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ABSTRACT. Examples of tempered distributions are shown such that the convolurlon and
product exist in D and are tempered distributions, but they do not exist in S On
the other hand, there exist tempered distributions whose convolution or

product exist in? , but are not tempered distributions.
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1. INTRODUCTION.

Varlous definitions of the convolution and the product have been considered in
the space D of distributions and in the space S of tempered distributions, the duals

to the spaces U and S, respectively (see Schwartz [1l], pp. 21, 24, 233, 237).

In the case of the convolution f*g in D' (and S' resp.), most of the known
definitions, e.g. those given by Schwartz [1] (p. 153), Chevalley [2], Shiraishi (3],
Vladimirov [4] (p. 62), Dierolf and Voigt [5], are equivalent. For our purposes, we
will consider the coavolution in D’ and in S{ defined by means of so-called unit-
sequences, which are equivalent to the mentioned definitions for the respective
classes of unit-sequences as shown in Kamifiski [6]. By changing classes of unlt—
sequences one can obtain, however more general definitions of the convolution in D

and in 3
! ’
The definitions of the product f.g in D (in S resp.) considered in the

literature are not equivalent. For instance, the definition for D' given by Hirata
and Ogata [7] and by Mikusifiski [8] by means of so-called delta-sequences depends
essentially on the class of delta-sequences taken into consideration. Notice that

given two tempered distributions it makes sense to consider the two operations of the
convolution and producr' in D and in S Therefore the following questions appear:
(I) Let f, g e S . Suppose that f*g (f.g, resp.) exists in D . Does f*g (f.g,
!
resp.) belong to S'?
’ /
(I1) Let f, g € S . Suppose that f*g, (f.g, resp.) exists in D and belongs to
/
S . Does f*g (f.g, resp.) exist in S ?
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The first question in the case of the convolution was posed by Shiraishi [3] and
answered negatively by Kamifiski [9] (see also Kamifiski [10]) and by Dierolf and Voigt

[5] (see also Ortner and Wagner [l11]). For the case of the product see Section 3.

The answer to the second question is also negative. A respective counter-example
for the convolution in R? waslgiven by Wagner [12]. He also showed that the existence
of the convolution f*g in D of homogeneous tempered distributions f, g implies the
existence of f*g in Dl. Since Wagner's counter-example cannot be transferred into the
one-dimensional case, we give a suitable example in Section 4. This counter-example
can be automatically extended to R4, Let us underline that in our example f = g and f

is a real-valued distribution.

In the case of the product, a respective counter-example could be obtained from
the example constructed for the convolution by means of the Fourier transform. This
requires, however, careful considerations on relations between various definitions of
the product of tempered distributions. Let us notice that the tempered distribution
obtained in this way 1s complex-valued. Therefore we give in Section 5 a

straightforward example with real-valued tempered distributions.

2. DEFINITIONS.

By E we denote the class of all unit-sequences, i.e. sequences \nn) of functions
of the class D satisfying the conditions:
(i) Dk(nn—l) + 0 almost uniformly on rd for every multi-index
d
k = (Kl,...,Kd) € No, where No = NU{0}.

(i1) For every k € N: there is a constant Mk > 0 such that
k
|o nn(x)| <M

for all x = (gl,...,gd) € Rd and n € N.

By E, we denote the class of all model unit-sequences, i.e. sequences (nn) of the
form

d
nn(x) = n(anx), x € R%, n € N,

where n is a function from? such that n(0) = 0 and (an) is a sequence of real numbers

converging to 0. Evidently, we have EmCZE.

Let f, g eD' (f, g eS"', resp.). We say that the convolution f*g exists inD '
(in S', resp.) if the limit

.
::': (n £) * (n g) (2.1)
exists in D' (in S', resp.) for all (nn), (Hn) ¢ E. If
*
rl:: (n £) * (n g) (2.2)

exists for all (nn) € E, we say that the symmetric convolution f*g exists in D'

(in S'). In both cases the limits do not depend on unit-sequences of the class E. 1In
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the above definitions the class E can be replaced by E , but then we additionally
assume that the limits (2.1) and (2.2) do not depend on model unit-sequences and f*g

is called the model (symmetric) convolution in D' (in S').

As shown in [6], the convolution in D' (in S') as above Is equivalent to the
convolution in D' (in S ') in the sense of the other known definitions mentioned in

Section 1.

U 1
1f the convolution f*g exists in D (in S ), then the symmetric convolution f*g
) 1
exists in 0 (in S ), but not conversely. 1If the (symmetric) convolution f*g exists
’ ' | [
in D (inS ), then the model (symmet.ric) convolution f*g exists inD (in S ), but

not conversely.

By Ao we denote the class of all delta-sequences (6n), i.e. sequences of smooth
functions satisfying the conditions:

(i1ii) there exists a sequence of positive numbers a, a7 0 such that
2, 1/2

5
T e £ : 5
(] + +£)) > o and noe N;

én(x) = 0 for ‘x'

[}

(iv) f dn(t) dt 1 for n € N;

(v) there exists an M > 0 such that
” 6n(t)| <M for n e N.

By Am we denote the class of all model delta-sequences of the form

-d

= d
8, (x) = a

c(a:x), x e R, neN,

where o ¢ U, f g =1 and (an) is a sequence of real numbers converging to 0.

Evidently, & C & .
m_ 0 ,

‘ /
, Let f, g € D, g eSS, resp.). We say that the product f.g exists in? (in
S, resp.) if the limit
* . * g 2.3
lim (f Gn) g 6n) ( )

n-+ ®

exists in 0 (in S, resp.) for all \6n), \gn) € Ao. 1f

lim (f *8) . (g *6) (2.4)
n n
n->
exists for all ((Sn) € Ao’ we say that the symmetric product exists in D (in S ).
If Ao is replaced by An, f.g is called the model (symmetric) product in D (in S ).
One can show that the limits (2.3) and (2.4) do not depend on delta-sequences

from AO. We assume this for the class Am.

For these and other definitions of the product fin DI and in N and thelr
equivalence see Mikusifiski [8 .4 (13], Hirata and Ogata [7], Shiraishi and Itano
[14], Antosik, Mikusifiski and Sikorski [15] (p. 242), Kamifski [6], O(berguggenberger
[16], and Wawak [17, 18]. Note that if the product f.g exists in D (in s ), then

the symmetric product f.g exists 1in D (in S ), but not conversely. If the
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(symmetric) produLt f.g exists in D (in 95, then rthe model (symmetric) product f.g

exists in v (lns ), but not conversely.

3. QUESTION (I) FOR PRODUCT.

It is very easy to give the negative answer Lo the question (I) for the product
in Rl in case complex-valued distributions (functions) are admitted. Namely, given an
arbitrary real-valued continuous function F on R! (in particular, F can be chosen so
that F ¢S') put

G(x) = exp [i jﬁ F(t)de}],
fl(x) = G'(x) = iG(x)F(x)

and
£,(0) = -1671(x)

for x € Rl. Then £, f, are continuous complex-valued functions on R! such that

fl.f2 = F in the usual sense, so the more in D , and fl es , because ‘G(x)l = 1.

We are going to show that there exists also a real-valued smooth function ¢ which
belongs to 3 such that the square ¢ (which also exists in the sense of the product
in D') does not belong to S. First denote 1j = [j—3 , j¥3 j], j = [j-2.3 j,

j+2.3_J] for j € N. Let ¢ be a smooth function such that

$(x) = Zj, X € Ij’ (3.1a)
0 < o(x) < 23, x e J, (3.1b)
and -
¢(x) =0, x¢e 7 (3.1c)
£ g1

for j € N. By (3.1) we have

L
IZ 6t ar < I 2J|J [ =4 3 (@233 <o,
j=1 j=1
1’
so ¢ €S . Since ¢ * 6 + ¢ almost uniformly for any (6 ) e A , the product ¢.¢
exists in D and coincides with the usual product ¢~ of funccions. Taking

w(x) = exp(-x/4), we have

©
f: 2 (x)u(x) dx > 24 ) (ba/3)] = =,
j=1
where a = exp(-1/4). Consequently, ¢}2 eS .
Another example, given explicitly by ¢(x) = e®cos eX but based on similar

calculations, was communicated to us by P. Wagner.

4. QUESTION (II) FOR CONVOLUTION.

Now, we shall construct an example of a distribution f € S' such that the

convolution square f*f exist in D' and is of the class S', but does not exist in S'.
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Let f = fl + f2 with
® . [log,il
g0 = § ¢l 7
j=2

s(x - 29)

and
@

£,(0 = j£2 sx + 2 - [1og,31),

where the symbol [x] means the integer part of x. It is clear that f f feS'.

) B
Note that

A = supp fI = {Zk: k € N\{1}},
B = supp f2 = {-2k + [logzk]: k € N\ {1}}.

Each of the sets supp f; and supp f, is bounded from one side, so it fis
polynomially compatible in the sense of Kamifiski [10]. Therefore the convolutions
fl * fl and f2 * f2 exists in S (cf. [9] and [10]). 1t suffices to show that the
convolution fl * f2 = f2 * fl exists in D’ and does not exist in 3'. To prove that

El * f2 exists in D it is enough to verify that for every bounded interval I in Rl
the set

{(x,y): x e A, ye B, x+y €1}
1s bounded in R%. But if

|23-2 + tlog k1| < m

for some m € N, then we have

max(j,k) < 2 + logzm for j # k

and

1

5, k < 2 for j =k,

which proves the required property. In addition, we have

P j ,[log,jl
£ % f, = -7 2 2 h| k _
1 2 322 kZZ s§(x-23 + 2 [log ,kI).

/
In order to prove that fl * f2 €S, fix m € Z and consider the pairs (j,k) for which
2j - 2k+ [1log 5] = m. (4.1)

If j =k then

] m+1

3 =ke {2 2"+ 1, ..., 27 - 1L

If j # k then there exists at most one pair (j,k) such that (4.1) holds and
'ml > Zj_l > je Setting J = {j € N: 2™ < j < 2m+1—1}, we obtain
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7 (-1)3 2"s(x-m) = 0. (4.2)
jed
Hence
(f * fz) (x) = § amd(x—m),

o

L meZ

where a = (—l)j 2[1°gzj] if there exists a pair (j,k) such that (4.1) holds and a =0

otherwise. In both cases 'am' < j <m, which implies that £ * £, € S Now,

let n be a real-valued function of the class D such that n(x) = 1 for |x‘ <1 and
m
n(x) = 0 for Ix' > 3/2. Setting nn(x) = n(x/n) we have, for n = 22 ,

2m

- -y
n, GOF | (x) sz (G DA ST:7% | FYSIPS N

and o

N OOE,(0 = [ 8(e#2 - [log kD).
k=2
From the last formulae it follows that the distribution (nnfl) * (nnfz) can be
expressed as a sum of two distributions g = I.¢,. and h = £ ¢, , where
3 ,llog,3] g, o 2k
ij = (-1)’ 2 277°8(x - 20 + 2 - [logzk])

and Zl denotes the summation over all j with 2 < j < 2™ and 22 denotes the summation
over all j and k with 2 < j, k < 2m, i # ke Setting h = z3ojk, where 23 denotes the

summation over all j,k » 2 with j # k, it is easy to check that

lim < h ,¢ > = <h,¢>

m @ m
for all ¢ € S. On the other hand, taking ¢ €S such that P(x) = (2/3)x for x > 0, we
have, in view of (4.2),

g, 9> = <2"8(x-k), $(x)>
= k) = (4/DN" > =

as m > =, Therefore the convolgtions fl* f2 = f2 * f1 do not exist inS’ and this
means that f*f does not exist in S .

REMARK 4.l1. Note that in the construction above f*f does not exist in 3/ even in
the sense of the symmetric model convolution. Another example of a distribution
f e 3' such that the convolution f*f exists in D" and does not exist in SI can be

obtained by taking f = 8, + g, with

8,00 = T (-DXs(x - 2, 5,0 = § sx#2* - [LogkD).
k=2 k=2

'
In this example f*f exists in S in the sense of the limit (2.3) for all unit-

sequences (nn), (Rn) with a commonly bounded variation. In paricular, the model
1

convolution f * f exists in S , In contrast to the example presented before.
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REMARK 4.2. Put F = f * o, where f {s the distribution constructed in the example
above and w is a function of the class U . Then F is a slowly increasing (i.e;
bounded by a polynomial) smooth function such that the convolution F*F exists in D
and represents a slowly increasing smooth function while the (model symmetric)
convolution F*F does not exist 1n3’ . The example can also be modified in such a way
that f is a distribution (even a smooth function) from an arbitrary Gelfand-Shilov
space K'(Mp) with the property: the convolution f*f exists in D‘ and is a distribution
(smooth function) of the class K'(Mp), but f*f does not exist in K'(Mp).

5. QUESTION (II) FOR PRODUCT.

Now we are going to give a simplF example of two tfmpered distributions f,g on r!
such that the product f.g exists in D and belongs to S , but f.g does not exist in
’

S'. Let

f(x) = § 68(x-k), g(x) = J G(x—k—Z-k

k=1 k=1
I '
Obviously, f,g € S . Since the product §(x - a) 6(x'- b) exists in P and equals 0

for a#b, it follows that the product f.g existg in D and f.g = 0. To prove that the

).

symmetric model product f.g does not exist in D define

Gn(x) = nw(nx), (5.1)
where w is a non-negative function of the class D such that

w(x) =1 for x € [-1/4, 1/4] (5.2)

and
[ w(x) dx = 1. (5.3)

Moreover, consider a positive function ¢ of the class S such that ¢(x) = (2/3)* for x

> 0. Then we have

<(F * sn) . (g * Gn), » > mzl f Gn(x—m)én(x -m-2"" $(x) dx

>[ 6 x-1) 6 x-3-27) 60 dax> 23742y 3y3%1,

where j = n + }. Since 2j-4(2/3)j+l¢ ® ag j » =, the symmetric model product f.g does

not exist in S-.

Finally, let us pose the following open question:
PROBLEM. Does thege exist a real-valued tempered distribution f such that the
product f.g ex%sts in 0 and belongs to S , but the (symmetric model) product f.f does

not exist in S'?
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