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1. INTRODUCTION.

Let S be the class of normalized functions regular and univalent in the unit disc
D = 2z :{IZI < 1} and S* the subclass of starlike functions. Denote by P(B), the
class of functions which are regular in D and such that for h € P(B), h(0) =1
and Re h(z) > B for z € D. We write P = P(0).

Bazilevi\c, [1] showed that the class of normalized regular functions f with
representation

1
f(z) = (afg p(t) g()® ¢! ae)® (1.1)

*
when a> 0, g €S and p € P for z €D forms a subclass of S. We denote this class of
functions by B(a). See also [2].
Let a> 0. Then it follows easily from (l.1) that f « B(a) if, and only if,

*
there exists g €S such that for z € D

z £'(z)

Re l1-a a
f(z)" “g(z)

> 0. (1.2)

In (3], Singh considered the subclass Bl(a) of B(a) obtained by taking g(z) = z in
(1.2). Thus f eBl(a) if , and only if, for a > 0 and z €D
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zl-af'(z)

Re
f(z)l-a

> 0.
We extend this class of functions as follows:

DEFINITION. Let f be regular in D with

£(z) =z + n;fz a " . (1.3)

Then 1f a > 0O and 0 < 8K 1, f e Bl(a,ﬁ) if, and only if, for z € D

l-a_,
Re 2—LL2) 5 g (1.4)
£(z) -

We note that BI(l,O) = R, the class of functions whose derivative has real part [4].
Bl(l,B) was considered in [5]. Zamorski [6] and Thomas [7] solved the coefficient
problem for f e B(%), in the case when N 1is a positive integer. In [7], sharp
distortion theorems were obtained for f ¢ Bl(a) for a > 0. The object of this paper
is to extend these results to the class Bl(u,B). The class Bl(a,B) has also recently
been considered in [8].

2. RESULTS.

Distortion Theorems

THEOREM 1. Let f e Bl(a,ﬂ). Then for z = reie eD, 0<r«<i1,
1 1
(1) (0 < [£2)] <o (v,
(i1) 10 < a <1,

1-a l1-a
-1 & [ (-p)(-8 , -1 Ta [ (1+r)(1-8
and 1f a > 1
1-a 1-a
o (0 ¢ (A g ¢ ey e, (0 ¢ (HHEUSE) g

where

0y 0 = ofy 57 ISR 0

and
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a-1 ( (1-p)(1-8)

T+o) + B)do .

Q2 (r) = afg [4

Equality holds in all cases for the function f defined by

¢ ’

1

i
f (z) = [u,fz twl (.Ll_ﬂe__u)_..,. BJ dt)a (2.1)
¢ 0 (l-tei¢)

where ¢ = 0 or 7 .

PROOF .
(1) Since f ¢ Bl(a,B), and it follows from (l.4) that
l1-a_,
(1-Bp(z) = E—EL2)
f(z)

for z€ D and p € P.
Thus

£2)% = off ™1 (p(£)(1-8) + Brat (2.2)

;t: for z € D, (see eg. [9]),

and since |p(z)| <

lf(z)|a< Gf; ou-l ( (1+5;3‘()l—8) + BJdD

= Ql(r).

To obtain the left-hand inequality in (i), write
l-a_,
n(z) = 2—£L2) 2.3)
f(z)

Then (1.4) shows that h € p(8). Thus from, [5] (Theorem 1 with c=1-28 and n=1), we
obtain

———(1'83_;8) +8 < |n=)| < -——————-—(“'32;8) + 8. (2.4)
Hence from (2.3) and (2.4) we have
M g1 > w™! (—(L‘%i—‘r-;—”—+ 8). 2.5)

Now let z, ,|zl| = r be chosen so thatlf(zl)a' <|f(z)ﬂ for all z with |z| = r.
Writing w = f(zl)a, it follows that since f is univalent, the line segment A from O
to w lies entirely in the image of D. Let £ be the pre-image of A, then by (2.5)
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e | > Jecep|® = 0, Jas] = | g‘z"l ||z,

r o1 ( (1-p)(1-8)
>y et gy B de

which is the left-hand inequality in (i).

[¢]
(i1) From (2.3) we have for z = re1

Jer (] = =1 e | Y nca) | (2.6)

if 0 < a <1, the 1inequalities follow at once from (2.6), (2.4) and (i).
If a > 1, (1) gives
d=a 1-a

<P < Q, () e, 2.7)

Ql(r)

Applying (2.4) and (2.7) to (2.6) gives the required result. Equality is attained in
and (i) for fo and in (ii) for fo when 0 < a <1 and for f when 2 > L.

The following shows that as a + 0 the bounds in Theorem 1 are asymptotic to the
distortion theorems for starlike functions of order B > 0 (see eg. [9]).

THEOREM 2. For 0 € r < 1, let Q,(r) and Q, (r) be defined as in Theorem 1. Then
1 2

as a + 0

—

(1) qQ (r)-&“' _—,
1 1 (1-0y X9

oL
(11) Qz(r) (1+r)2(l-3) »

(i11) Ql(r) ~ Qz(r) ~ 1.

PROOF .
We prove (i), since (ii) and (iii) are similar.
As a + 0, 1
a _ r a1l ( (1+p)(1-B)
Q, (r) a[o P (—"—1—p + 1B]do
-a r _p° o
= ¢ 1+ 2a(1-8)r fo = dp)
1
~ r(l-Zc(l—B)r-a log(l-r))a
- re-2(1-B)log(l-r) - ;(1-5) .
(1-1)
COROLLARY.

Suppose that f(z) # w for z €D, then
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1
lwl > 02(1)a~ 43_1 as a >0,

PROOF .
Let @ > 0, and w be a point on the boundary of f(D) closest to the origin.
Let Ll denote the straight 1line from O to wand L 1its pre-image in D.
Then |w' > IF(z)l for z € L MDN. Since the circle Iz' = r intersects L, at least
1

once, Theorem 1 (i) gives '»l > Qz(r)a .
Thus Theorem 2 (ii) gives

1
fuf > g%~ 4% as a »o.
3. A COEFFICIENT THEOREM
- n ® n
Notation: n;:O azo« L an means 'Qn' < IBn' for n > 0.

THEOREM 3. Let f € Bl(lN,S) and be given by (1.3) where N is a positive integer.

Suppose also that for ze D,

° n
fo(z) z + n=)=: .2 where fo(z) is given by (2.1).

0
Then (1) £(2) « fo(z),
and (i1) Y~ (—2-(-;—-1)—]“ (% )} (10g n)N-l as n * >,
PROOF .

(1) Thomas [7], proved that if '“n' < 'Bnl , then form =1, 2, 3, ...,

(% n,m T ny m
\nzlanz J (n=l an )7

Write p(z) =1 + k:l pkzk . Then (2.2) gives
L
N 1 z a1 ® k
£z)" =g Joe LIl + 5 pet ) (148) + 8ldt
1
L P, sz 1
1 N ® k N
=5 INU-8)z" + (1-8) | & ¢ T ) + 8Nz ]
k + N
1 k
= Pz
N (1-8) = k
z (1 + N k-i?l T ) .
(k+N)
Thus
k

t2) = 2(1s LB B KN
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and since p € P, we have |Pk' <2 [6]. Hence

k
o P z - o k
£(z) = z(“_ (153) kgl k - JN Wz 1+ (1N3) kl:l 221 )N - fo(z)'
(k*'ﬁ) (k*ﬁ)
(ii) Putting a -% in (2.1), we have
- 2 o0 2(1-8) = 2" N
folz) =z + L vz =z(1+-=5 nEl — )
(a + )
® N 2(1 B) v
g () = L —=—)"
o (v )7 Gh w5
Let
(% zn v b5 0
‘n=1 WJ n=v Dn (v)zn (v=10,1,2,3, ...
N
(v)

Thomas [7] proved that D ~ % (log n) Y1 s n » = and so this gives

@ N 2(1-8) v o (V)
o b (V) R,

~ (-———-——2(1 B _N (N )(logn)N-l as n > w,
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