
Internat. J. Hath. & Hath. Sct.
VOL. 14 NO. 3 (1991) 509-516

509

EXISTENCE OF SOLUTIONS OF BOUNDARY VALUE PROBLEMS
FOR FUNCTIONAL DIFFERENTIAL EQUATIONS

S.K. NTOUYAS and R CH. TSAMATOS

UnivePsity of loannina

Department of Mathematics

Ioannina, Greece

(Received September 27, 1989 and in revised form Otober 10, 1990)

f.IS’[’kACT. In rl, is pape,., usin8 a simple and classical applcation of the Leray-SchaudeP

degree lJeory, we study the existence of solutions of the following boundary value

problem fop functional differential equations

x"(t)+f(t,xt,x’(t)) =0, t e [0,T]

Xo+,x’(O) h

x(T)+Sx’(T) q

w|,ele f C( [b,T.] XepX]R
n IRn ), h Cp, , IRn and ,, ape Peal constants.
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i. NTRODUCi’ION

Let n be the eal euclidean space with inner product <" ,’> and norm I" I. Let also,

C be the space of all continuous functions x [.-r,O] IRn r > O, endowed with the

sup-norm

ro o..uou uncon : [-,]- ]n. > 0 an ev-, [0,t], we noe ,
element of C defined by

xt() x(t+), )e [-P,o].
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The man purpose of tliis paper is to discuss when the functional differential

equat ion

x"(t)/f(t,xt,x’(t)) =0, t e [0,T], (i.I)

admits a solution x on [0,T’] such that the boundary value conditions

Xo+X’ (0) =h (l.2a)

x(T)+Bx’(T) =, (l.2b)

to be satisfied. HePe f [0,T’JxC xIRn -]R
n

is a continuous function, h e c , e]R
n

and

,6 are Peal constants such that

(<o___< B (1.2c)

By x’(0) and x’(T) we mean x’(0 +) and x(T-), respectively. In the next, the boundary

value poblem (B.V.P.) which constitutes fom the equation (I.i) and the boundaPy

conditions (l.2a),(l.2b),(l.2c), will be mentioned bPiefly as B.V.P. (1.1)-(1.2).

Analogous boundal.y value pPoblems fop oPdinary differential equations has been

studied by many authors, who used the Leray-Schauder continuation theorem (see Lasota

and Yorke [I], Szmanda [2"], TPaple [3] and others). Usually, in these pPoblems the

authoPs dePive a pPioPi estimates of solutions by using inequalities of WiPtinEeP and

Opial type.

Our woPk is motivated by the Pecent papers of FabPy and Habets [], FabP), [53 and

Nrouyas [16]. In [6] the author generalizes the results of Fabry and llabets [] to the

functional equation (i. i) with boundary conditions

xO=h, h(O) =0,

x(T) :0.

Here, following FabPy [.5] we extend the ,sults of Ntouyas [6].
2. MAIN RESULTS

Befor stating our main Pesults we Pefe some lemmas which simplify the poof of

he theorem bellow.

LEMMA 2. i. [, pp 187] Le X be. a Banach space, A X-X be a completely eon.t.inuous
mappJnK such that I-A is one to one, and let be a bounded set such that 0 e

Then the completely continuous mapping S :-X has a fixed point in if fop any le(O,1),

the equation

x ISx+(I-A)Ax

has no solution on the boundaPy of .
LEMMA 2.2. [5, pp 133]. Let X [0,T] IRn be a twine diffeentiable function and

let R>0 be such that

I1,11 < R. (2.2)

Assume that positive constants c,d exist, with c < I, such that

-<x(t) ,x"(t)> <_clx’(t)12+d, t e [_O,T]. (2,31

Moreove#, assume that positive constants c’,d’ exis with o’ <(I-c)2/8R such that

I<x,(t)..,,(t)>l=<(c,l,(t)12+d’)l’(t)l. e [0,]. (.2.

Then there exists, a number K nondepending on x, such that

II’(t) I1__< K.

LEMMA 3.2. If a<O<8 the B.V.P
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:-:"(t) :kx(t), k >o

(O)ux’(O) =0, x(T),x’(T) =0

has he unique solution, x O.

PROOF. The general solution, o]" the above equation has the form

x(t) Cle , c2e
On account of the above l)oundary coldit.io’.; we obtain

(i+aAT) (-AT) 2AT T_
e

2/T
Since e > 1, k >0, he last expDession is ,,ue . every k >0, povided he lef% hand

side is less han o equal o one. But this is clear since s0B
The next Theorem uaantees existence of solutions fo the B.V.P. (1.1)-(1.2) which

are bounded by an a pioi iven functEon . Hoeovep, he fis derivative of a such

solution is also bounded b), a constant p o dependin on thi& olulion,

H0. ,, : l,Y.1c xm" b a continuous fu,,cIion which maps bounded sets of

[0 T]xC xn into bounded ses of n Assume that b,’F] +(0,-) is a wice continuously

diffeeniable function such lhat

-(0)-lal ’(0) >lh(O)l, if aO

(p(O) > h(O), if 0
(2.5a)

and

p(T) > I"I, if B :’0.
(2.5)

Also, we suppose that

,(t) ,"(t) .-<u(O) .i ,.,v)> o (2.6)

for any (t,u,v)e [O,T]C IRn with (t):I,,(o)I ,d <(o).> :l,(o)l,’(t).
p

< and positiveMoreov"r, assume ha l-le,,e exJ.;t l)o:]tiv uml):’; k k,
2
with k

1

’withnu,es kl,k2
,<1 )2

such zhaE

<u(O) ,f(t ,u,v)> :_<=k] Ivl2+k2, (2.7)

I<v,f(,u,v)> .(kllvle+k) Ivl (2

for any (t u,v) e [o T]xC x]Rn with lu(o)l
Then the problem (i.I)-(1.2) has at least one solution x such hat

r [’.O,T] and Ix’()lp, t e
)-,,,() [O,T]> and x aPROOF. t k >0 be a constant, such that k >max ]. t e solution

of he equalion

x,’()+f(,x,x’()) (Z-)kx(), e(.O,)

with e [O,T] and I(t) =< (t ).

Multiplyihg both sides of (2.9) by x(t) and usin (2.7) we deduce that

-<x(t),x"(t)> l<xt(O),f(’t,xt,x’(t))-(l-)klx(t) 12
=< X(klx’ (t) 12/k2
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._<_ kl[X’(t) i2+k2
Similarly, condition (2.8) yields

I’ ()12+k)]x’(t)’+k lx’(t)Iml<x’(t) "(t)>l <(k
I

__<_(k (t) 12+?:)lx’(t)
wher(. k +k.,.

"[’hu:; the conditions of Le,,ma 2.2 ae fulfitled a(] he,ce theee exists a nue K

depending on x, such that ]x’(t)lK.
t us now conside the Banacl space B of all continuous functions x [0,] n,

which are continuously diffentiable on [O,T], endowed with he norm

IIll:ma i sup Ix(t)l, p Ix’(t)l.te [9,T] te [o,!1
Also, for any x e B we set

Sx(t) G(t,s)f(s,xs,x’(s))ds +g [(T-t)h(O)+Bh(O)-en+tn], t e [O,T]
0

where

(%) !" x(s+%), if %__>_-s
X
S L h(s+%)-ax’(O), if <-s.

Here, G is d,e Green function fop the B.V.P.

y" =0

y(O)+ey’(O) =0, y(T)+By’(T) =0

and i .iven hy the formula

(2.10a)

(2.los)

(t-T-B)(s-e), s <T
1

(t,s)

[(t-a)(s-T-8), t __<. s,

where =T+B-eO because of (1.2c).

Obviously, the operator S is a compact operator defined on B and taking values in B.

Since |,e B.V.P. (1.1)-(1.2) is equivalent to (2.10s) and (2.108), the purpose of

he following proof is to show that the mapping S has a fixed point.

To his end we define an operaror A B/B,and a subset of B as follows:

(Ax)(t) =-ITG(t,s)k- x(t)dt, k 0 (2.11)

0
ad

9=txB :vte[o,T], Ix(t)l <,(t), I’(t)l <K+I}, (2.12)

wllerc k a[id K are defined as above.

It is clear hat is open and bounded in B and A is a completely continuous operator

First we prove that the operator I-A is one to one. Let (I-A)x =(I-A)y. If

z(t) :x(t)-y() then (I-A)z =0 and z(O)+sz’(O)=0, z(T)+Bz’(T)=0. Hence, z is a solution

of the B.V.P.

z"(t) k z(t)

z(O)+az’(O) :0

z(T)+Bz’(T) O.
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By l.,mn 2.3 tl,e last pPoblem has the unique solution z O, and consequently I-A

is one to one.

llext, we show that fop any I e [0,i] and x ea it is the case that

x ASx+(I-A)Ax

Indeed, if tllePe exists Ip,l] and xea9 satisfyin5

x lSx+(l-l)Ax,

tlloll t-lie O(luatiorl

x"(t)+Af(t,xt,x’(t)) (1-A)kx(t),

Xo+X’(O) h

x(T)/Sx’(T) :q
(2.13)

xen. (2.13S)

Hence the,,e exist ,m 8[0,T] such that eitheP

Now, we slall pPove that, in view of (2.13s), (2.13), the Pelatons in (2.14) cannot

ho]d. Si,lce x is a solution of (2.9) fo some [0,1],the computation followin (2.9)

show ha Ix’(t)l__<K and hence Ix’(t)l <K+I, 0<t<T. Hence, the second case,, (?.lq) cannot hold. Thus it Pemains to e].minate the fiPst possibility of

(2..]a). We shall pPove that if x aO is a solution of (2.9), then thePe exists no

e I.O,T] such that Ix(t)12-?2(t) Peaches maximum value zel-o at t

Assume Yhe contPaPy. Then, if e (O,T), we have the followin elations

Ix() () (2.5)

<x(),x’()> =()’() (2.16e)

<x(0),x’()> ()’()

or

<x(0.),x’()> ()’()

j <x(0),x"( )>, Ix’ () 12-( )"()-,2() _<_ O.
Now assume that x is a solution of (2.9). Then by (2.6), (2.15), (2.168) we obtain

J -A<x(O) f(t,x x ())>+(l-A)klx()i2+Ix’(’)! 2 " 2(-() ()-’ )

> (l_A){ ix,(A) 12 ,2 ,,( 2
-? ()-()? )+klx()l

(2.16)

(2.17)

=> (1-)?() {k()-"() }.

"(t)
Since k> (t) t e(O,T), we et d >0, e [0,I], contadictinK (2.12}.

Next we

must hold-

and

show that # T. If T and (t) Ix(t) 12-2(t) then the followinE

g’(T) :2<x(T),x’(T)>-2(T)’(T)>O

E(T) :0.

Then Ix(T)l ,(T) and ’(T) =< I’(T)I. But, by the boundamy condition (1.2b), we

have
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lal I’<’r)I .._<.
llence

OP

whicll contradicts <2.SB). Therefore F, T as ’equired.

l’llally, we show ha 0. Assume
wnrd ro ee tha

g(O) =0 and g’(O)O,
Inp V

i(o)1 :(o) and-lx’(o)l ’(o)
om the boundary condition (1.2a) we obtain

-(o)lh(o)l+ll m’(o) o
O

(o) <b(o)l, i o,
contradicting (2.5).,

Consequently, no solutions of (2.9) can belong to fl fop xe [0,i), completing the
proof of the theo.pem.,

3. APPLICATIONS

As an application of the Theopem we consider the equation

x"(t)+(t,xt)x’(t)+p(t,xt)x(t)/q(t,xt) :0, t @ [O,T]
where and p are bounded peal valued functions defined on [’0,T]xCp and q is also

bounded IRil-valued function defined on [0,T]xC
we set

i-

(3.1)

sup I(t,u)l, : sup_ Ip(t,u)l, : .,p Iq(t,u)l.
(t,u)e [o,%]c (t u)e [O,T] C (t,u)e [O,T]C

Then we have the following

PROPOSITION. If there exists a constant M,

M =>max(,,}
such tlat the inequality

"(t)+[l’(t) l+(t)+l.] __<0, t e [.0,T.] (3.2)

has a strictly positive solution , subject to the conditions (2.5u), (2,58), then the

B.V.P. (3.1)-(1.2) has at least one solution satisfying

Ix(t)l <,(t), t 6 lb,t].
Moreover, there exists 0 not depending on x with

ix’(t)l_<0, t #.10,.].

PROOF. It is enough to check the conditions of the theopem fop the unction

f(t,u,v) :(t,u)v/p(t,u)u(O)+q(t,u),(t,u,v) [O,T]xC xIRn

any xIRn, th I(0)i (t) a.e <(0),> I(0)[’(t)Indeed for (t u,v) e [9,TJxCr
we obtain

<u(O) ,f(t,u,v> (t,u)<u(O),v>+p(t,u)[u(O) [2+<u(O),q(t,u)>
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._<_1 (t , llu o)1 ’ t )/ , Io1/i01 Iq( t ,u)

:l(t ,u)l(t)?’(t)/p(t ,u)?2(t)/(t) Iq(t

__< [t)l’(t)l +2(t)+(t)
__< M?(t)(I’(t)l+(t)+l).

supwhere c
I te[O,T.]

In view of (3.2), the above elation shows that (2.6) holds.

Also, for any (t,u,v)e I.O,TIxc xmn with lu(O) <(t) we set obviously

<u(O) ,f(t ,u,v)> __< (t Ivl +5,= t ,,(t)

+lvl,
(2(t)+(t)) and c

2 Sup ((t)).

Moreover,

=<’lvl/lvl ,
where c1’: el0,lP.(S,(t),)..ow, e Ivi > 1 then we have ,lvi+lvl =
Ivl < then (2.8) follows fPom the inequality

Zlvl-llVl 2
fop each I >0

Indeed, we have

i+lvl :+lvl=+lvl-lvl+lvl
’= 1 and ’:itence (2.8) is satisfied for k
1

k
2

EXAMPLE. The B.V.P.

x(t)x"(t) +,+ ilxtll
x’(t) :o, t e

X
0
=h

x(1)+Sx’(1) n
has at least one solution x such that

-tI*(t)l
provided that function h and constants B and q are such that,

lh(0) < 1 and 181+1>e(2+I,I).
We remark that in this case = 1 (and hence M I) and (3.2) becomes "(t)+l’(t)l<..0,

t e lb,i].
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