Internat. J. Math. & Math. Sci. 399
VOL. 14 NO. 2 (1991) 399-402

ON NONLINEAR VARIATIONAL INEQUALITIES

MUHAMMED ASLAM NOOR

Department of Mathematics
College of Science
King Saud University, Riyadh 11451, Saudi Arabia

(Received June 6, 1990 and in revised form October 20, 1990)

ABSTRACT. The fixed point technique is used to prove the existence of a solution for a class of
nonlinear variational inequalities related with odd order constrained boundary value problems and

to suggest an iterative algorithm to compute the approximate solution.
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1. INTRODUCTION.

In recent years, variational inequality theory has been extended and generalized in various
directions to study a wide class of problems arising in different branches of mathematical, physical
and engineering sciences. We have noted that the theory so far developed is applicable only for
studying moving and free boundary values problems of even order. Inspired and motivated by the
applications of variational inequality theory, in differential equations and related areas, Noor [1,2]
has studied certain classes of variational inequalities related with odd order boundary problems. In
this paper, we prove the existence of a solution for a class of nonlinear variational inequalities
related with mildly nonlinear constrained elliptic problems using the fixed point technique of
Glowinski, Lions and Tremolieres [3], and Noor [4]. This approach enables us to suggest and
analyze a general algorithm for these variational inequalities. Several special cases are also

discussed.

2.  FORMULATIONS.

Let H be a real Hilbert space on which the inner product and norm are denoted by <.,.> and
|| . | respectively. Let K be a closed nonempty convex set in H.

Given continuous operators T, A,g: H — H, we consider the problem of finding ueH# such that

g(u)eK and
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< Tu,g(v)—g(u) > > < A(u),9(v) — g(u) > . for all g(v)eK (2.1)
The inequalities of the type (2.1) arc known as nonlinear variational inequalities. For physical
formulation and iterative methods, see Noor [2].
SPECIAL CASES.
(i) If A(u) =0, then problem (2.1) reduces to finding ueK such that g(u)ek and

< Tu,g(v)—g(u) > >0 for all g(v)eK (2.2)
which has been introduced and studied by Noor [1].
(ii) If K* is the polar cone of the convex cone in H, then problem (2.1) is equivalent to finding ueH
such that

g(u)eK, (Tu-—A(u))ek™ and < Tu— A(u),g(u)> =0 (2.3)

This is known as the generalized nonlinear complementarity problem and appears to be new one.
(i) If g = I, the identity operator, then problem (2.1) is equivalent to finding ue K such that

<Tu,v—u> > < A(u),v—u>, for all vek (2.4)

which is known as the strongly nonlinear variational inequality problem, see Noor [5).
(iv) If K = H, then problem (2.1) reduces to finding ue H such that

< Tu— A(u),g(v) > =0, for all g(v)eH, (2.5)

which is known as the weak formulation of the odd order boundary value problems, see Ciarlet,
Schultz and Varga [6].

It is clear that the problem (2.1) is more general and unifying one and includes as special cases
previously known many problems.

We also need the following concepts:

DEFINITION 2.1. An operator T:H — H is said to be:
(a) Strongly monotone, if there exists a constant « >0 such that

<Tu-Tvu—v> >allu—v|/?,  for all u,veH (26)
(b) Lipschitz continuous, if there exists a constant 8 > 0 such that
| Tu=Tv] <B|lu—v]|, for all u,veH. 2.7)
It is obvious that a < 3.

3. MAIN RESULT.
We now state and prove the main result of this paper.
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THEOREM 3.1. Let the operators, T,g:H — H be both strongly monotone and Lipschitz
continuous. If the operator A is Lipschitz continuous, then there exists a solution ueH such that
(2.1) holds.

PROOF. We use the fixed point technique of Glowinski, Lions and Tremolieres [3], and Noor
[4] to prove the existence of a solution of (2.1). For given ucH, we consider the auxiliary problem of
finding weH, see [3], satisfying the variational inequality

<wv—w> > <u,v—w> —p < Tu,g(v)— g(w) > +p < A(u),g9(v) — g(w) >, 3.1)

for all g(v)eK, veH and some positive constant p.

Let w,,w, be two solutions of (3.1) related to u,,u,eH respectively. It is enough to show that
the mapping u — w has a fixed point belonging to H satisfying (2.1). In other words, we have to
show that for p well chosen

lwy —wy |l <O]luy—u,lf,

with 0 <0< 1, where 6 is independent of u, and u,. Taking v=w, (respectively v=w,;) in (3.1)

related to u, (respectively u,), we have
<wjwy—wy > > <ujwy—wy > —p < Ty, g(wy) — g(wy) > + p < A(yy), 9(wy) — 9(w;) >
and
<pwp =Wy > 2 <upwy—wy > —p < Tug,g(wy) — g(wy) > + p < Auy), g(w,y) — 9(wy) >
Adding these inequalities, we have
<w) =Wy, w; —wy > < < Uy — Uy, wy —wy > —p < Tuy — Tuy, g(w,) — g(w,) >
+p < A(wy) — A(yy), 9(w;) — g(wp) >,
= <ty —ty—p(Tu; — Tuy), w; —wy > + p < Tuy — Tuy, wy — wy — (g(w;) — g(wy)) >
+p < A(uy) ~ Auy), 9(w,) — g(wy) >,
from which it follows that
1wy, —w, | ’< 1wy —uy— p(Tuy = Tuy) || | wy —wp || + ol wy —wy — (9(wy) = g(w)) || || Tuy — Ty ||
+ 21l A(uy) — Afug) || 1] 9(wy) — g(w,) || (3.2)

Since T, g are both strongly monotone and Lipschitz continuous, so by using the technique of Noor
[7], we have

[[4y = vy = p(Tuy — Tuy) || 2 <(1-2ap+ 32P2) flug—up |l 2 (3.3)
and
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1wy — wy — (9(wy) — g(w,)) |2 < (1= 20 + ) || (wy — wy) || 2 (34)

From (3.2), (3.3) and (3.4), we obtain by using the Lipschitz continuity of T, g and A,

lw, —wy || <{V 1-2ap+ 8%+ pB(V1-20 +6%) + p76} || u; —wy ||
={tp) +p(k+76)} |4y —uy |l =0]ju—uy]l,

where k = 8(y/1-20 +62), t(p) = V(1 —2ap+ B%p* and 0 = t(p) + p(k + 76).
We have to show that § < 1. Now #(p) assumes its minimum value for 5 =-% withp = |1 —3; .
B B

For p=7, p,(k++8) + t(p) < 1 implies that p < -—1—. Thus it follows that 6 < 1 for all p with
i

5 = (k+178) 1

o Rra—=y P<E378 and 6 < a—k. Since § < 1, so the mapping u — w defined by (3.1) has a

p<

fixed point, which is the solution of (2.1), the required results.
REMARK 3.1. We note that the solution of the variational inequality problem (3.1) is
equivalent to find the minimum of the auxiliary convex quadratic functional F(w) on K in H, where

Fw)=1/2<w,w> +p<Tu- A(u),g(w) > - <u,w>. (3.5)

Here p >0 is a constant. This formulation enables us to suggest an iterative algorithm for finding
the approximate solution of the variational inequality problem (2.1).
GENERAL ALGORITHM 3.1. Given the initial value wg, solve the problem (3.5) with u=w,.
K |lw, ,—w,|l <, for given ¢ >0, stop. Otherwise repeat the process with n = n+2 and so on.
We point out that general algorithm 3.1 is an innovative and novel way of computing the
solution of (2.1) as long as (3.5) is easier to solve than (2.1). Since the problem (3.5) is essentially a

minimization problem, so a large number of techniques are available to solve it.
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