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Abstract. We show that a necessary and sufficient condition in order that K- confor-
mal Killing equation is completely integrable is that the Kaehlerian manifold K2™
(m > 2) is of constant holomorphic sectional curvature.
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§1. Introduction. Let M™ be an n-dimensional Riemannian manifold. Denote
respectively by gji, R,;/, Rji = R,;;” and R = ' Rj; the metric, the curvature
tensor, the Ricci tensor, and the scalar curvature of Reimannian manifold in terms
of local coordinates {z'}, where Latin indices run over the range {1,2,...,n}.

In M™, a p-form u is said to be Killing, if it satisfies the Killing-Yano’s equation:

VioUizis.oip + Vi %igis..i, = 0,

where V denotes the operator of the Riemannian covarient derivative.
The following theorem is well known:

Theorem A ([1], [5]). A necessary and sufficient condition in order that the
Killing-Yano’s equation is completely integrable is that the Riemannian manifold
M™ (n > 2) is space of constant curvature.

A Riemannian manifold M™ is called a Sasakian manifold if it admits a unit
special Killing 1-form 7 with constant 1 such that

Vidii = njgki — %gnj, dri = Van;.

In a Sasakian manifold M™, a 1-form u is called D-Killing if it satisfies the D-
Killing equation of type a:

Viui + Viu; = —20u, (4" n + 6,7 n;),

where a is constant.
Then it is known that

Theorem B ([8]). A necessary and sufficient condition in order that the D-
Killing equation of type a is completely integrable is that the Sasakian manifold M™
(n > 3) is a space of constant ¢-holomorphic sectional curvature with H = 1 — 4a.

We consider the analogy of Theorem A and B in a Kaehlerian manifold, namely,
the purpose of this paper is to prove the followings.

Theorem 3.1. If there ezists (locally) a K-conformal Killing 2-form u;; satisfying
uji(p) = Cji for any point p of a Kaehlerian manifold K*™ (m > 2) and any
constants Cj;(= ~C;;), then K™ is of constant holomorphic sectional curvature.

Theorem 4.1. A necessary and sufficient condition in order that K-conformal
Killing equation is completely integrable is that the Kaehlerian manifold K*™ (m >
2) is of constant holomorphic sectional curvature.

We shall recall a K-conformal Killing 2-form and an HP-Killing 1-form in §2.
In §3 we shall give the proof of Theorem 3.1. Moreover §4 will be devoted to the
integrability condition of the K-conformal Killing equation, that is, the proof of
Theorem 4.1 will be given.
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§2. Pleriminaries. We represent tensors by their components with respect to
the natural basis and use the summation convention. For a differential p-form

1 . .
u= —'u,-lm,-’dz" A---Adz'r
p!
with skew symmetric coefficients u; 1..ip1 the coeflicients of its exterior differential

du and the exterior codifferential §u are given by

p+1
(@Wiripes = D ()i, 5o o

a=1
(6‘“):',..,3', =-Vr Uriz...ips

where V? = ghi V; and i, means i, to be deleted.
A Kaehlerian manifold K>™ with metric g of real dimension n = 2m is M™
admitting a parallel tensor field ¢,* such that

6767 =67, $ji=—dij

where we put ¢;; = ¢,"g»i. A Kaehlerian manifold is called of constant holomor-
phic sectional curvature if the curvature tensor satisfies the following equation:

r R r k4 r r r
Ry = n_(n—-i—_ﬂ(gj"s" — gnib;" + Bjid) — Duid;” — 2¢n;8;7)-

In the sequel, we shall consider a Kaehlerian manifold K™ and assume that
m > 1.

Now, we want to recall the operator for differential forms in K?™. Denote by F?
the set of all p-forms on K?™. The operators I : F? — FP+1 and &: FP — FP
are defined by

?
(r“)io--~i, = E(—l)¢¢i.' Vr"s.,...:....i,r

a=0
)
(®u)i,..5, = Z¢.’."uh...r...i,
a=1

for any p-form u. For 0-form uo, we defined ®uo = 0. In K?™, the curvature
tensor and the Ricci tensor satisfy ([2])

On Reijn = &;" Ronjhy  Ruijh = &4 ;" Rosji, (2.1)

1
§¢"erji =¢"" R,jui = —Sji = Sij. (2.2)

where we put Sj; = ¢;" R,;.
A 2-form u will be called K-conformal Killing, if it satisfies

Viuji + Viuw = 2pigu; — prgii — pigni + 3(Pudji + pjdni)s (2.3)

where we put

b= = (bu), i = (%)

n+
It is easy to see from (2.3) that

& Veuji + Va(@u)js = (Tu)nji — 2puji — pidui + piduj — pigii + pignj- (2.4)

By interchanging alternatively indices as & — j — i at (2.4) and adding all
together, we have
d®u = 2T'u. (2.5)
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Let v¥ be the vector field obtained from 1-form v = v;dz* by virtue of the metric
tensor field g. Then we have v# = (»'). We denote L£(v#) by the Lie derivative
with respect to the vector field v#¥. Then we have

i 3 '3 i
E(v#){kj} =ViV;v' + 'R}, (2.6)
where I:j denotes the Christoffel’s symbols. Let v# be an HP-Killing vector
field. Then we have ([10])
i 1 i i i i
E(v#){ kj} = —n—+2[(d6v)h6,- + (dbv); 6, — (Bdév)ag;’ — (8dbv); ¢4,

which together with (2.6) satisfies that
1
V;.V,-'v; + v?R,kji = —m[(d&v)kgﬁ + (d&v),'g;..' - (§d5v)h¢j; - (Qd&v),qﬁq,.]

In the following, any 1-form v satisfying the above equation is said to be an HP-
Killing 1-form.

For an HP-Killing 1-form and a K-conformal Killing 2-form, it is known that
the following holds:

Theorem C ([9]). In a Kaehlerian manifold K*™, for an HP-Killing 1-form v,
d®v is a closed K-conformal Killing 2-form.

§3. Proof of Theorem 3.1. At first, for a K-conformal Killing 2-form u;;, the
following equations hold ([7]):

Ryl wir + Ryp"uje + Ry " un, + Ry wi,
= (pij + pji) gt — (pin + pri)git + (pu + Pin)gi;
= (ps1 + p1j)gin + (Bij — Pis)dmt — (Pin — pui)bii (3.1)
+ (Pr1 — p) @i — (Bis — br )bin + 2(Prj — Pin)dar
+ 2(Bi1 — pii )duj»

1
pij + pji = m[(n +1)(R;" ujr + R;"u;,)
- 3(¢,~¢S"' + ¢,~¢S,-')u¢,], (3.2)

1

Pij — pji = (n—_‘_m[(n +3)(Si" s + ST wir)
+(¢:°R;" — ¢;°R;")ue.], (3.3)

where we put
pii = Vipi,  pji=Vjpi.
Because of (3.2) and (3.3), equation (3.1) is rewritten as follows:
Bju wir + Ry uje + Ry ug, + Ry wi, = Auji + Buji, (3.9)

where we put

Ak =ml(" + DR wjr + By wir )gna = 3(8:°S7 + 6557 )guaer
= (0 + )R uny + R )git + 3(:°S,7 + 6,°S,7 ) gi1ter
+(n+ (B wy + Ry une )gis — 3(615," + 615507 )gis e
= (1R wr + Ry w0 )gin + 3(85°5," + 6,°5;" ) ginter,
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Busis = oy + (S w5+ 577 Wb+ (8B = 7R e
= (n+3)(S;"wr + 57 wir )bt — (¢:°Ry — 4" R, )bjnne,
+(n + 3)(S wrt + 57 uke )is + (B4R — 61 ° Ry )hijue,
= (n+3)(S;" w1 + S ujp )bin — (8;°R)" — 61" R;" ) dinter
+2(n + 3)(Sy i + ST urr )it + 2(d4° R;” — 6;° Ry )dirues
+2(n + 3)(S; 7 wrt + S wir )buj + 2(° Ry — 6 ° R, )Pujuer ]

By our assumption, we have from (3.4)

R 6° + Ryy"6;° + Ry, 78,5 + Ry, 7 6 °
= Riu8" — Rip®8;7 — Ry °8] — Ry;i°8”
= Pu;i® + Quji%

where we put

re 1 r e r e e r e r
Py;ic= )[("+ 1)(R;"6; + R;"8;° — R;°6;" — R;°6;" )gwi

(n—2)(n+4

—3(¢:°5;" + ¢;°5;," — 67 5;° — ;75 )gmi
—(n+1)(R;"86° + RS, — R;°5, — R,°6;7)gii
+3(:°Si” + 6S;" — 6754 — b Si*)gin
+(n+1)(RS§+ R85 — RS6™ — R°8 )gi
=3 ST+ B S — b Si° — 17 5u")gi
—(n+ 1)(Ri'6,‘ + Ry6;° — Rf&,' - R,‘Jj')g;;.
+3(8;°S)" + 1°S;” — 6,751 — &7 S;°)ginl,

Quji* =m[(" +3)(5°S;7 — 65,7 — &7 S;° + 675, )bu
+ (¢:°R;" — ¢;°R;” — ¢ R;* + ;" R;")bwi
—(n+3)(&°Sy — 875 — 675, + 67 5% )i
—(¢:°Ry — &*R” — ¢ R + ¢4 R, )bt
+(n+3)(65ST — 85 — 67 S,° + 875, )i;
+ (R —H°Ry — ¢ R + ¢ RS )ij
—(n+ 3)(6;5,' - 5,‘5,-' -5+ 6,'5,-‘)45,'1.
—(¢;°R,)” — ¢°R;” — ;"R + ¢1'Rj¢)¢ik
+2(n+3)(8,°S;" — 8;°Sy — 8 5;° + 87 5,5 )du
+2(¢i°R;” — ¢;°Ry — ¢’ R + ¢, By )dar
+2(n+3)(8;°S;" — §,°S;" —86,75,°+ 87 S;°)oxj
+2(¢;°R” — $°R;” — ¢;" Ry + ¢, R; )]

Transvecting the above equation with 6., by virtue of the Bianchi’s identity we
have

(n—1)Ry;/ 1 )[(n"‘ +2n? —4n +4)

T+
x (Rij6y — Rind;” + gij B — ginR;")
—(n® —12n + 4)(¢i; Sy — dinS;” + 2¢4; S;") (3.5)
—4(n +1)(Sij8 — Sind;” +25;:7)
—(n+1)(n+ 2)R(g:; 6" — gixd;")
—(n = 2)R(¢i; $s’ — Sind;” + 2614;6,7)]-

If we transvect (3.5) with ¢,*¢,’ and regard to (2.1) and (2.2), then we get
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1
W08
x (Sudy — Shidy” + du:Sy” — éniS;")
—(n® = 12n + 4)(gin Ry — gu Ry + 26m15;7)
—4(n+1)(Rin8,” — Raby + 25u9;")
= (n+1)(n + 2)R(duidy” — dnidh”)
—(n = 2)R(gin8;" — gudy” + 2¢m¢;")]-

Furthermore, contracting the above equation with §,*, if m > 2 we obtain

(n— )Ry = (n® +2n® — 4n +4)

R
Ry; = e UH

that is, K™ is an Einstein manifold. Substituting this into (3.5), we can easily
get

r R r i d r r r
Ryl = m(gji& — gnib;" + B — Pnid;” — 20m;9:"),

which means that K?™ is of constant holomorphic sectional curvature. Conse-
quently, we complete the proof of Theorem 3.1.
From Theorem 3.1 and C we can get

Cororally. If there ezists (locally) a 2-form (d®v);; obtained from an HP-Killing
1-form v satisfying (d®v);;(p) = Cj; for any point p of a Kaehlerian manifold K*™
(m > 2) and any constants Cj;(= —C;;), then K¥™ is of constant holomorphic
sectional curvature.

§4. Proof of Theorem 4.1. The purpose of this section is to prove Theorem
4.1 stated in §1. Namely we shall show the converse of Theorem 3.1 is true.
In the first place, it is known that

Theorem D ([5]). If a Kaehklerian manifold K*™ is an Einstein manifold, the
associated 1-form p; of K-conformal Killing 2-form is Killing, namely,

V,-p.' + V,'pj =0.

Moreover, by virtue of (3.3) we find the following.

Lemma 4.1. If a Kaehlerian manifold K*™ is an Einstein manifold, then we
have for the associated 1-form p of K-conformal Killing 2-form »

R

ddp= ———%
a4 n(n + 2) "

hence, ®u is closed.

In a Kaehlerian manifold K>™ we consider the K-conformal Killing equation as
a system of partial differential equations of unknown function uj;. This system is
equivalent to the following system of partial differential equations with unknown
functions uj;(= —u;;) and uxji(= —upi;):

Unji + Uiki = 2PiGh; — PuGii — Pigi + 3(Pudji + pidui), (41)

Viuji = uji, (4.2)
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Viugj; =%(R)~M'u.~, + Ry ujr + Ry war)
+ %(PM — pir)gj1 + %(P;’k = Ph;i)9ii
+ %(Pi:‘ = Pji)9nt — pi1jgni + Prigh; (4.3)
+ %(ﬁhj = Pix)$u + %(ﬁji — pij )i
+ %(f’ih = Pui)éi; + (Pit — pui)dw;
+ (p15 — B )bwi + (261 + pur)ji-
We shall show that the system is completely integrable if K?™ is a space of

constant holomorphic sectional curvature.
From our assumption, we can replace (4.3) by the following equation:

Viugj; = )[guuij + g1 uki + Giitia

R
n(n+2)
+ dun(Bu)ji + 15 (Bu)in + i (Bu)a;
— @;i(Bu)in — din(Bu)ij — dui(Bu)i (44)
— Gind uir — Sridh iy — bii by ke ]
+ ginpi; + 91 Pui + Gipin + gripit + guipii + 3P i,

where we have used Lemma 4.1 and Theorem D.
The equation obtained from (4.1) by differentiation:

Orunji + Orujni = 8i[2pign; — prgiji — Pigui + 3(Pudji + pjdui)l

is satisfied identically by (4.1), (4.2) and (4.3).
Next, we discuss the integrability condition (4.2):

V;V;.uj; - V;.V;u,'; = —R".j"u,,' d R,,.i'u,',. (45)

Taking account that K*™ is a space of constant holomorphic sectional curvature,
we have

= Rypj wri — Ry vys
— R r
= amt?) lgjuni + griwjn — gujui — griwji + i by Wi

+ Gy ujr — S h Uri — Sridhy” ujr + 261n ()il
On the other hand, by virtue of (4.2) and (4.4), ViViuj; — V4 Viuj; becomes the
right hand side of the above equation. Thus (4.5) holds.
The integrability condition of (4.4) is
valuhji bt V;V,,,u;,j,' = —le;‘u,,',' - le;‘u,.,,' - le;-"uhj,. (46)

Since K™ is a space of constant holomorphic sectional curvature, we can get

miktrii = Roti kei — Rl wnje
R
= m[gmkulji + Gmj ukti + Gmitrji
— GikUmji — G1j Ukmi — Jtilhjm (4.7
+ & (mhtrji + GmjUiri + Pmittnjr)
- G (Dthtrji + D1 Uiri + Privnjs)
— 20mi(2p10ji + pidri — pidrj + Pigni — Pighj))s
where we have used (2.4), (2.5), (4.2) and Lemma 4.1.
On the other hand, operating V,, to (4.4) and owing to (4.1) and (4.2), we
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obtain
R

Vo Viugji = w(n+2)

[ — GikUmji — G1jUkmi — Jli%kjm

+ ¢u.V,,,(<I>u),-.~ + ¢1;Vm(<l>u);1. + ¢1,~Vm(i>u);.j

— ;i Vmn(@u)i — ¢ia Ve (Bu)1; — @ij Ven (Bu)is

+ ¢ki¢l'urmi + ¢ih¢1,urmj + ¢ji¢[’uvmh

+ (20igmk — Pmghi — Phgmi + 3PkPmi) g1

~(2pjgmh — PmThj — Prgmi + 36KPm; )i

+ (3p1bmi + 20iBmi + PmPti + fiGmi)Prj

+ (3010m; + 20;Omi + Pmij + Pigm;)in

+ (3p10mr + 20kbmi + pm ik + Pigmh + 3Pmgin) il
+91kVmpij + 91 Vi Pri + 9 Vempin + 91 Vmpjt
+98; Vempii + 30;iVinpin-

By interchanging the indices m and [ in the above equation, subtracting from the
original and owing to (2.4), (2.5), (4.1), (4.2), Theorem D, Lemma 4.1 and the
Ricci’s identity, we find that V,,, Viupj;i — ViV, usj; reduces to the right hand side
of (4.7). Therefore (4.6) holds. Consequently, we complete the proof of Theorem
4.1.
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