all h >0
a(h) = sup max [ x(e)ds < (2.29)
T2h h<t<T
and a(th) > 0, as h->0 .
Set (¢;h) = max (| #(t)-d(t)l : [ty-tyl < h and t), t; € [-7,0]) . By
using the definition (2.16) of w(x;T,h) and (2.29) we obtain
o(x;T,h) € max {o(¢,h) , max Iztﬁ x(u)| du) <
h<t<T
max (o(¢;h) , a(h)) Zb¢h) , for all h >0 .
In that case, by using (2.26), (2.19) and (2.20) yield

m
R NOIEE
max | x()(£)-up(p) ()] <e 170
0<t<T

and

00
Ioizllpi(s)lds b¢h), T2 0 ,
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mm
Iy Elpi(s)l as

1=0 o

max | x(¢) (£) v () (©)] < e Iz lpi(s)lds bny , T20,
i=0

0<ts<T
respectively. Since ¢ € C and a(h) » 0, as h-=> 0, we find that b(h) » 0, as
h » 0 , and clearly (2.27) and (2.28) are satisfied. The proof of the theorem is

complete.

The following result shows that equations (2.4)h, (2.5)h and (2'6)h are
strongly related to some discrete difference equations. In this paper the first
forward difference of a function £(n) 1is denoted by

Af(n) = f(n+l) - f(n)

THEOREM 2.3. Assume that the hypotheses (H,) and (HZ) are satisfied and k 2
1 is an integer. Set

T

i
h== and k; = [ o ] for all i=1,...,m. (2.30)

k
Then
(a) the solution uh(¢)(t) of (2.4)h - (2‘7)h is given by

fgpo(s)ds mo fgpo(sl)dsl

-5 po(s)ds -
st ERMACE ds a(n-k;) (2.31)

u, (¢)(t) = a(n)e

for all nh € t < (ntl)h and n 2 0 , where {a(n)) is a sequence which satisfies the

difference equation

_I(n+1)hp (s)dS
a(ntl)-a(n)e vh 0 +
Inh S
“Jo Po(s)ds m (n+1)h foPo(s1>d51
e z Inh %i(s)e

ds a(n-ki)-O, n>0 (2.32)
i=1

a(n) = ¢(nh) , n=-k,...,0
(b) the solution V() () of (2.5)h - (2.8)h is given by

m
vh(¢)(t) - (l-fzhpo(u)du)b(n) + Zlfzhpi(u)du b(n-ki) (2.33)
=

for all nh € t < (ntl)h and n 2 0 , where (b(n)) is a sequence which satisfies the

difference equation

m
sb(m) + S DB wdu by + 2 1D (s)ds b(nky) =0, n 2 0
1-1

(2.34)
b(n) = ¢(nh) , n=--k,...,0
(c) the solution wh(¢)(t) of (2'6)h - (2.9)h is given by
m
wL($) () = c(n) - (pg(nh)e(n) + I py(nh)c(n-ky))(t-nh) (2.35)
i=1

for all nh € t < (n+l)h and n 2 0, where (c(n)} is a sequence which satisfies the

difference equation
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m
Ac(n) + hpo(nh)c(n) +h X pi(nh)c(n-ki) =0,n20
i=1 (2.36)

c(n) = ¢(nh) , n=-k,...,0

PROOF. We prove (a) only. The proofs of (b) and (¢) are similar and they will
be omitted. Consider the solution wu(t) = u, (@) (t) of (2.1;)h - (2.7)h. Then we have

Itpo(s)ds m Ty ftpo(sl)dsl
& wwe 07 -  py(Oudl (g Ime © 2.37)
f

for all t 2 0 .
By integrating, from (2.37) it follows, for t € [nh,(n+l)h),

ftpo(s)ds Inhpo(s)ds m fspo(sl)dsl T
u(eye ° - u(nhye ° -z I5picsre ° Wl £ - [ 1Imds
i=1
[Ppp(sdas m £3po(sp)dsy
= a(n)e -z Inhpi(s)e ds a(n-ky) , for n 20 ,
i=1
where we use the notation
a(n) = u(nh) for n=-k,...,0,1,... . (2.38)

This means that u(t) = uh(¢)(t) satisfies (2.31) with the sequence (a(n)) defined by
(2.38). We now show that (a(n)) satisfies (2.32). But, by continuity of the
solution, as t @ (n+l)h, (2.31) yields (2.32). The proof of the theorem 1is complete.

REMARK 2.2. Consider the nonlinear delay differential equation

x(t) + £(£,x(t),x(t-77),...,x(t-1p)) =0, £ 20, (2.39)
with the initial condition
x(t) = ¢(t) , -t £t <0 and ¢ € C , (2.40)
where f : R+me * R 1is a continuous function and for all i =1, ... ,m, Ty > 0
and T = max 7; . Then one can generalize Theorem 2.1 for the initial value problem
1<isn
(2.39) - (2.40) provided that f is a Lipschitz - continuous function and the
approximating equations are given as follows:
T T
; £, 2 £, = -
u(t) + £(t,u(t), u({ h ( i 11h), ... u(( hC [ h ]Jlh)) =0 (2.41)
and
T T
; t t 1 t . -
V() + ECe v IV E - [ 1w § - [ 1Ih) =0 (2.42)
and T .
. t L L2 t_ = -
w(t) + ECEIRWCET) Wl § - (1R, (U - [ 1Th) =0 (2.43)

where h = % and k 2 1 1is a given integer. Note that the equations (2.42) and (2.43)

can be rearranged to some difference equations while (2.41) cannot .

3. NEUTRAL CASE.
Consider the delay differential equation of neutral type
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% [x(t) + gx(t-r)] + px(t-y) =0, t2>0 (3.1)
where
P, q€R, p#0 and y, r € (0,») and 7 = max (y,r) . (3.2)
The initial conditions associated with (3.1) are of the following type
x(s) = ¢(s) , -1 <s<0; ¢ €CZC(-7,0],R) . (3.3)

Then it is known ([3)) that the initial value problem (3.1) and (3.3) has one and only
one solution on [-1,») . The unique solution of (3.1) and (3.2) is denoted by x(¢).

Let k 21 be a given integer and h = i . Set

r
m = [f] and 4h-[}111. (3.4)
In this section we approximate the solutions of (3.1) with the solutions of the equation

d t

ac (u(t) + qu(t-mhh)) + pu([ B Oh]h) =0 for t =20 . (3.5)
Note that Eq. (3.4) has two delayed arguments t-mh and [ ﬁ SN Jh . The first one
is continuous while the second one is piecewise constant. Therefore the initial

condition associated with (3.4) is of "mixed" type

u(s) = ¢,(s) , -mph < s €0 and u(jh) = ¢(jh), j = -#,,...,0 (3.6)
where for all i = “my,...,-1 and s € (ih,(i+1)h]
tn(s) = ¢(in) LIRS 4 4141y 1B G.7)

A function u(t) = uh(¢)(t) is a solution of (3.5) and (3.6) if wu(t) is
defined on the set [-mhh,O] [V} [-lh,...,O) U (0,») and satisfies the following
properties:

(a) u(t) is continuous on [0,®) ;

(b) the derivative of wu(t) + qu(t-myh) exists at each point t € [0, ®)
with the possible exception of the points t = nh , (n € N), where finite
one-sided derivatives exist.

(c) the function u(t) satisfies Eq. (3.5) on each interval [nh, (n+l)h) for n20
and the initial condition (3.6) is satisfied.

With initial value problem (3.5) and (3.6) we associate the delay difference

equation of neutral type '

A(a(n) + qa(n-mh)) + pha(n-th) =0 for n 20 (3.8)
and the initial condition
a(n) = ¢(nh) for n=-k,...,0, (3.9)

where A denotes the first forward difference, i.e., for a function f(n)
Af(n) = £(n+l) - f(n)
Note here, the initial value problem (3.8) and (3.9) has a unique solution which is
denoted by ah(¢)(n)
We now are ready to state and to prove the following basic existence and

uniqueness result for the initial value problem (3.5) and (3.6).

LEMMA 3.1. Assume that (3.2) is satisfied and h = i where k 21 is an

integer. Let ¢ € C be given. Then the initial value problem (3.5) and (3.6) has a
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unique solution u(¢)(t) . Moreover, u(¢)(t) is given by

u(@)(e) = a(g)(n) LEHE 44 (1) £.oh (3.10)

for all t € [nh, (n+1)h) and for all n = 0
(3.8) and (3.9).

, where a(¢)(n) is the unique solution of

PROOF. It can be easily seen that a function wu(t) is a solution of (3.5) if
and only if for all n € N and t € [nh,(n+l)h)

%; (u(t) + qut-myh)) + pu((n-#Dh) = 0 , (3.11)

or equivalently

u(t) = -qu(t-mhh) + u(nh) + qu((n-my)h) - phu((n-lh)h) . (3.12)
By the method of steps it can be easily seen that Eq. (3.12) has one and only one
solution satisfying (3.6), and clearly the initial value problem (3.5) and (3.6) has a
unique solution u(t) = uh(¢)(t) . By continuity of the solution, as t 2 (n+l)h,
(3.12) yields

A(u((n+1)h) + qu((n-my)h)) + phu((n-#)h) =0 for n >0 ,
and u(nh) = ¢(nh) , for n = -k,...,0 . This means that a(n) = u(nh) where a(n)
is'the unique solution of (3.8) and (3.9). But from (3.11) it follows that the function
u(t) + qu(t‘mhh) is a piecewise linear function on 0 € t < ® ., On the other hand,
u(t) 1is a piecewise linear function on -mhh € s €0 . Therefore u(t) is a piecewise
linear function on [0,») and clearly (3.10) is satisfied. The proof is complete.

We now are in a position to state the following convergence theorem.

THEOREM 3.1. Assume that (3.2) is satisfied and ¢ € C is a fixed initial
function. Then the solutions x(¢)(t) and uh(¢)(t) of the initial value problems
(3.1) - (3.3) and (3.5) - (3.6), respectively, satisfy the following limit relation

sup | x($)(t) - w($)(t)l >0, forall T>O0, (3.13)
0<t<T
as h = i 2 0, or equivalently as k 2 +o .

The proof of the above theorem uses a generalization of the Gronwall-Bellman

lemma for a continuous solution y : [-0,#) @ [0,) of the inequality
y(t) € £(t) + by(t-p) + a Igy(s-a)ds , tz20, (3.14)

provided that
(i) a>0,b20, a20 and B >0 are constants and o = max (a,p).

(ii) £ : [0,») » [0,») 1is a continuous and nondecreasing function.

LEMMA 3.2. Assume that (i) and (ii) are satisfied and the continuous function
y : [-0,9) ® [0,0) satisfies (3.14). Then there exists a unique constant c¢ > 0 such
that
cbe P 4+ ae"c® — ¢ (3.15)
and
y(t) € d(t)et for t 20 (3.16)

where
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d(t) = max { £y , max e SSy(s)) for t 20 . (3.17)
1-be CB -0<s<0

PROOF. It is clear that equation (3.15) has a unique solution ¢ > 0 provided
that (i) holds. Moreover, 1 - be ® >0 . Let ¢ >0 be given and set

d,(t) = max ( Kore o e ®Sy(s) + ¢} for t 2 -0, (3.18)
1-be <P -0$s%0
where
£(t) , t20
f(r) -
£(0) , o €t<0 .
Then it can be easily seen that
y(t) < d,(t)e°t (3.19)

for all t € [-0,0] and from (3.14) it follows
y(£) < (E(t)+2) + by(t-p) + a [iy(s-a)ds , 20 . (3.20)

We now show that (3.19) is valid for all t > 0 . Otherwise, there exists t; > 0 such
that

y(£) < d, (et , -0 €t <t , and y(ty) = d,(ty) 1 . (3.21)
But in that case (3.20) yields

y(ty) < (Eep+e) + dg(e1-pe 1P 4 a [ila, (s-a)e(s-as

Since f(t) 1is monotone nondecreasing we have that f(t) and dt(t) are

monotone nondecreasing. Hence by applying (3.15) we obtain

y(ep) < B(ep)+e + d,(£))e P L 4 2 goc@ d,(ty)(e51 1)

- Bepe - 2 e P a,(ty) + d,(t))e (e P + ey d,(t)e®t1

- E(t)+e - (1-be Pya, (£g) + d,(t))e"L
But from (3.18) it follows
F(ty) + ¢ € (1-be™Pya, (t)
and hence
Ctl
y(t1) < d (ty)e
This contradicts (3.21), and clearly (3.19) is satisfied for all t > O .From (3.18) it
can be easily seen that

d(t) = lim d(t) , t20,
20+

therefore (3.19) implies (3.16), as €20+ . The proof is complete.

REMARK 3.1. If f£(t)
c = a is the unique positive solution of (3.15) and d(t) = <o for all t 2 0. Thus

L) is constant on [0,») and b =0 and a = 0 then
Lemma 3.2 reduces to the well known Gronwall-Bellman inequality ([3]).

REMARK 3.2. One can easily generalize Lemma 3.2 for the case of several delays
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in the following form:
Assume that y : [-0,9) @ [0,#) is a continuous function such that

¢ n
y(€) € £(t) + I byy(t-py) + I5 (agy(s) + I ajy(s-a;))ds , €20,
i=1 =1

provided that
(1)’ by 20, gy >0, (L €1 <4), and ay 20, (0<j €£n) and

n
aj 2 0, (1¢j<n), are constants 2 aj >0 and o = max { max By, max aJ) H
j=0 1<i<e 1<j<n

(i1)' £ : [0,») » [0,») 1is a continuous and nondecreasing function.

Then the equation

¢ -c n -ca
c I bje By o ag + I aje J =c

i=1 j=1
has exactly one positive root c and
y(t) € d()e®t , tz0
where
! -c
d(t) = max ((1 - % bje Pi)-le(e), max e %Sy(s))
i=1 -0<s<0
for t 20 .

We now are in a position to prove Theorem 3.1.

PROOF OF THEOREM 3.1. Consider the solutions x(t) = x(¢)(t) and uh(t) -
uh(¢)(t) of the initial value problems (3.1) - (3.3) and (3.5) - (3.6), respectively.
Set

x(t) - u,(t) , t=0

Yh(t) =
, -t €£t<0 .

Since x(0) = u,(0) , we find that yh(t) is continuous on [-7,»). On the other hand,
from (3.1) and (3.5) it follows

g; (x(t) - u(e) + qx(t-r) - quu(t-mph)) + px(t-y) - pu([ ﬁ - #plh) =0
and clearly
L R(D) + Qyp(t-mph) + Q(x(t-1) - x(t-mh))) + pyp(l £ - #plh) +
PR(E-y) - X([§ - ¢yl =0 , €20
Thus, from (3.3) and (3.6), by integration we find

Yh(E) + qyp(t-mh) + q(x(t-r) - x(t-mh)) + p Joyp([ § - #1h)ds

+p IpGx(s-p) - x([ £ - 4plh))ds =0, t20.
Set
En(®) = I d 0:':;' *(s-7) x(s-mh)l + p I xCo-r) -x(L § - sl ds, €3 0.
In that case

Iyncel < gyce) + Ldlypce-mml + 16l 5§ y(0 £ - spinyas , €30 .
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Let zh(t) = max |yh(s)| . Since yh(t) -0 , -mhh £t<0, and
-1<s<t

yu(l ﬁ - éplh) = 0 wherever | ﬁ - 4,] €0, we find

2(€) € £.() + | d z(e-mbh) + | p| fizp(s)ds . ez 0. (3.22)
By virtue of Lemma 3.2, we have
zp(t) € dp(e)eh® 320
where ¢, 1is the unique positive solution of
dde ™ 4]g - (3.23)
and
4 (t) = max ((1-] o e ™) 1g (¢) |, max e %%z (s)) -
-0<s<0
- e Py le 6y, e20
Thus
|y € zp(e) < (1] e ™) 1g (6) for all c >0 . (3.24)

Now, by using the continuity of x(t) and an argument similar to that given in the
proof of Theorem 2.1 one can see that for all T >0
max fh(t) + 0, as h=>0. (3.25)
0<t<T
On the other hand,

mh = [ ﬁ lh2>r, as h=0,

therefore from (3.23) it can be seen that e, * ¢o . as h * 0+ , where co is the
unique positive solution of

dqgef+a=c
Thus (3.24) and (3.25) yield

max | yp ()] = max |x(¢)(t) - w($)()] 20, as h>0,
0<tsT 0<t<T

for all T > 0 . The proof of the theorem is complete.

REMARK 3.3. Applying Remark 3.2 one can easily generalize Theorem 3.1 for the

case of several delays.
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