Internat. J. Math. & Math. Sci. 519
VOL. 16 NO. 3 (1993) 519-530

REALCOMPACTIFICATION AND REPLETENESS
OF WALLMAN SPACES

JAMES CAMACHO, JR.

Jersey City State College
2039 Kennedy Boulevard
Jersey City, New Jersey 07305
U.S.A.

(Received August 20, 1991 and in revised form January 23. 1992)

ABSTRACT. The extension of bounded lattice continuous functions on an arbitrary set X to the
set of lattice regular zero-one measures on an algebra generated by a lattice (a Wallman-type space)
is investigated.

Next the subset of lattice regular zero-one measures on an algebra generated by a lattice which
integrates all lattice continuous functions on X is introduced and various properties of it are
presented.

Finally conditions are established using repleteness criteria whereby the space of lattice regular
zero-one measures on an algebra generated by a lattice which are countably additive (a Wallman-

type space) is realcompact.
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1. INTRODUCTION.

Let X be an arbitrary set and L a lattice of subsets of X. A(L) deno‘es the algebra generated
by L, and M(L) those bounded finitely additive measures on A(L), and M pg(L) those elements of
M(L) which are L-regular while Mp7(L) denotes those elements of Mp(L) which are countably
additive. The zero-one valued members of the above are designated by I(L). Ix(L). and Ig7(L)
respectively. For A€ A(L), w(A)={u€lp(L)|u(A)=1}, w(L)={w(L)|L€L), then I4(L) with the
topology of closed sets ru(L) of arbitrary intersections of sets of w(L) is a compact, T, topological
space. It is one of the Wallman type spaces. Assuming L is disjunctive then it is 7, if and only if
L is normal.

We begin by considering briefly, because of their importance, certain fundamental properties of
normal lattices. Then we proceed to a consideration of I5(L ), and the extension of bounded lattices
continuous functions on X to Ix(L). These results are generally known (sec [8]) but we give
somewhat shorter more direct proofs here.

We next consider the space Q(L) of measures in /(L) which integrate all lattice continuous
functions on X, and show its relationship to 757(L ). and under suitable conditions, 1ts relationship

to the G¢-closure of X in Ix(L).
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Finally, we consider the Wallman type space Iz°(L ), and the lattice w,(L ), where for 4 € A(L),
wy(A)={u€lIp"(L)|u(A) =1}, and where wy(L)={w,(L)|LeL}. It is well-known that if L is
disjunctive then w,(L ) is replete. We consider in this space the lattice of closed sets rw,(L) and its
associated lattice of zero sets, and investigate their repleteness - thus obtaining sufficient conditions

for the space Iz(L ) to be realcompact.

Our notations and terminology is consistent with [1, 3, 5, 6, 11]. However, the main definitions
and notations used throughout the paper are presented for the reader’s convenience in section 2(a).
We note also that a number of results on normal lattices in section 2(b) are related to work of [4 ,
9.
2.(a)BACKGROUND AND NOTATION.

Let X be an abstract set, and L the lattice of subsets of X. We assume that ¢, X € L for most

of our results. First:

Lattice Terminology:

A(L) is the algebra generated by L.
o(L) is the o-algebra generated by L.

8(L) is the lattice of all countable intersections of sets from L. L is a delta lattice (§-lattice) if
sL)=L.

7(L) is the lattice of arbitrary intersections of sets of L.

L is complemented if Le L = > L' € L (prime denotes complement), that is, L is an algebra.

L is separating, if for any two elements z #y of X, there exists an element L€ L such that
rzeLand y¢ L.

L is T, if, for any two elements z # y of X, there exists A,B € L such that X € A’ and y € B’ and
A'NB =¢.

L is disjunctive if for any z € X and A € L such that z ¢ A, there exists a B€ L such that re B
and ANB = ¢.

L is regular if for any z € X, and A€ L such that z ¢ A there exist B,C € L such that z€ B,
ACC’' and BNnC' =¢.

L is normal if for all L,, L, e L such that L,nL,=¢ there exists L,,I, € L such that L, c L,

LycLy,and I,'nL, =¢.
L is compact if every covering of X by elements of L’ has a finite subcovering.

L is countably compact if every countable covering of X by.elements of L’ has a finite
subcovering.

L is Lindeldf if every covering of X by elements of L’ has a countable subcovering.

L is countably paracompact if whenever 4, | ¢,A, € L there exists B, € L such that 4, C B,/
and B,' | ¢.

L is complement generated if, for L € L there exists L, € L such that L= ?1°1L,,'.
n=
It is well known that if L is complement generated then L is countably paracompact.

Measure Terminology

We denote by M(L) the finitely additive bounded measures on A(L) (we may and do assume
all elements of M(L) are >0).
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ueM(L) is L-regular if for any A€ A(L)u(A)=sup{u(L)|LC A, LeL}; (equivalently) =
inf{u(L')|ACL,LeL}.

u€ M(L)is o-smoothon L if L,eL,n=1,2,..and L, | ¢ = > u(L,)—0

u€M(L) is o-smooth on A(L) if A, € A(L), n=1,2,.. and A4, | ¢ = >u(4,)—0. Note u is o-
smooth on A(L) iff u is countably additive.

We will use the following notations.

Mpg(L)= the set of L-regular measures of M(L).

M (L) = the set of s-smooth measures on L of M(L).
M°(L) = the set of o-smooth measures on A(L) of M(L).
Mg°(L) = the set of L-regular measures of M?(L).

Note that if ue Mp(L) and ue M_(L) then ue Mp?(L).

Also we denote by I(L), Ig(L), I, (L), I°(L), and Ig°(L) the subsets of M(L), Mg(L), M,(L),
M?(L), and Mg°(L) consisting of zero-one valued measures.

Now for u;,u; € I(L ),u, < uy(L) means u,(L) < uy(L) for Le L.

Let J(L) denote those ue€I(L) such that whenever L,€L,n=1.2,.. and "°§an €L then
u(norj Ln)= infu(L,).

Clearly, I°(L) c J(L) C I(L).

For ue M(L) the support of v,S(u) = N{L€ L |u(L)=u(X)}. L is replete if for any ue€ Ig°(L), u#0,
S(u) # ¢

Let C(L) be the set of all real-valued L-continuous functions defined on X, where f: X—R is called
L -continuous if f~}(E)e L for any closed set EC R. If X is a topological space, C(X) denotes the
continuous functions on X or equivalently we can write C(X) = C(F) where F is the lattice of closed
sets of X. z(L) is the lattice of zero sets of functions in C(L ).

Cy(L) = set of all real valued bounded L -continuous functions defined on X.

Next we define w(A) = {u€ Ix(L)|u(A) =1} for A€ A(L), and w(L)={w(L)|LeL}.

We have for A, Be A(L):

(1) w(AUB)=w(A)Uw(B)

(2) w(ANB)=w(A)Nw(B)

(3)  w(a)y =w(4)

(4)  w(A(L)) = A(w(L))

(5) AcB= >uw(A)CwB)

Note w(L) is a lattice and if L is disjunctive then w(A) = w(B) if and only if A = B.

The Wallman topology is obtained by taking w(L) as a base for the closed sets of a topology on
Ip(L). <Ig(L), Tw(L)> is the general Wallman space associated with X and L. Note we have
w(L)=1I for Le L if L is separating and disjunctive. We also define: w,(4)={u€Ip"(L)|u(4)=1}
where A € A(L), and note w(L)NIp°(L) =w,(L).

We now consider two lattices. Let L, and L, denote lattices of subsets. of X where L, CL,.
L, semi-separates L, if A€L,, BeL, and AnB=¢ implies there exists CeL,, BCC and
ANnC=¢. L, separates L, if A, BeL, and ANB=¢ implies there exists C,De€ L, such that
ACC,BCD, and CND=¢. L,is L,-countable paracompact if for every sequences {B,} of sets of
L,, such that B, | ¢ there exists {4, € L,} such that 4,’ | ¢ and B, C 4,,".
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L,is L,- cbif given B, | ¢, B, €L, there exists {4,},A4, €L, such that A, | ¢ and B, C 4,.
Clearly if L, separates L, then L, semiseparates L ,.

If ve M(L,) then by v|A(L,) we mean v restricted to A(L,). We state the following well
known results:

Let L, cL, be two lattices of subsets of X. If L, semiseparates L, then for v € Mg(L,),
u=v|A(L,) € Mpg(L,).

Suppose L, C L, are two lattices of subsets of X. Then if ue€ Mg(L,), u extends to v € Mg(L,).
Moreover, the extension is unique if L, separates L ,.
We will frequently assume in the sequel that L, c L, and L, is L, countably paracompact or
countably bounded, but we note that this is unnecessary in certain situations as the following facts
listed below show:

(1) If L, is L, countably bounded and if L, is countably paracompact (e.g., if L, is
complement generated) then L, is L, countably paracompact.

(2) I L, is countably paracompact and if L, separates L, then L, is L, countably
paracompact.

(3) Suppose L, is L, countably paracompact and L, semiseparates L, then L, is L,
countably bounded.

(4) If L, is countably paracompact and if L, separates L, then L, is L, countably bounded.
2.'(b)NORMAL LATTICES AND MEASURES.

In this section we will consider a number of measure implications of normal lattices and other
special lattices as well as converse implications. We first note:

THEOREM 2.1. Let L be a complemented generated lattice. The ueI,(L’) implies
u€lp’(L).

PROOF. Since L is complemented generated then L is countably paracompact and therefore
I, (L"YcI,L). Therefore it suffices to show ue€Ig(L), but this is easy for if LeL then
L= notle,,’,L,, €L all n, and we may assume that the L' | ¢. Now if u(L) =0, and if all u(L,") =1

then nofj Ianl=¢ and u(L,'NnL’)=1 all n which is a contradiction since u€ I(L'). It follows that
w(L)=inf{u(L')|Lc I',L € L'} and this implies u € Ix(L).

REMARK. It is equally easy to show if L is complement geuerated and ue M,(L') then
ueMgp°(L).

THEOREM 2.2. Let ueJ(L) and let L be a é-lattice then u (iglL{)giilu(L,’) where all
LieL.

PROOF. Suppose u (.§1L") =1 and ‘i_o:lu(L,-') =0. Now iilu(L,') =0 implies u(L;') =0 all i and

oo oo Y o0 _ . oo . o N=3; A .
N L; =(i UL ) therefore u (‘ QIL,.)_ 0 where obviously ;N Liel. Also u (.‘ QIL,) = infu(L;) since

i=1"'

u€J(L). Sou (‘(51[,‘)= 0 implies there exists an i, such that .'511" cr, and w(L; ) =0. Therefore

“(L‘o’) =1 which is a contradiction, therefore theorem is proved.
THEOREM 2.3. If L is normal and complement generated then ue J(L)= >u € Ig°(L).
PROOF. Let ueJ(L); we know that u<v on L where veIg(L). This gives v<u on L'
Suppose u # v. Then there exists L € L such that w(L) =0, »(L)=1. However, L= n°rlen‘ since L is
complement generated so L C L,". Therefore »(L)=1= >v(L,") =1 for all n which implies u(L,’) =1
for all n as v<uon L. Now L=nL,= >LNL,=¢ therefore since L is normal there exists

A/,B'eL' such that LcA,’, L,CB,', and A,/'nB,' =¢. Therefore Lc A,'C B, c L, from this

n
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which gives »(4,) =1 and v(B,) =1 by monotonicity of v. Therefore u(B,)=1as u<von L. Also
LcA/CB,CL/=>Lc A A/c R B,c & L,=Lwhichimplies that L = n°rj],4,,' = ""rjlan =

ncrj IL""
u(B,)=1. Therefore u=veIp(L)= >u€elgL). NowueJ(L)= >ue€I’(L), therefore ue I°(L).

THEOREM 2.4. Let L be a normal lattice, u€ Ig(L), u< p(L') where pe Ix(L’). Then for
LeL,ul)=sup{p(l)|LcL’'|LeL)}.

PROOF. Suppose u(L') =1, where L€ L then since u€ Ip(L) there exists Lc L',L € L,u(L)=1.
Since LcL=>LNnL=¢, therefore by normality there exists A,BeL such that
LcA,LcB,AnB =¢. Therefore Lc BcAcL, also u(I)=1= >u(B)=1 by monotonicity of u.
Therefore p(B) =1 as u< p(L"). p(A) =1 follows by monotonicity of p, proving the theorem.

REMARK. This theorem is equivalent to the following: Let L be normal and let v <u(L)
where ve I(L) and u€ Ig(L). Then u(L)=sup{v(L)|LcL,LeL). Next we show that actually the
property in Theorem 2.4 or equivalently the one in the remark characterizes normal lattices, i.e.,

THEOREM 2.5. Suppose u€ Ip(L) and p <u(L) where peIg(L") and w(L)=1, L€ L implies
L'> A€ L such that p(A4)=1. Then L is normal.

PROOF. Let p<u(L), p<v(L) where u,v€Ip(L) and pe Ig(L"). Assume u# v, this implies
(L)) =0, v(L))=1, u(L)=1, v(L,)=0 where L,[,eL and L,NL,=¢. Now u(L,)=0 implies
u(il')=1 which implies there exists L,’> A€ L such that p(4)=1 and »(L,) =0 implies v(L,) =1
which implies there exists L,’>Be L such that p(B)=1. Since AcL,, BCL, then L,Cc A" and
L,C B. So p(B)=1 implies p(B) = 0 which implies u(B) =0 as u < p(L"). However, by monotonicity
u(L,) < u(B’) and u(L,) =1 which implies u(B’) =1 which contradicts u(B") =0. Therefore u =v which

sou(L)=0= > n(n?jlﬂ,.)z 0 which = >u(B,)=0by ue J(L). This is a contradiction as

means L is normal.

THEOREM 2.6. Let L be a normal lattice, ue€ I (L), u<v(L) where v€Igp(L). Then
vel,(L).

PROOF. Suppose u€I,(L) we know p <u<v(L) where v<u<p(L’y and ve€ Ig(L), p€Ig(L).
Suppose L, | ¢, v(L,)=1 all n, L, €L’ Then there exists L,c L, such that p(L,)=1 all n by
Theorem 2.5. Therefore w(I,)=1 since s<u(l). Now L, | ¢ since norjll,, Cc notlen'. This
contradicts the fact that u € I (L), therefore ve I (L").

COROLLARY 2.7. If L is normal and countably paracompact then the v (from Theorem 2.6)
belongs to I57(L).

PROOF. Since L
vel, (L) and since v € Iz(L) it follows that » € I5°(L).

Next we consider a pair of lattices L,, L, of X such that L, C L,, then we have:

THEOREM 2.8. If L, separates L, then L, is normal if and only if L, is normal.

PROOF. The proof is not difficult. We just show L, normal implies L, normal. Now let L,
be normal and u € I(L,), u < vy(L,), u < vy(L,) where v, v, € Ig(L,). Now we can extend u € I(L,) to
A€I(L,) and extend v, to 7, € Ix(Ly), v, to 7, € Ip(L,). Now we have A < 7 (L), A < 7y(L,) which is
not difficult to see since L, separates L,. Now L, is normal, therefore r,=r, and

is countably paracompact then I,(L") cI,(L:) by Theorem 2.2. Then

vy =7, A(Ly)=T14]| A(L,) = v,. Therefore L, is normal.
3. THE WALLMAN SPACE Ig(L).

We give here a brief discussion of the general Wallman space (see also [11]). Consider the set
In(L) and the lattice of subsets w(L). It is well-known that w(L ) is compact and it is not difficult

to show:
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THEOREM 3.1. The following are equivalent:
(a) w(L) is normal;
(b) w(L) is regular;
(c) w(L)is T,
Now since w(L ) is compact, rw(L ) the topology of closed sets, is compact and w(L ) separates Tw(L ),
and by Theorem 2.8 w(L) is normal if and only if rw(L) is normal. < Ig(L),7w(L)> is a compact
topological space and it is always T,. Assuming L is disjunctive, it is T, if and only if L is normal.
Next, let L be a 6-normal lattice of subsets of X, then the Alexandroff representation theorem (see
[1]) yields for the conjugate space of Cy(L), namely C,(L) = Mp(L) where to any &€ C,(L) there
corresponds a unique u € M p(L ) such that ®(f) = [ fdu, for all f € C,(L).

A net {u,} in Mg(L) converges to u in XM r(L) in the weak s topology if and only if
; fdu,— jl" fdu for all f € Cy(L). We shall denote weak * convergence by w.

THEOREM 3.2. Now let L be é-normal and consider convergence in Mg+ (L). The following

are equivalent:

(1) u, W) u

(2) ug(X)—u(X) and Bim u,(A) <u(A)forall AeL

(3) uy(X)—u(X) and Isz u (A" >u(A) for all A"€ L". For the proof in this particular setting
see ([7]). .

THEOREM 3.3. Let u, € Ip(L)%u€Mp(L) then ue Iz(L). Thus Ix(L) is w*-closed in Mp(L).

PROOF. Suppose u, € Igx(L )tﬁtu €Mpg(L). Therefore u,(X)—u(X) by Theorem 3.2. Now
u (X)=1 since u, € Ig(L), therefore u(X)=1, which means for A€ A(L):0<u(4)<1. Suppose
A€ A(L) and 0 < u(A) < 1. Since u€ Mpg(L) there exists L€ L C A such that 0 < u(L) < u(A) and there
exists ACcI'eL’ such that u(A)<u(I)<1. Therefore 0 <u(L)<u(l)<1. Now Lc I therefore
Lni=¢ which implies there exists A,BeL such that Lc A\LcB,ANB'=¢ by L normal
Therefore L c A"C B ¢ I which implies 0 < u(L) < u(4") < u(B) < (L) <1 so that u(4") <u(B)<1. Now
since “a@“ then Tim u,(B)<u(B) for Be L. Now u(B)<1, therefore lim u,(B) <1 which means
uy(B) =0 since u, € Ig(L). Also lim ug(A") > u(A’) for A€ L’ but u(4") <1, therefore lim u,(A) >0 as
0 <u(A) < 1. Therefore u,(A) =1 since u, € I(L). However for A"c B we have u,(4) =1, u,(B)=0
which is impossible. Therefore u(A) = 0 or 1, which implies u € Ix(L).

THEOREM 3.4. [{u,}]=Mpg(L)

PROOF. The proof of this is not difficult and can be modelled after the well-known special
case of L being the lattice of zero sets in a Tychonoff space.

THEOREM 3.5. The w*-topology of Mg(L) when restricted to Ig(L) gives the Wallman
topology rw(L ) for closed sets.

PROOF. Let ua'ﬂt u we will show u,%u where w is convergence in Wallman. Consider
uy € w(LY, therefore uy(L)=1. Using Theorem 3.2 we have lim uy (L) > ug(L’), therefore lim u(L)=1.
But 1= lim uy(L) <Tim u (L) < 1, therefore lim u (L) =1. So there exists a, such that for all a > aq
u (L) =1, therefore u, € w(L) for all a > a,. This gives u, u which proves the theorem.

We assume now that L is 6-normal, separating and disjunctive. Let f € Cy(L) we define f on

Ip(L) by f(u) = 4 fdu where u € Ig(L).

THEOREM 3.6. Fe C(Ig(L))-
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PROOF. Let u % :;0. We must show that f(u,)—f(u,) which means ua"—’t ug. For uy € w(L) we
have u, € w(L) for all a >ay as u ¥ u,. Therefore, u (L) =1, a > ay which implies lim u (L)=1.
Therefore lxm u (L) = Izm uy (L) = lim Y (L)=1 and uy(L)=1 as uy€ w(L). So Izm u, (L) > up(L) and
therefore by Theorem 3.2 we have u —»uo which proves f € C(Ig(L)).

THEOREM 3.7. The correspondence f—f is a bijection between C,(L) and C(Ig(L)); the
continuous functions on the Wallman space Iz(L).

PROOF. Let A={f|feCyL)}. Then Ac C(rw(L))=C(Ig(L)). Since u;itu: F(u) € CUIRL)).

Now it is easy to show the following:

4) (|71l = (£, therefore 4 is a closed subalgebra of C(ru(L ))
5) A separates points. We can prove this by showing for u,v € Ix(L), u # v there exists f € 4 such
that f(u) =1 and f(v) =0. This is done by using the normality of L.
(6) 1€ A. Therefore given u € Iz(L) there exists f € A such that f(u) # 0.

So by the Stone-Weierstrass theorem A = 4 = C(rw(L)) which proves the theorem.
4. THE SPACE Q(L).

In this section, we consider the important measures of Ip(L) which integrate all f € C(L) and
consider their relationship to Ig%(L). Let L Dbe é-normal lattice. We define
Q(L)={u€elIgp(L)| £ | fldu< oo for all feC(L)}

THEOREM 4.1. Iz°(L)CQ(L).
PROOF. Let veIg?(L) and L,=(|f| >n). One can see L, | ¢ which implies v(L,)—0 since
veIR%(L). Therefore v(Ly) =0 for N big. Now

{Ifldv= S 1 fldv+ [ |f]dv

LN LNI
SNV L,
<N

Therefore [ |f|dv< N which proves ve Q(L).
b

THEOREM 4.2. Ip(L)nI(L)CQ(L).
PROOF. Let (|f| >n)=A4,". Clearly A4, | ¢ and A, €L for all n. Now let ve Ig(L)NI, (L"),
therefore v(4,)=0, n>N. Now [ |f|dv= [ |f|dv+ [ |f|dv. Therefore [ |f|dv< NV(Ay), so
b Ay A X

J | Fldv< NV(Ap) < co. Therefore, v e Q(L) which prolzides the theorem.

THEOREM 4.3. Ig°(L)CIg(L)NI(L)C QL)

PROOF. By Theorems 4.1 and 4.2 and the trivial observation that Iz7(L)CIg(L)NI (L"),
the result is proved.
Following Varadarajan who considered the lattice of zero sets in a Tychonoff space, we introduce

DEFINITION. The Sequence {B,} in L is called regular if B, | ¢ and there exists 4, in L
such that B, c A,’c B, ,, for all n.

THEOREM 4.4. Let {B,} be a regular sequence. Then there exists {f,}, f, € Cy(L), 0< f, <1
such that f,, | ¢, fu(B,)=0,f,(Bp,q)=1forn=12,..

PROOF. Omitted.



526 J. CAMACHO

THEOREM 4.5. Let X be an abstract set and L a é-normal lattice of subsets which is also
countably paracompact. Let {4,} in L, A, | 6. Then there exists a regular sequence {C,} such
that C, c A, for all n.

PROOF. Since 4, | ¢ and since L is countably paracompact then there exists {B,} in L with
A,CB. | ¢. Now we show by induction that for any n we have {Ck},{Dg} in L with
Ap CCr ' C Dy C(Bi'NC'k ) where K =1,.a: (1) For n=1, take C,=4¢, and 4, cC,’ c D, C B,
follows by normality. (2) Assume expression is true for n. Now A,,,CB,,; and
A, 41 CA,CC,, therefore A4, ,,Cc B, ,nC,. Using normality, there exists C,, ,,D, ,,; €L such
that A, ,CcC 1D, ,,C(B,41NC,) which finishes the induction argument. Since C, C 4, we
must show {C,} is regular. Now C,'c B, implies C,” | ¢ and C,,c D', ,, CC, ;. Therefore {C,} is
regular as D, ,€L. Finally using the previous two results it is not difficult to show using an
argument similar to Varadarajan that the following holds:

THEOREM 4.6. Let L be 6-normal and countably paracompact, then Q(L) C Iz°(L).

So using Theorems 4.1 and 4.6 we have:

THEOREM 4.7. Let L be é-normal and countably paracompact, then Q(L) = 15(L)-

We also have:

THEOREM 4.8. If Q(L)=1IgL)NI, (L") and if I (L)CI,(L)then Q(L)=1g°(L).

PROOF. Q(L)=Tg(L)NI(L")CIg(L)NI, (L), but we know if ve Mp(L) and ve M, (L) then
v€Mp°(L). Therefore Q(L)CIR(L)NI(L)=1Ig(L), so QL)CIg’(L). However, from Theorem
4.1 we have Ip°(L) C Q(L), therefore Q(L)=15°(L).

Note: I (L") cI,(L)if L is countably paracompact, also if L is regular and Lindeldf.
Now we consider two lattices L, and L, such that L, c L,. Then C(L,)c C(L,).

THEOREM 4.9. Let L,, L, be lattices of subsets such that L, semi-separates L,. If ve Q(L,)
and if u=v| A(L,), then ue Q(L,).

PROOF. Since L, semi-separates L,u€ Ip(L,). Also, since C(L,)CC(L,) and since v
integrates all f € C(L,), u integrates all g € C(L,). Hence ue Q(L,).

THEOREM 4.10. Let L,, L, be lattice of subsets such that L, separates L,. Let ve Q(L,)
and u=v|A(L,). If Q(L,)=1g"(L,) then ve I (Ly).

PROOF. By the previous theorem u€ Q(L,)=Ig°(L,) by hypothesis, and since L, separates
L, it is easy to see v, the extension of u, is in I (L ;).

THEOREM 4.11. Let L, L, be lattice of subsets such that L 1 separates L, If
Q(L,)=1IR°(L,) then Q(L,) =TIg(Ly)NI,(L7).

PROOF. veQ(L,) implies velg(L,), but vel(L,) from Theorem 4.10, therefore
Q(L,y) CIR(Ly)NI(Ly). However we know if ve Ig(Ly)N1,(L,) then ve Q(L,) from Theorem 4.2
which proves the result.

We have the following application: For L é§-normal, 2(L)c L where z(L) consists of all sets of
L of the form L= n°rjl L., L,eL for all n, (see [1]). Now (L) separates L and z(L) is normal and
countably paracompact. Therefore by Theorem 4.7 we have Ig%(z2(L))=Q(z(L)). Now using
Theorem 4.11 we have Q(L)=Ix(L)NI(L"). Alsoif I(L)cI,(L) then Q(L)=1x°(L) by Theorem
4.8.

REMARK. We recall that if X is Tychonoff space and if L =z, the lattice of zero sets then
(IR%(2), rw,(z)) is the realcompactification v(X) of X.

Now we consider other criterion for Q(L)=1Ig(L)NI,(L"). If X is a topological space and if
AC X we denote by A% the Gs-closure of A. Now if X is an abstract set and L as usual is a
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separating disjunctive é-normal lattice of subsets then we can view X embedded in Q(L); we have
X CQ(L)CIR(L). In fact, using Theorem 4.3 we have X CI5°(L) CIp(L)NI,(L)CQ(L)CIx(L).

THEOREM 4.12. X%c Q(L) where X% is the Gg-closure of X in the Wallman space Ig(L).

PROOF. Suppose ue x4 1 u¢ Q(L) then there exists fe C(L), f >0 such that ffdu =
Let A, =(f>n)eL’. Then A, | ¢ and u(4,)=1. Therefore ue n w(A )y C IR(L)—X which
contradicts the fact u e X°. Therefore u€Q(L), so xtc Q(L).

THEOREM 4.13. If Q(L)C x¢ , then G4-closure of X in Ig(L), then ue I,(L") where ue Q(L).

PROOF. Suppose u€ QL) which implies ue Ig(L). If ug¢ I, (L") then there exists L, | ¢,
L,eL, ulL,)=1. Therefore ue n°rjlw(Ln') CIg(L)-X. Therefore u¢ X% so QuL)cx? implies
wel (L)

THEOREM 4.14. Q(L)= X% if and only if ue I (L") for all ue Q(L).

PROOF. If Q(L):X'é and if ueQ(L) then ue I, (L") by the previous theorem. While if
QL)CI (L") then we must have Q(L)cC X% for if not then there exists Ge Gs such that
u€GCIg(L)—X where u€Ig(L). Therefore ue "ofj OnCIR(L) where O, is an open set, which
implies u€ O, for all n. Now w(L,") is an open set for L € L, therefore u € w(L,) C O,, which yields
u€ n w(L )c n O Therefore there exists u e Q(L) such that ue n w(L ) where the w(L,) | ¢
and where n L eL and n w(L,) CIg(L)— X, but then u(L,)) =1 for all nand L, | ¢ which is a
cbntradlctlon Thus QL) C %° and then by Theorem 4.12, Q(L)= X°. b

Using the previous theorem and Theorem 4.2 we have:

COROLLARY 4.15. If L is é-normal separating and disjunctive then Q(L) = X% if and only if
QL) =IR(L)NI, (L)

REMARK. We note that Q(L)=1Ig(L) if and only if C,(L)=C(L); this situation arises in
particular if C(L) consists only of constant functions. (see below)

5. THE WALLMAN SPACE 15°(L).

First we note Iz°(L) may be empty. Let X = {0,1,2,..} where L consists of ¢ and all sets of the
form {n,n+1,..} for all n, and v,,v,€Ix(L). If v, #v, then there exists L;,L,€L such that
v (L) =1, Vo(L)=0, v;(L;)=0, vy(L,)=1 and L,nL,=¢. However, this is impossible here as
LyNL,# ¢ unless L, or L,=¢. Therefore Iz(L)={u}. Now clearly if L,={nn+1,..},L, €L and
L,l¢. However, u(L,)=1 for all n, therefore Ip°(L)=¢. We also have in this example:
C(L)=Cy(L)= constant functions; L is not disjunctive, L is not countably paracompact; L is not
regular; L is a é-lattice.

Now we state a familiar result:

THEOREM 5.1. Let L be disjunctive then < Ig°(L),W (L) > is replete.

Next we give facts about C(L): we denote by Mz'(L) the set {ue Mr°(L)| [ | fld|u| < oo for
all feC(L)). Note I5°(L)C Mg!(L) and we denote by, similar to Varadarajan, WY, the topology on
Mg'(L). A net {u} in Mp!(L) converges to u in Myp/(L) with respect to W, if and only if
J fdu,— f fdu for all f € C(L). The topology W, restricted to I5°(L) is the Wallman topology. Now
\fsmg this it is easy to show that f(u) = [ fdu, u€ Iz?(L) is continuous with respect to the Wallman
topology rw,(L) on Ig°(L), i.e., fwe C)((I r7(L))=C(rwy(L)). Let L be separating, disjunctive and
6-normal throughout and f € C(L).

THEOREM 5.2. Let feC(L) then f~'[a,00) = Z(3) where g=(f—a) A 0€ C(L) and similarly
7! (—o0,a) = Z(k) where h € C(L).

PROOF. Omitted.

THEOREM 5.3. Let z(L) be the zero lattice of C(L) then w,(z(L)) = 2(w,(L)).
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PROOF. Let Zez(L)c L. Therefore by a theorem of Alexandroff Z = norj‘Ln', L,eL all n
Thus w,(Z) = n?jlw,(Ln)'. But w,(L) is é-normal therefore by Alexandroff theorem again we get
w,(Z) € 2(w,(L)). Converse if w,(L)€ z(w, (L)), where LeL then w,(L)=n?1:lw,(Ln')=w,(n°rle"')
and since L is disjunctive, L= "°rj‘Ln'e z(L) again by Alexandroff’s result and the proof is
completed.

We have seen that if f € C(L) then f € C(rw,(L)), i.e., it is continuous with respect to Wallman
topology on IR°(L). However we can do better.

THEOREM 5.4. If f € C(L) then f € C(w,(L)) (where f(u) = [ fdu for all u€ I5°(L)).

PROOF. We must show J~Y(E) € w,(L) for any closed set })5(' c R. It will suffice to show this
for E=[ab]CR. Now [a,b]=(-00,b]N[a,0) s0 f Yabl= F Y (-o00,6]N[a,00)]= f (—00,b]
N7~ 'a,00) =2Z(h)NZ(3) using Theorem 5.2. Next we note if g€ C(L) then Z(§) = Z(g) where the
closure is taken in the Wallman space Ig°(L) with topology of closed sets rw,(L). Therefore
F'ab)=Z(q)NZ(h), and Z(9),Z(h)€=(L)CL sof '[a,b]=Z(g)NZ(h) (using ANB=4ANB for
ABeL)). In addition f~'a,b]=2(s’+h?) and Z(¢*+h*)=Zex(L) and Z(¢*+h%) =2 =w,(2).
Therefore f~'[a,b] = Z = w,(2) which implies 7~ 'ab)€w,(2(L)). However using Theorem 5.3 we
get f'a,bl€2(wy(L)). However 2(w,(L))Cw, (L) therefore f ![a,b]€w,(L) which implies
f € Clw,(L)).

Now we intend to prove the converse. Suppose that k€ (w, (L)) then clearly 4| y € C(L) and let
h|x=f€C(L) then h =7 since both are continuous with respect to the Wallman topology and they
agree on X which is dense in I57(L).

Using the above results we have the following:

THEOREM 5.5. The correspondence f—f is a bijection between C(L) and C(w,(L)): the
w, (L )-continuous functions on the Wallman space I5(L).

Next let u€ Ix(L), then we define M*={feC(L)|u EWIRU‘“ )}. The following facts we list
for completeness (proofs can be found for this setting in [8]):

1) I uj,u,€Ig(L) and if u; # u, then M"1 # ar*2,

2) M"is a maximal ideal in C(L).

3) (Generalized Gelfand-Kolmogoroff) If M is a maximal ideal in C(L) then there exists u € Ix(L)
such that M = M.

Thus there exists a one to one correspondence between elements of 75(L) and maximal ideals
of C(L).

Now we return to the Wallman space <Ig°(L),7w,(L)> and give conditions when this
topological space is realcompact. We know that for L disjunctive w,(L) is replete; the question we
are now concerned with is: when is the lattice z(rw,(L )) replete? or i.e., when is the Wallman space
realcompact?

THEOREM 5.6. Let L be §-normal, separating, disjunctive, and countably paracompact then
Q(L)=1Ig°(L) and if Ix°(L) with the Wallman topology is a c.b. space then it is realcompact.

PROOF. Q(L)=1x°(L) by Theorem 4.7. Now < Ig%(L),w,(L)> is replete from Theorem 5.1.
Now w,(L)Crw,(L) (of course) and consequently z(rw,(L))Crw,(L). Now L é-normal implies
w,(L) é-normal and L countably paracompact implies w,(L) is countably paracompact. Then by
Theorem 5.3 of [2] we have rw,(L) is replete. Now by hypothesis rw,(L) is z(rw,(L)) countably
bounded (c.b.). Thus z(rw,(L)) is replete by Theorem 3.4 of [2]. Hence <Ig°(L),rw,(L)> is
realcompact.

Note. If rw,(L)is z(rw,(L)) countably paracompact the same conclusion can be drawn.
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We continue to assume that L is separating, disjunctive and é-normal. Let h e C(Ig°(L)) or,
i.e., h € C(rw,(L)) in lattice notation, then f=h| y € C(rL), clearly. If f € C(L) then by our earlier
work in this section we would have A= e C(w,(L)). This situation arises if X is a Tychonoff
topological space and L =: lattice of zero sets of continuous functions on X for in this case if
h€ C(Ig%(z)) then h| x € C(rz) = C(F) = C(z) where F is the lattice of closed sets of X. Thus, in this
case, w,(z) = z(tw,(z)) and since w,(z) is replete, we have that I,°(z) is realcompact with respect to
the Wallman space.

THEOREM 5.7. Let L be separating, disjunctive and é-normal. If C(rw,(L)) = C(w,(L)) then
z(w, (L)) = z(rw,(L)) and if w (L) is z(w,(L)) c.b. or countably paracompact then I5°(L) with the
Wallman topology is realcompact.

PROOF. Since w,(L)Crw,(L) then z(w,(L))C z(rw,(L)). Now let Z(f)€ z(rw,(L)) where
feC(rw,(L)), "but C(rwy(L))=C(w,(L)) This  implies  Z(f) € z(w,(L)). Therefore
z(rwy (L)) C z(w,(L)). Now if w (L) is 2(w,(L)) countably bounded or countably paracompact then
since w,(L) is replete we have using the same argument as in the proof of Theorem 5.6 that
z(w,(L )) is replete, therefore z(rw,(L)) is replete.

Finally we extend Theorem 5.7 but first note 2(w, (L)) Cuw,(L)Crw,(L) and z(wy(L))
C z(tw,(L)) C rw,(L).

THEOREM 5.8. Let L be separating, disjunctive and é-normal. If L is 2(L) countably
bounded (c.b.) or L 1is z(L)-countably paracompact and assume z(rw,(L))C rz(w,(L)), then
z(rw,(L)) is replete, i.e., Iz7(L) with the Wallman topology is realcompact.

PROOF. z(w,(L)) is complement generated since z(L) is complement generated. (Use
Theorem 5.3) and 2(w, (L)) C z(tw,(L)) C rz(w,(L )), therefore by Theorem 3.1 part (1) of [2] we have
z(tw,(L)) is replete, as z(w,(L)) is replete from the fact L is 2(L) countably bounded or L is z(L)

countably paracompact.
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