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ABSTRACT. In this paper we consider dual integral equations involving inverse

Weber—Orr transforms of the type W;in yGl, s =01,.. A general solution is

established using elementary methods. Many known results are derived as special cases.
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1. INTRODUCTION.
1. Dual integral equations involving inverse Weber—Orr transforms W;lu [;], arise in the

discussion of boundary value problems in elasticity and torsion. A few special cases have
been considered, notabally, dual integral equations involving W;ll,[;] and Wall[;], by
] b

various authors, [1,2]. But there does not seem to have been given a full account of dual
integral equations of general type in the literature. In this paper we shall consider
equations involving associated Weber—Orr transforms of the type

WL 2% 0@l = 1), a<p<c
(1.1)

WL JEP (@0 = 40, c<p<o

where ¥ = 0,1,2,..., v > -1 and ¢ an unknown function. Since associated Weber—Orr
transforms are of gemeral order (v—&,v), therefore most of the known results may be
derived as special cases of our results. We may also point out, that special cases of (1.2)
can arise when solving Beltrami-Michel equations in case of torsion, [2].
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To solve the system (1.1), first we decompose it into two sets of dual integral
equations when f, = 0 and f, = 0 respectively. The solution of the system can then be

obtained by adding the solutions of the two sets. The method we use to find the
solutions is similar to the one used in [3]. An important aspect of this method is to
establish a suitable form of the unknown function ¥ in terms of an undetermined function,
say g. The problem is then reduced to finding g. In order that y satisfies both the
integral equations of the set, we find that g satisfies a single integral equation of Fredholm
type of the second kind. The value of g can then be estimated, thus establishing the
solution 9 of the set.

For convenience, we shall state below some results and definitions for future
reference. All those results are either known or can easily be derived by using well-known
properties of the Bessel functions.

DEFINITION 1. We define,
™
W, i) €] = j; %, (& pa) pi(p)dp

1 (}e): o1 = ® 3,,(55 p,a) i
W01 = [ J—fb——;(ga)”;(&)s (6)d¢

where
R[l,l/( 6; p)a) = Jﬂ(fﬂ) Yu(ﬁa.) - Y‘u(gp) Jy(éa):

. . -1
. ; ;] th
J “a.nd Y# being the usual Bessel functions. We shall call Wl" y [;] and Wﬂ’y[,] the

associated Weber—Orr transform and inverse transform of order (u,v), respectively.
DEFINITION 2, [4]. The Erdyli-Kober operators

_ 2 27 % 3 a0l 1-2a-27 .
K o8] = I(a) j;( (=" u g(u)du, if a > 0,

and
K, Je] = ()" ST DRI L) i a <o,
where
D =751 and o¢a+nct
Also,
.7(;,}0 = J(fl+a,-a

LEMMA 1. If0 < k < %u + % , £=012.. and Xt f(x) is summable in the
infinite interval (a,»), then

() = W, [10) €], o) = WL, I£(6); 0],

This result has been proved by the author elsewhere.
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LEMMA 2, [1]. For a < 0, we define,

o &, (Ep2) R, (612)
X b=l pov tag
vn,palPt) f Ji(&) + Y](¢a) ‘

® 1
= [ a0 o

I (ay)
2 @ 1
- % cos ;(2u—7)—u+a+l) f; Kf(a._y)' Kn(py)K#(ty)y +a dy,

K, being Bessel function of the third kind.
LEMMA 3, [5]. For v > p > -1,
0 , 0<b<a

@
~v+1
j; J#(au)JV(bu)u“ v gy = ofv+1 a”(b’—a”)y_“_l
I'(v-u)b”

, a<b<w.

LEMMA 4, [5]. For § > 0,

S PR K (agan = PP e P fey)
y

LEMMA 5. For 0 < < in+ 3,

[Pt 2, (enan = P TP g (i)

LEMMA 6. For 0 < f < Sn+ 3,

Ly u g e = 2 gyt
y

X v-Bap ()

2. We consider the dual integral equations
-1 ~2
W APl =0, acpge (2.1)

WL 1€ ue) 0]

(), c<p<a (2:2)
CASE (a). Let -1 < a-f < 0.
The equation (2.1) is satisfied if we take

WL JE2%(e) 0] = B(p<) G(p),

where H is the Heaviside function and G, is yet unspecified. Then due to
lemma.l,for0<r<<%u +%-,

2%y (8) = W, JH(p)G(p); €] = j; mﬂH,,,( & pa)oG(p)dp  ...(2.3)
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Now using the representation for 2
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Ky from lemma 5, and rearranging, we obtain for
el

-1<a-f<0and f-a < u—n+%

a-f+1
w¢) = 1?"(73—_I e f pl+u—~ G(p)dpf pz)ﬂ—a—l (vtafrl

' ‘%u—k+ﬂ—a,u( §tadt

gaf+1
= a

® t
¢hro fc gt af+l Ryt o N € iba)dE j; (12—l .

- P G()dp.

If we let

+1 t
(1) = %{';}f;.—; e L 2 et IR Gy,
c

then °

we) = P S Ripay (E303) g (24)
which gives us a suitable expression for ¥ in terms of as yet to be determined function g.
Now for p > ¢, from (2.2),

() = WL, (€ v (&) 0]

1728 y(e)ae.

- fm xy_n y( E;p’a)
o 3%(¢a)+Y%(a)

Substituting the value of % from (2.4), and changing the order of integration, we have,

®
—(p) = | 8(t) # (p,t)dt. (2.5)
3 ./; VK, v—K+[~a,0-f
Using the results of lemmas 2 and 3, for ¢ < p < t < o , we may write

1+ ap
;‘V,u—/c,u-x+ﬂ-a,a—ﬂ (ot) = I‘UT—H)’ P

where

VK n—u+a—ﬂ(t2 2)ﬂ‘ a-1 H(t-p) + $(p:t),

2
ot) = % sin 1(x+ap) f m—y% K (9K, g )y Y Py, (26)
and k + 1 > f - a

Hence (2.5) gives

1+a—p o o
2 VK k—v+af,2 2f-a-1
4(p) = =gy * t (t*~0%) g(t)dt + [ g(t) ¢ (p,t)dt.
2 NG ./; f;
Now multiply both sides by 2% @ p1+° A and make use of the Erdyli-Kober operator

v ne then the last equation, on rearranging, gives,
)
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F (vt apil) pa BR) = 25 freb fc ") dlotat - 2P e g
= -G(p) - F(p), say. (2.7)
Hence for -1 < a-f < 0,
8) = ~H\ s 0 pi1) g [G0) + Flo)]
= = F (rtfeat1),ap [C0) + F)]

v—Kk+f-a d

35[ pn—u+ a-f+1 x

=30 }(V—K+ﬁ—a+l),1+a—ﬂ{G(p)+F(p)]]
= friran j; (= p%)%F W2 (G )+ F(u)du.

Substituting the values of F and G in the above equation, we obtain,

p— ® ®
g(p) = p(%+—o:ﬂ)' b H% [ j; g(t)dt j; (u?—p?) 2P IHr ¢(u,t)du]

f—a © 14K~
+ 2+a— pu—n+ﬁ—a H% [j; (uz_pz)a—ﬂ s f,(u)du]
=1 +1I,, say. (2.8)

On substituting for ¢ in I,, we have

fa+1 o ) _
I, = ?l?"("lTa——ﬂ)' pu—n+l3—0 - sin 7 (s+a—f) H%U; g(t)dt j; (u2_pz)a—ﬂ a5 gy

o I (a.y) 1
: f0 RTay) KionWKy ey (097 tob gy,

Now, first evaluate the u-integral, using the result of lemma 4, then apply the operator H%

to obtain

_ ® o I (ay)
I, = "72r£ sin 7 (k+a-0) j;: g(t)dt j[') Kf(g;)‘ Kyxtpa (PK, gyp o(t9)ydy.

Hence, from (2.8), for -1 < a-f < 0,

_ ® o I (ay)
g(p) = 22 sin  (w+a-p) S 808 [ R ayy Ko pal¥) Kogyp oty dy
+ F_(%_:i?_:mpwn+ﬁ—a a%[fm(u’—ﬂz)a_ﬁ u1+rs—u f,(u)du], (2.9)
p

where (i) 0 < & < %u+§,(ii) f-a< u—n+g, () f-a< s+ L
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This is a linear integral equation of Fredholm type of the second kind, from where g can
be evaluated, thus giving us a solution ¥ of the dual integral equations (2.1), (2.2). The
conditions of validity of the Fredholm equation (2.9) is obviously that the integral defining
the kernel

o 1 (ay)
KT—IV K K d
'l;) Ny V—K+ﬂ—a(py) u—K+ﬁ—a(tY)y d

converges. The convergence is guaranteed when f-a < k+1 and 2a < p+t, since 0<a<p
and a<c<t. Next we shall show that this solution is also valid when 0 < a-f < 1, but
the derivation will be slightly different.

CASE (b). Let 0 < a-f8 < 1.
The equation (2.1) is satisfied if we take

WL JE2%e) 0] = Hp)G(o),

where G(c) = 0 and {p G(p) — 0 as p — w. Thenfor0<n<%u+%,
—2a _ .
£29%¢) = W, , [Hp-<)G(o); €]

= j; m&tu_n,u ( & p.3) pG(p)dp (2.10)

o
= % j; a% (pV—KG(p))p/c—V+1 ‘%V-—K,—l,u( &; p,a)dp,

by integrating by parts. Now using the representation for 31’_‘_1 1/( §; p,a) from lemma 5
and changing the order of integration, we obtain for 0 < a-f8 < 1 and

f-a < u—n-%

U = € 8, gy (61RO (211)
where

a—f t
5 = g VT S @ ()

Notice that the representation for ¢(£) in (2.11) is identical to the one given in (2.4).
If we take p > c, then (2.2) gives

() = WL, JEP w(e) 0]

_ f“’ ‘%V-K U(E;P,a)

1728 y (e)ae
o J2(¢a) +Yi(¢a)

or,

© R ( 6 Py 3.)
K~v+1 _ 4 [ v+l »K-1,v 28 ael.
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Now if we replace ¥ by its value given by the equation (2.11), and rearrange, then

o ~v+1 £(0) = [ n—u+lj(‘: "?y,V—n—l,u—n+ﬂ-a,a—ﬂ—l(p’t)g(t)dt]'

Making use of lemmas 2 and 3, and simplifying, we obtain for v—x > 0,

K-v+1 — 228 g oo _ afa svi+ap
P fy(p) = T+ a) 3p f; - "t g(t)dt

+ Zina(srat) 5 [ 50 do01) (2.12)
where

(#)
$(pt) = f m—y, Ky o 109K g olt) 3%

Now using Erdyli-Kober operator J(" a’ the first term on the right-hand side of
(2.12), gives

1 df &~ 1

= 2% prthe Yt ap1),p-a B

Hence from (2.12), we obtain

B-a+1
Byt apr1) palBO) = 20 0 1) + 27 sina(ntacp)

pV—K+Cl“ﬂ a%[pﬁ—l/'f‘lj;mg(t) ¢(p,t)dt]
= F(p) + G(p), say.

Therefore for 0 < a-f < 1,
80 = F (gt apii)pa [FOHCEL

= (et Bt 1), TGP

= gy [Ty R Gl
p

_ —25; a+l prtpoatl f“’(uz_ pz)a-ﬂ-l w7+ £ (u)du
p

of-at2 vrt+f-atl ° u?— ot af-1 do kv+l,
+ =R sina(x+a-f) p j; (u?-p?%) rm

IO
[

=1, + I, say.
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In I, , first we substitute for ¢(u,t) and apply the operator H% , then evaluate the

u-integral using the result of lemma 4, hence, finally, gives for 0 < a-f < 1,

2ﬂ—o:+1

80) = - ra=py Aot j; “u2-p) @A gL g g

@ o 1 (ay)
2 .
- £ sinn(x+a-f)p fc g(t)dt f Kf(aw K, prpa K, g trydy,  (213)

where (i) 0 < kK < %u+ % , (i) f-a< u—x—% , (iii) f~a < L+1.

This is a linear integral equation of Fredholm type of the second kind and is identical to
the one for the case -1 < a-f < 0, given in (2.9).
Hence the solution 3 for the dual integral equation (2.1) and (2.2) is given by

we) = ¢ fc"’seHHH,,( & t,a)g(t)dt (2.14)

where g satisfies the Fredholm equation (2.9) or (2.13) for -1 < a-f < 1,
a-f#0.

3. Next we consider the dual integral equations
wl oIty =1
vti, ipl=1p), a<p<c (3.1)

-1 (-2
WL e w01 =0, c<p<o (3:2)
Again we shall consider two cases when -1 < a-— B < 0and 0 < a—f < 1 separately
and arrive at a common solution of the system, although the derivation will be slightly

different for the two cases.

CASE (a). Let -1 < a-f < 0.
Equation (3.1) is satisfied if we take

Wik, 26 (e 0] = (o)) + GOE()

where H is the Heaviside function and G, and unspecified function. Then for
0 <K< %—u+ % ,

2% We) = W, J(p)H(cp) + G(p)H(p); £]
= [ 2, f600) 1Mo+ [7R, (6 p2)0G(eNp (33)
a t )

the second integral in the right-hand side of (3.3) is identical to the onme given in (2.3),
where it was evaluated to eventually give

Eﬂ_a j;m‘% u—~+ﬂ_a,,,( ¢ t,a)g(t)dt,
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where g is yet to be determined. Thus we have

C ®
we) = £2@ j; Ry A 6 12) ()L + gath j; Ry poa il & LRE(DAL (3.4)

Now let p > c, so that from (3.2),

0=wel 1€l

=fm 2, ., (£ip,2)

1-24 d
o T s viem - L%

In substituting the value of Y from (3.4) and changing the order of integration we obtain
Cc ®
0= .];t ‘gy,u—/c,u-n,2a-2 Pt + j;‘gu,u—n,u—n+ﬂ-a,a— pt)g(t)dt,
where # (p.t) is defined in lemma 2.

Note that the second term on the right-hand side is identical to the term on the
right-hand side of (2.5). Therefore using a similar analysis, we arrive at the following
equation,

Bt aprr), ol 661 = 22 07PH [ 4(p 0800

c
B Zﬁ_ap a—ﬁ+lj; ¢ J‘u,u—n,u—n,2a—2ﬂ (pt)f(t)t

= —G(p) - F(p), say,
where ¢(p,t) is defined by (2.6). And eventually, as before in (2.8),
gf—e vktf-a d ° ® 92 aafl 1+kv
glp) = P t)dt [ (u?-p u $(u,t)du
e ) ap J, g0t [ =) (

2ﬂ_° vitf-a d % .2 anaf 1+kv ¢
+mp a;j;(u-p) u duj;t

‘;‘u,u—n,u-n,2a-—2ﬂ(u’t)f1(t)dt'

Now we first carry out the u—integration in both the terms, using the results of lemmas 4

and 6; then apply the operator 'cl% , to finally obtain

o w I (ay)
8(p) = - % sina(wra-f) of BV f K) Kot -al VK e pal Y 9

o [N B, g a s PORDE (35)
a ) ) t]

This is a linear integral equation of Fredholm type of the second kind, from where g can
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be evaluated, thus giving us the solution ¢, defined by (3.4), of the dual integral equations
(3.1) and (3.2), for -1 < a-f <0, 0 < &k < zv+ %, f-a < u—~+% and

fa < K+1.
CASE (b). Let 0 < a-4 < 1.
The equation (3.1) is satisfied if we take, as before,

WL JEP4 (0 0] = (p)(ep) + Go)H(p-),

where
G(c) =0 and {pG(p) =0 as p—o.
Then

Cc ®
2%y (e = j; o L & p2)pli(o)dp + fc R, L & £:2)pG(p)dp.

The second term on the right-hand side is identical to the one on the right-hand side of
(2.10) and by a similar analysis, we eventually obtain,

C ®
we) = €2 S 2 L & oA )0 + P S Pt paah & 1RIB (3.6)

This gives us representation for 1, where g is yet an undetermined function. Note that
representation for 9 is identical to the one for the case -1 < a—f < 0 given in (3.4).
Now for ¢ < p < ®, from (3.2),

0= wol 1%y

I

fm Ry, (£i0:8)
o J2(&) + Yi(¢a)

» R (fipsa)
d [ k~v+1 v-&~-1,v -2 ael.
e e i YO ¢

172 4 (e)ae

f on replacing 9 by the expression given in (3.6), and simplifying, we obtain

[} x (E;pra) ¢
0 = vl vk,v 20-26+1 2 ; ta)tf (t)dt
g 'l; I, (6a) + Y}(¢a) ‘ ‘ j; w60

df kv+1 "
+ a‘;[” J; l;‘1/,1»-—1':--1,u—»':+[3—az,(r—ﬂ—l(p ,t)g(t)dt]

= 20 B vpe)tha pr)Ba gwrtabByyg

a-—ﬁ o
e 3 J, (-
+ 3 sina(era) g3[s 7 [ g0o0), oy (37)

by using the results of lemmas 2 and 3, where,
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I (ay)

008 = [ R3] Kunt @) Ky oty ™ty
0

Using the Erdyli-Kober operator J%, na’ (3.7) can be written as

2081 Aot g vap) part80)] = Fio) - 2 sinn(xta-p).

v laaad f:g(t) Ho)d]
Or,

of-atl
3 §(u—~+a—ﬂ+l),ﬂ—a[g(p)] = F(p) + r sin#(k+a-f)

oD ) doal

= F(p) + G(p), say. (3.8)
Therefore, for 0 < a-f < 1,

g(o) = ”;E»-+a-ﬁ+1),ﬂ-a [F(o) + G(p)]
= x*(u—;c+/3-a+l),a—ﬂ [F(p) + G(p)]
= p

_ 2 pwtfatl fp‘”(uz-,,z)ﬂ“ W [F(u) +G(u)ldu

2[3—0z+1

V—K+ﬁ‘a+lfm(u2_p2)a'—ﬁ—l Fl(u)du
p

[-a+2 o
+ mz <7y sinr(x+a-f) p'HH'ﬂ_ a+l j;; (u’—p’)a_ﬂ_ 1 gu.

a%[u"’_w'l _/; mg(t) ¢(u,t)dt].

I, + 1I,, say,

where F, is defined in equation (3.7). In I,, substitute for F(u) and evaluate the

u-integral, using the result of lemma 5, we obtain

o R (&p,2) c
=2 Lok, ebtl e (q ;t,2) t1,(t)dt,
1 Pj; J:( £a) + Y:(fa) ¢ ﬁj; VK,V (& t,a) tf(t)dt

And I, is similar to I, of (2.13) from whence

9 ] w I (ay)
I, = Zsin w(~+a-ﬂ)pj; g(t)dt j; K;l:'(a.—y)' Ku—n+ﬂ—a(pY)Ku—n+ﬁ—a(tY)y dy

Hence for 0 < a-f < 1, g satisfies (3.9), a single integral equation of Fredholm type of
second kind.
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Note that this equation is identical to the one given in (3.5) for the case -1 < a-f < 0.

Hence we have a solution for the system (3.1), (3.2) given by

C ]
We) = s“fa Ry L 602) PE(0)dp + e"*"fc R pal & LRB(E (3.9)

where g satisfies the integral equation (3.5) or (3.9) for -1 < a-f < 1, a-f# 0.
Finally combining the solutions (2.15) and (3.9), we obtain a solution for the system (1.1),

(1.2).

The analysis throughout this paper is formal and we have not attempted to justify
the change of order of integrations. Nevertheless the analysis can be made rigorous by
imposing appropriate conditions on the functions involved and abiding by the various
restrictions on the parameters, stated at the conclusion of each case considered above.

Next we shall derive some special important cases of the solution of one general
system (1.1), (1.2).

4. SPECIAL CASES
(a) If we take k = 0, the solution corresponds to the one given in [1]. We must point
out that the results given in [1} for the case 0 < a < 7 are only valid for v>0 as

mentioned there.
(b) Let v=k=1 a=g and f=0. Then the system, from (2.1), (2.2),
wgfl[s"w(s);pl =0, afp<gc
Wo Wil = 4(p), c<p<a
has a solution given by, from (2.11),
wo =3/ "[eos(€)Y (¢a) —sin(et)J ()]t g(t)at

where g satisfies the equation,

® [ _ { o
COREEOL S g2 Yty - (2 = - fiu)du

¢c) Lt v=kK=1a= é- and § = 0. Then the system, from (3.1), (3.2)

WolEWEiel = 1)), agp<c
Wafllw(f);p] =0, c<p<o
has a solution given by, from (3.6),
) = €f 29,60 p10)00 + (3 4f0 "loos(e0)Y () ~sin(€0)3 (€]t Hg(o)as

where g satisfies the equation,
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® © q _ t
80) = ot [ e [ el Yoty
C 0

(28]} ° cosléaYl6a) —sin(eoil€a) ¢ 4¢ [ £ (1) 2 (& ta)dt
[‘X] .I; 12(¢a) + Y(éa) 4 fj;t (t) 0’1( ¢ t,a)dt

(d) Let v=k=0,,a=0 and =~ % . Then, from (2.1), (2.2), the system of

equations
-1
Wo ol #(&ip] = 0, a<psc

Wafolélﬁ(f);p] =), c<p<o

has a solution, from (2.11),
WO =3 [ "cos(£6) Yo €a) ~sin(€t)J(£a)]t-Hg(t)dt

where g satisfies the equation, from (2.14),

e . b ~y(p+t
g(o) = ot j; t4g(t)dt f; Kg{%} eYottlgy

_ [;e]* f,,m m;ﬂ f(w)du

(e) Finally, a purely formal case, when v = k = % and a-f = %, then

WL Il = 1), ac<hge

Wol e 501 = 40, c<p<a

has a solution given by

O = €% (6 ale + sl

+ §2°j;c Ro (& t,2) 1 (t)dt

where
_reter
gi(t) = [’;] f; for=s) fy(u)du
Bilt) = —mat [, (6026520 [ utw)ng (& uad
0 H a )
with

@*’*( &ta) = - ;%(at)'*cos&(t—a)

H
T4 &12) = ~[555] Toos(€a)3o(¢t) + sinca)¥ (2]
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