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ABSTRACT. A new metricisintroduced on the set of all sub-o-algebras of a complete probability

space from functional analysis point of view. In this note, we will show that the resulting metric

space is complete.
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1. INTRODUCTION.

Let (R, %, P) be a complete probability space and S(X) the set of all sub-o-algebras of X. In
paper Wang [1], a metric d was introduced on S(X) to investigate the convergence rate of conditional
expectations. Some topological properties of (S(X), d) were discussed in the paper Taylor and Wang
(2], where it have been shown that (S(Z),d) is compact if and only if X is purely atomic, (S(E),d)
is connected if and only if £ has at most one atom. Moreover the important subset consisting of all
continuous sub-g-algebras was shown to be closed and nowhere dense. Some of these results were
also adapted to the theory of von Nuemann algebra.

In this note, we show that (S(X),d) is complete.

2. NOTATIONS AND PRELIMINARIES.

For any £¢ € S(X), L>®(Zo) = L*®(Q, Lo, P) is a closed subspace of L>(Q2, £, P) in a natural
way, and also a subspace of L%(Q, T, P) since (2, X, P) is a probability space. Define L(Z,) =
{f € L=(Z0) : |Ifllo < 1}. This is the unit ball in L*°(Z,), and is closed in L}(Q, I, P).

For £,,%, € S(X), define

Py = max sup SU
d(1, %) {,ELm'g)gemzz)”f allz, 1()2 jeL°°(£)"f gll2}-
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It is easy to check that d defines a metric on S(X).

For any £y € S(X), let € denote the orthogonal projection of L*(, T, P) onto L%(Q, X, P).
Let ET denote the restriction of €% to L®(Q,X,P). It is well known that EZ and e are
restrictions of the conditional expectation mapping of L'(f), Z, P) onto L'(Q, £, P).

The following results were obtained in Wang [1].

THEOREM 1. Let £,,%; € S(T), then sup;eze(s) 1E () = EZ(f)|l2 < 2\/d(S1, To).

THEOREM 2. Let £,,n = 1,2,... be an arbitrary sequence in S(X), then EZ~(f) L?-converge
to EZ=(f) uniformly on LP(Z) for all 1 < p < oo if and only if lim,_.e d(Zp, Eoo) = 0.

For any £,,X; € S(X), let

d'(5,,5,;) = fél,\l:), E;grfd P(AAB) \/22& A)g}g' P(AAB)
This metric was used by Boylan [3] to investigate the convergence rate of conditional expectations.

ITe also showed that (S(X),d") is complete.

In Taylor and Wang [2], we showed that

d(21,5,) < d(E1,5,) € 21/2d(81, Z2)(1 — d'(%1, 52))

for any £,,E; € S(X). A counterexample was also provided to argue that the right hand inequality
cannot be improved to a form d < kd’ for some positive constant k.
From this inequality and Boylan’s result, (S(X),d) is complete. In this note, we give a direct

and clear proof of this fact.

3. COMPLETENESS OF (S(%),d)

To prove the main theorem, we need a lemma.
LEMMA  Let fu, f,gn,9 be in LX(Z). If ||fa = fll2 = 0 and ||gn — g]l2 = 0 as n — oo, then
IfaVgn—fVgla—0asn— co.

The proof follows from the inequalities

IfaVgn=faValla <llgn = gll2s Ifa Vg = fVallz < |Ifa = flla

THEOREM 3. The metric space (S(X), d) is complete.

PROOF: Let L,,n = 1,2,... be a sequence in S(Z) such that limym—co d(En,Em) = 0. By
theorem 1, limy o | EE*(f) — E®=(f)|l2 = 0 for any f € LP(E). For any f € L®(E), ("—!-ﬁ;) €
L(Z). Since LP(E) is a closed subset of L%(X), there is a limit function f,, € L®(Z) such that
limpeoo EX*(f) = fo and fo, is unique up to a set of probability zero.

Define an operator T on L*(X) by
T(f) = fuw = lim E™(f), f€L=(Z)

and define M = {T(f): f € L>(X)}. Then
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1. T : L>(X) — L*=(X) is linear, constant-preserving and positive;
2. T is a Sidak operator, since

T(HVT(g) = lim E5(T(f)\ lim E*(T(g)) by3
= Jim E%(T(f))\ E®(T(g)) by lemma
= lim ES(T(f)\/ T(9))
= TNV T(9));

3. M={f:f=T(f),f € L>(%)}, so M is closed and contains constants;

4. M is a Banach lattice. Since L*(X) is a Banach lattice, for any f and g in M, fVg =
T(f)VT(9) = T(T(f)VT(9)) € M;

5. let fo,n = 1,2,... be an increasing sequence of positive functions in M converging to f €
L=(X), then since |f — f,| < |f — fi| for any n and |f — fi|* is integrable, by Lebesgue
Dominated Convergence Theorem, lim, . fo |f — ful?dP =0, so lim,—o ||f — fu]lz = 0. But
I = TN S WS = falla + 1T = f)ll2 S 201f = falla, hence f =T(f) € M.

By theorem 2.2.5 of Rao [4], M = L°°(X,) for some sub-o-algebra £q € S(X), so T(L*®(X)) =
L ().
For any n,m and f € L{°(X,), by theorem 1,

If = EZ(f)ll2 = |1E®(f) = E*(f)ll2 < 2//d(E0, Em)

For any € > 0, choose N be such that n,m > N implies that d(Z,,%,) < €2/6. For n > N and
f € LP(En),

If =Tl = Jlim |EZ(f) = E™ ()]l
< sup lim 2y/d(Z,, Bm)
< 2y/ef6<e

For these € and N and g € L{°(%,), forn > N,

lg = E*(9)ll2 = IIT(9) = E>(9)ll2 = Jim, |IE*"(9) = E™(g)ll2 < ¢

m-—+00

Thus, lim,_. d(E,, %) = 0.

Now, this implies by theorem 2 that E®(f) = limymco EZ*(f) = T(f) in L%norm for all
f € LE(X), thus EZo(f) = T(f) for all f € L°(X), that is T = E¥e,

Therefore, any Cauchy sequence {£,,n =1,2,...} in S(Z) has a limit £, € S(T), and (S(X),d)

is complete.
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