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ABSTRACT. The infinitary divisors of a natural number n are the products of its divisors of
the form p¥=2", where p? is a prime-power component of n and 3, yo2* (where yo = 0 or 1)
is the binary representation of y. In this paper, we investigate the infinitary analogues of such
familiar number theoretic functions as the divisor sum function, Euler’s phi function and the
Mébius function.
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1. SOME PRELIMINARIES

Let I = {pzu : pis a prime and a is a nonnegative integer}. If n is a natural number
greater than 1 then it follows easily from the fundamental theorem of arithmetic and the fact
that the binary representation of a natural number is unique that n can be written in exactly
one way (except for the order of the factors) as a product of distinct elements from I. We
shall call each element of I in this product an I-component of n, and we shall say that d is
an I-divisor of n if every I-component of d is also an I-component of n. From the discussion
in the first four sections of Cohen [1], it follows that the set of I-divisors of n is equal to the
set of infinitary divisors of n. (See Section 2 in Hagis and Cohen [2] for a concise definition of
infinitary divisors.) If d is an infinitary divisor (or I-divisor) of n, we write d|o n. For every
natural number n, 1| n.

Now suppose that n = P, P,... P, where P; < P; < --- < Py are the I-components of n.
We shall denote ¢ by J(n), so that J(n) is the number of I-components of n (with J(1) = 0).

DEFINITION 1. The infinitary Mobius function, pe, is given by
poo(n) = (-1)7, (1.1)

and the infinitary phi function, ¢, is given by

J(n) J(n) 1
ba=1, b= [B-D=n]](1-5) #n>1 (2
j=1 j=1 J
According to Theorem 13 in [1], if 7o(n) and 0x(n) denote the number and sum,
respectively, of the infinitary divisors of n, then:

Too(") = 2J(n), (1.3)
J(n)
ooo(n) = J](P; +1). (1.4)

j=1
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REMARK 1. We have 0o(n)¢oo (n) = doo(n?).

DEFINITION 2. If d is the greatest common infinitary divisor of the natural numbers m
and n, we shall write (m,n)e = d. If (m,n)e = 1, we shall say that m and n are I-prime.

REMARK 2. For every natural number m, (m,1)s = 1.

REMARK 3. If (m,n) = 1, then (m,n)e = 1.

REMARK 4. If d | n, then d and n/d are I-prime.

DEFINITION 3. The arithmetic function f (where f is not identically zero) is said to be
I-multiplicative if (m,n)o = 1 implies that f(mn) = f(m)f(n).

REMARK 5. If f is I-multiplicative, then f is also multiplicative.

The following result is obvious.

THEOREM 1. Suppose that f and g are I-multiplicative functions. Then f(1) =1, and fg
and |f| are I-multiplicative functions. If g(n) # 0 for every n, then f/g is I-multiplicative.

From (1.1), (1.2), (1.3), (1.4), we have:
THEOREM 2. Each of the functions poo, $oo; Too, Too 18 I-multiplicative.

THEOREM 3. Suppose that f is an I-multiplicative function. If F(n) = Zdlmn f(d) (where
d runs over all of the infinitary divisors of n), then F is also an I-multiplicative function.

Proof. Suppose that m and n are I-prime. If m = 1 or n = 1 then (since f(1) = 1)
F(m) =1 or F(n) = 1, and it follows that F(mn) = F(m)F(n). Otherwise, since the infinitary
divisors of a natural number are 1 and the set of all products of its I-components taken one at
a time, two at a time, etc., we see that d is an infinitary divisor of mn if and only if d = d;d;
where d |oo m and dj | n. Of course, d; and d; are I-prime. Therefore,

Fimn)= Y f(d)= ) > f(dids)

dleomn dilomdz|eon
= Y Y fd)f(d)= Y f(d1) Y. f(d2)=F(m)F(n).
dijomdz|eon dy|em d2leom

THEOREM 4. We have )2y, doo(d) =n.
Proof. Let F(n) = Zdleo" $oo (d). It is immediate that F(1) = 1. Also, if n = P € I then
F(n)= )" ¢oo(d) = $oo(1) + $oo (P) =1+ (P - 1) = n.

dleon
Since ¢oo is an I-multiplicative function, it follows from Theorem 3 that F is I-multiplicative.
Therefore, if n = PP, ... Py, then F(n) = [[jo, F(P;) = [[}; P =n.
DEFINITION 4. The arithmetic function ¢, given by

oy [11_JL ifn=1,
=12\, itn>1,

The proof of the following theorem is very similar to that of Theorem 4 and therefore is
omitted.

is called the identity function.

THEOREM 5. We have 3y, hoo(d) = i(n).

2. THE INFINITARY CONVOLUTION

In this section, we study the infinitary analogue of the familiar operation of Dirichlet
convolution on arithmetic functions. Since the definitions and theorems parallel those to be
found in Chapter Two of Apostol [3], we omit most of the proofs.
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DEFINITION 5. If f and g are arithmetic functions, their infinitary convolution, denoted
(f * 9)oo, is the arithmetic function given by

(F* 9oolm) = Y f(dg (5)-
d|oon

THEOREM 6. For any arithmetic functions f, g, h, we have (f * g)oo = (9 * f)oo (the
commutative law) and ((f * g)oo ¥ h)og = (f * (9 * h)oo) o (the associative law).

THEOREM 7. For every arithmetic function f, we have (i % f)oo = (f *1)oo = f-

THEOREM 8. If f is an arithmetic function such that f(1) # 0, there is a unique arithmetic
function (f1)o, called the infinitary inverse of f, such that

(F*(F Do) = (F oo * f) o, =

REMARK 6. From Theorems 6, 7, 8, it follows that the set of all arithmetic functions f
with f(1) # 0 forms an abelian group with respect to the operation of infinitary convolution,
the identity element being the function .

DEFINITION 6. The unit function u is the arithmetic function such that u(n) = 1 for every
natural number n.

From Theorem 5 and Definition 6, we have (too * t)oo = . Therefore, from Theorem 8,

(/“ )oo—u and (u~ l)oo—l‘oo

THEOREM 9. (The Mébius inversion formula.) We have F(n) = Edlmnf(d) if and only
if £(n) = Sqp, n Fn/Dpcol(d).

Proof. Suppose that F = (f % u)oo. Then (F * poo)oo = ((f *U)oo * Hoo)oo
(f*(u*poo)w)oo = (f *¥i)oo = f. Conversely, suppose that f = (F * fieo)oo. Then
(f*u)oo = ((F * poo)oo * t)og = (F * (foo * )a0)oe = (F *1)oo = F.

COROLLARY 9.1. We have ¢oo (1) = 341 Hoo(d)(n/d) =n 32y, Hoo(d)/d.

Proof. From Theorem 4, n = 32, , ¢oo (d). Our result follows from Theorem 9.
THEOREM 10. If f and g are each I-multiplicative, then 30 is (f * g)co-

THEOREM 11. If g and (f * g)oo are each I-multiplicative functions, then f is also I-
multiplicative.

COROLLARY 11.1. If g is I-multiplicative, so is its infinitary inverse (§7!)oo-

Proof. Both g and ¢ = (g*(97!)e0)y are I-multiplicative. Therefore, (9 Vo is I-
multiplicative.

REMARK 7. It follows from Theorems 6, 7, 8, 10 and Corollary 11.1 that the set of I-
multiplicative functions is a subgroup of the group of arithmetic functions f such that f(1) # 0.

THEOREM 12. If f is I-multiplicative, then (f * f)oo = fToo-

Proof. We have

(F+ D) = Y F@DF (3) = X £(n) = £(n) Y 1= flm)reo(m).

dleon dlon dloon

THEOREM 13. If f is I-multiplicative, then (f1)oo = fHico-

Proof. Let g(n) = f(n)poo(n). Then
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(0% Dooln) = Y oo DF@DF (5) = T Hoald)f(n)
dloon

dleon

= f(n) Y poo(d) = f(n)i(n) = i(n).

dleon
COROLLARY 13.1. If f is I-multiplicative, then (f~})oo(n) = f(n) or —f(n), according as
J(n) is even or odd.
3. SOME SUMMATORY FUNCTIONS
Throughout this section, we assume that if the natural number n exceeds 1, then n =

P\P,...Pj, where P < P; < --- < Pj are the I-components of n. Also, € will denote a real
number satisfying 0 < € < 1.

DEFINITION 7. The arithmetic function ko is defined by

J
P
keo(l) =1, Koo(n)=HPjil ifn>1.
i=1

It is immediate that ko is I-multiplicative, and that koo(n) < 1 for all n.
DEFINITION 8. If £ > 0 is a real number,

$oo(z,m)= Y 1

m<z
(m,n)o=1

REMARK 8. In general it is not true that ¢oo(n,n) = doo (n). See Corollary 14.1.

LEMMA 1. Let P be any I-component of n, where n > 1. Then
n z
¢OO($’n) = ¢00 (xi F) - ¢OO (Fyn) .
Proof. We have

boolzm)= Y. 1= > 1- > 1

m<z m<z m<z
(m,n)eo =1 (m,n/P)e=1 Pleem
(m/Pn)e=1 .,
n n
=bo(z,5) = Y. 1=do(z,5)- > 1
( P) k ( P) k<z/P
(k,n)oo=1

kP<z
(k,n)oo=1
n z
= ¢oo (27, -};) - ¢00 (Fan) .
THEOREM 14. For any positive real number z and any natural number n,

Poo(T,n) = Koo(n)z + O(nzc), (3.1)

where the multiplicative constant implied by the big oh notation depends only on €.

Proof. The proof will include an estimation of the constant, ¢, say, implied by the big oh

notation.
Let @ be the smallest element of I such that

log(Q° — 1)
1- Tng— <€, (32)
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€
Pe = 9 .
Q-1
(For example, taking ¢ = 0.8, 0.5, 0.3 and 0.1, we find that, respectively, @ = 3, 11, 107 and

1876451. Since 2¢ — 1 < 1, we see that @ > 3.)
Suppose first that z < 1. Then ¢o(z,n) = 0, and

and let

[$oo(2,n) — Koo(n)z| = £oo(n)z £ = < nfzf,

s0 (3.1) holds in this case, provided ¢, > 1.
From now on, we assume that z > 1.
Suppose that n = 1. Then ¢o(z,n) = [z], and

|[$oo(z, 1) — Koo(n)z| = 2 — [2] < 1 < nzf,

s0 (3.1) holds in this case as well, again provided c¢ > 1.
We now assume further that n > 1, and consider first those n for which @ < P;. We will
show that, for any positive integer k and all z < PF¢,

[$oo(@, 1) — Koo(n)z| < 2pEnc. (3.3)

The proof is by induction on k.
When k = 1, we have, since z < Pf, 0 < koo(n) < 1 and pe > 1,

[#oo(z,n) — Koo (n)Z] < doo(z,n) + Koo(n)z < [2] + 7 < 2z < 2Pf < 2n° < 2pen®,

which is the required result in this case.

Pl(H'l)‘. For such z and

Now suppose the result is true when k = [, and consider those z <
any j, 1 < j < J, we have z/P, < P}¢.

By repeated application of Lemma 1,

T

¢00(x’n) = ¢OO (ma %) - ¢oo (E’n)
n T n T
¢OO (Il), ﬁ) - ¢oo <-}J—2, E’) - ¢oo <E‘y n)

n z n
= $oo (xa _—P1P2P3) — $oo (Ea 'P"l"P_z) - doo

T n T n
= ool 1) = doo (E’ P1P2...PJ_1) ~$oo (PJ_I’Plpz...P,_z)

T n T
_"'_¢OO (FZ’_}:,_I) —¢oo (Fl1n>

T T T n T
= [z] - oo (P_J,PJ) - ¢ <E:,PJPJ—1) - = fo (_P_Z’E) — $oo (E,")
el _ Koo(P1)  Koo(PyPj-1) Koo(PsPy1Pj-z)  Koo(n)
=lkl-ete (1 Py Py Py Py )

() )

xr
- <¢oo <FJ—_;,PJPJ—1) — Keo(PjPj_31)

e <¢°° (%}-,n) - nw(n)%) .

z

Py

)



378 G.L. COHEN AND P. HAGIS

Since
1 Koo(Py)  Koo(PiPyo1)  Keo(PrPi-1Pyoz) — Keo(n)
Py Py, Py, p,
—1- 1 _ Py 1
- P;+1 Py+1Pj;+1
Py Py, 1 L Py Py, Py 1
T Py+1Pj+1Pjia+1 P;+1P;1+1 P+1P+1
_ Py Py 1
T Pj+1 Pj+1Pj+1
—_ PJ PJ_I 1 —_ e — PJ PJ—I e P2 1
Pr+1Pj_1+1Pj3+1 P;+1P; 1, +1 P+1P+1
_ Py Py
T Py+1Pj_ 1 +1
Py Pjy_, 1 Py Pjy_, P, 1

TPi+1P;_ +1Pj3+1  Pr+1P; 41 P +1P+1

—1 PJ PJ-l ) PZ Pl
P;+1Pj 3 +1 Py+1P+1
= KOO(")’

we thus have, using the induction hypothesis,

[bent) = relm)e] < 2= [e]+ b (35,22 = el Pr) |

T T
+ Itﬁoo (m,PJPJ-l) - Koo(PJPJ—l)?J__;I

d T
+eo4 ’¢oo <7’;’n) - ;ct,c,(n)-ITl
< 1+2pL(P5+ (PsPs_y)* + (PsPyyPy_g)* + -+ + 1)
< 20 (1 + P + (PsPy_y)" + (PsPs_yPy_)* + -+ +nf)
1 1 1 1
_ol ¢ N S S
-2p€n (1+P1€+(P1P2)e+ +(P1P2...PJ_1)‘+nf)
1 1 1
= 2p£+ln‘.
This completes the proof of (3.3).

Now, for given z we let k be the smallest integer such that z < PF¢. (Note that k > 1 since
z>1.) Then z > P~V > Q=D 5o that k — 1 < logz/elog Q. Then

Qg k-1 Qe log z/€elog Q
-l 2— < = 1o8(Q*/(Q°-1)/10g Q* e
pi Qe — 1 —_ Q‘ _ 1 )

using (3.2). It therefore follows from (3.3) that (3.1) is true, provided c¢ > 2p,, for all n with

smallest I-component at least Q.
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Consider next those n with P; < @ < P,. By repeated application of Lemma 1,
n T
$oo(7,n) = oo (w,}:) — $o (71’")

n z n T
= ¢oo (%H) — oo (E’E—) + ¢oo ('P—lza">

n T n T n T n
= $oo (-’B,E) - ¢ (‘E,'P—l) + foo <P—12’Fl) -t doo (F{,E) Fo-
This is a finite series, terminating after ¢ + 1 terms, where z/P}*! < 1 < z/P}. Since the

smallest I-component of n/P; is at least @, the work above shows that

T x T

n
¢m(x,n)=xm<ﬁ) (z—E-.FP_?_...iF{)
P, Py P} Plt
n 1 1 z
=K°°(71)(1"F,+P_,2"")”0(W)
n\* 1,1 ;
+o((7) (o))

_ ::((;1)) Plpjr -2+ 0(1) + O(n'z")

= Keo(n)z + O(n®z®).

The extra multiplicative factor introduced in the error term is

1A 1

Pf Pi-1-2¢-1
The O(1) term in fact adds no more than 1, which is less than 1-n¢z¢, to the error term. Since
14 2p/(2¢ — 1) < 3p/(2¢ — 1) (because pe > 1 > 2¢ — 1), we may take ¢, > 3pe/(2° — 1).
Theorem 14 has thus been proved for those n with at most one I-component less than Q.

If @ > 3, then there exist n for which P, < Q@ < P;. For such n, n/P; has at most one
I-component less than Q, so precisely the same approach as in the preceding paragraph, using
the result there, again shows Theorem 14 to be true, provided that we take ¢ > 4pe/(2¢ — 1)2.

By repeating this argument, we see that if P; < @ < P4y, for some s =1,2,...,J -1,
then the theorem is true, with ¢, > (s + 2)pe/(2¢ — 1)°. (This statement also holds for s = 0 if
we define P, to be 1.) If F(Q) denotes the number of elements of I which are less than @, and
Py < @ < Pyyy where s+ 1 < J, then it is easy to see that s < F(Q). It follows that if z > 1
and Q < Py, then the theorem is true, provided we take c. > (F(Q) + 2)pe/(2¢ — 1)F(@.

We must consider finally those n with @ > P;. From Lemma 1,

N T
¢°°($,an = ¢oo(1'y n) - ¢00 (6)“Q) )
and the result of the preceding paragraph implies that

doo(T,n) = Kao(nQ)z + O(n€Qz®) + Koo(nQ)% + O(nfz®).

It now follows easily that
doo(,n) = Koo(n)z + O(nz€),

where we need to take ce > (F(Q) + 2)(Q€ + 1)pe/(2¢ — 1)F(@),
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The proof of Theorem 14 is complete. The constant implied by the big oh may be taken
equal to (F(Q) +2)(Q° + 1)pc/(2 - 1)F@.

COROLLARY 14.1. We have

n2¢o (n) "
$oo(n,n) = Fw () T O(n"),
for anyn with0<n < 2.
Proof. Use Remark 1, Theorem 14, and the fact that xeo(n) = n/oco(n).
COROLLARY 14.2. We have, where z > 0,
Yoo(z,n) def Z m = Lroo(n)z? + O(z!*n¢).

m<z
(m,n)eo=1

Proof. Use a Stieltjes integration with ¢oo(z,n) as integrator (maintaining n as a constant
parameter).
THEOREM 15. Let g be any bounded arithmetic function and define the arithmetic function

f(n)=n E @

dleon

f by

Then, for any z > 1,
72 X g(n)keo(n
Z f(n) — 7 Z g( )"?( ) + O(zl+e lng).
n<lz n=1

Proof. We have

Tim=Ya YN oy ¥ e

n<z n<z dleon n<z dd'=n
(d:dl)w =1

= ) 9@d=)ga ) d

dd'<z d<z d'<z/d
(d,d')oo =1 (d',d)os=1
z
=Y oo (3,d)
d<z
z? g(n)koo(n) 1+ n¢
<z n<z
2
- % Z g(n)::;o(n) + 0($l+e lOg.T),
n<z

using Corollary 14.2.
We now have

2 [e o]
=5y Ldielt) o (2 5
n<z n=1 n n>z
Since 0 < koo(n) <1 and 3., 1/n% = O(z7!), the theorem is proved.

Taking, respectively, g(n) = 1 and g(n) = poo(n), we obtain the following results.

—":ﬁ")) +0(z"**log z).
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COROLLARY 15.1. For anyz > 1,

Y vlm) = 5 2= () | 0(z'*log).

n<z

COROLLARY 15.2. For anyx > 1,

z boo(n) = %2 Z Poo(nr)l:oo(") + O(zl-}-( log z).
n=1

n<z

We also have

COROLLARY 15.3. For any z > 1,

Z nKoo(n) - _:_‘_:2_2_ i l‘oo(n)K (n) + 0(m1+£ loga:).

n<lz n=

Proof. We need first the result

Koo(n) = Z Hoo(d)

dlon

=

Koo(d)

(34)
This can be proved directly, or by using the Mébius inversion formula (Theorem 9), as follows.

LA 0oo(n) = E d,

Koo(m) dln

Since

and since Koo is I-multiplicative, we have

n/ n Hoo(d)Koo(d)
e e e T

giving (3.4).
Now substitute g(n) = poo(n)koo(n) in Theorem 15 to obtain Corollary 15.3.

Set
A= ZKOO(n)’ B= ZI‘OO(")"OO(") C = Zﬂm(")ﬁoo(")

n=1 n=1 n=1

These may be approximated using the infinitary analogue of Euler products:

THEOREM 16. If f(n) is an I-multiplicative arithmetic function such that the series
3" f(n)/n® is absolutely convergent, then

S0 ] (14 40)).

n=1 Pel

Proof. The proof is analogous to, but easier than, that of Theorem 11.7 in [3].

Using the definitions of ko, and g, we thus have

A= (+rerm) 2= 00 -rewm): o= I0-mow)

Per Pel

In this way, we have calculated the following numerical values for the coefficients in Corollaries
15.1, 15.2 and 15.3, respectively:

5 =073, =033,

A B .
3 = 0.37.

o|Q

The results of Corollaries 15.1 and 15.2 may now be compared with the following results for
ordinary and unitary divisors. The superscript * refers to unitary divisors; see E. Cohen [4] for
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the corresponding definitions and results. See [3] for the results concerning ordinary divisors

E a(n) = %C(Z)zz + O(zlog z),

1 ) .
= 5((2) = 0.82;
* x? = .
Z o*(n) = 12((3)“’ + 0('7:103 z), m = 0.68;
Z ¢(n) = "‘3 + O(z log z), _32_ = 0.30;
n<z
Z ¢*(n) = —-x + O(zlog? z),

n<z

== 1- = 0.35.
2 2 p prime p( + 1)
We now proceed to the evaluation of 3, ¢, Too(n)

LEMMA 2. With C as above, we have, for allz > 1

(i) 3" koo(n) = Cz + O(z* log z);

n<z

(i) Z K—°°n@ =Clogz +C'+ 0(z **log z),

n<z

where C' is a constant to be described.
Proof. We use as an integrator the function K defined by

K(z)=0ifz <1, K(z) = Z nK(n) = —:1: +O(z'*logz) if z > 1.

n<z
(See Corollary 15.3.)
i = [ @) _KE) | [* K@)
) Ty = [T, [T,
= %z + O(zflogz) + [z (% + O(u~1+¢ logu)) du
= Cz + O(z*log z).
(i) "‘2 xo‘;(n) _ l dfigu) K(z) / K(u)
c
=3 +0(z™ ¢ log z) +2/ (26; + (Ku(:) _ %))du
_<
)

+0(z"*¢logz) + Clog z + / (Ku(:) _ 2_(’;) du
2/ (Ku(u) —C-) du.

Since K(z)/z® — C/2z = O(z~**logz), the first integral here is convergent and hence is a
constant (namely, C' — $C), and the second integral is O(f;° u=**<logudu) = O(z~1*1og z).
The result follows.
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THEOREM 17. We have, for any z > 1,

Y reolm) = Calogz + (2C' ~ Oz + 0(&++°),

n<z

Proof. Having developed Theorem 14 and Lemma 2, the proof follows standard lines:

2re(m=2,3 1= > 1= 3 !

n<z n<rdlon n<z dd'<z
«, d’ 1 (d,d') =1

=2 Z 1- Z 1
dd'<z,d<VE A< VEd'SVE
(d,d")o0 =1 (4,800 =1

=Y Y-y ¥

d<VE d'<zfd d<VE d'SVE

(d' d)oo=1 (d',d)oo=1
=2 Y 4w (3n) = Y de(VEim)
n<Vz n<Vz
=2,.<Zf<"°°‘") +o(+()7) ™ L (relmVE+ O(ntsR)
—2 Y Koo(n)+0( HOEV-Y Koo(n).,_o(x,e 3 ne)
n<vz n<vz n<VT

=22(Clog vz + C' + O(z¥(-1%9 log z)) + O(z#+¢)
— Vz(CVz + O(z} log z)) + O(z1¢c1(1+9))
= Czlogz + (2C' — C)z + O(z¥ ).

For ordinary divisors, the result corresponding to that in Theorem 17, as originally obtained
by Dirichlet, is
Y r(n) = zlogz +(2y ~ 1)z + O(z?),
n<z
where v is BEuler’s constant. (It is well known that the error term has subsequently been
improved. This is the classical divisor problem, discussed in [3].) For unitary divisors, we have
the following result (obtained by Gioia and Vaidya [5]):

Z ™(n) = (2) (logz +2y - Cég)) +0(z 2)

n<z
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