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ABSTRACT. The author uses in this paper a technique from numerical integration (see [9]) to
get a discretely defined operator, which is a modification of the Lagrange operator. Therefore we
improve with the linear summation method L} a result presented in [12] and we also point out a
solution for a problem of P.L.Butzer in the proceedings of the Budapest conference in 1980.
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1 INTRODUCTION.

Let II, be the set of algebraic polynomials of degree < n and let M be the triangular matrix of
points

20,0
20,1 21,1
M = : :
Zo,n zl,n Zn.n

where
1 > 20m > 21n > 0t > Zpn > —1.

For any continuous function f € C(I) with I := [—1,1] we define the n - th Lagrange interpolation
polynomial L, f with respect to the set of points zj, = cos 5?—:&7#, k=0,1,---,n, n € No, to be
that polynomial of degree < n, which interpolates the values (zx.n, f(zkn))-
Therefore the (n + 1) points 2z, are the zeros of the (n+ 1) - th Chebyshev polynomial T 44(z) =
cos((n + 1)arccos z). These Lagrange operators L, : C(I) — II,,, n € No, are given by

Ln(om 2 fr2) = 3 flopn) ———rmttl2)

k=0 (z - 2k,n)Tn+ll(zk,n) '

If we define wo = }r and w, = %, J > 1, one can easily see that
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Tn+l (r)
(r = ztm) Tt (20)

T .
= ngﬂ,(.z )Ty (2km) -

We use for [.g: 1 — R the innet product

(f.gln =

Sk u :k,n) .
and so one finds the representation

Ln(:O,m S f» I) = zw][f~ T)]nr)(‘r)
1=0

It is known about the sequence L = (L,) that it does not converge pointwise to the identity on
the space C'([).

This negative behaviour was the impulse for some authors to find and to investigate approxima-
tion methods in a form of a fine modification, which have better properties.

For instance in this paper we consider linear approximation operators L,:C()—> M, né€N,
given by

(EaD)x) = 32 By T LT (). (L1)
1=0

An open problem is to find the "convergence - multipliers” ,BJ_,. such that, with respect to the
uniform norm, we have for all f € C([I)

lim 11 = Lufll = 0.
Let us use the well - known translation operator 7, : X — X, « € I, defined by (see [2], [3])

(r=f)( [frt+\/l—12\/1——t2 +f:zt—\/l—a:2\/1—t2)] t,rel,

and denote

2) = 3 BTy ). (12)

=0
Taking into account that

(rT,)(t) = T,(2)T,(¢)
from (1.1) we see that

(Laf)(z) = [f,7ebaln (1.3)
and we can say that L, is generated by b, or that (bn) is the generating sequence for (L,).
However it is clear that 7, is a positive operator and moreover that for n > 2

(LaTi)(x) = BraTi(z), ke No. (1.4)

Further [3,",,, k=0,1,---,n, are the Chebyshev coefficients of b,. This implies that when b, > 0

on I and
1

/" 1—t2=1’

-1
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then L, : C(I) = I, is a positive linear operator with Lueo = eo, ex(t) = t*. If we apply L, on
the inequalities
-1 <Ti(t) <1, tel

A1 -Ty(t) = (1=T(t)) = 2(t-1)* > 0
and then select = 1 (see (1.4)), one finds

1< Bin <1

and
0<1-Pn < 4(1=Bin). (1.5)

Now

(Lner)(z) = elz)=2(1=Bin)

(Lnea)(z) Bamealz) + 3‘:‘2‘&—" .

In conclusion, from (1.5) we see that lim, ﬁl‘,. = 1 is a sufficient condition for the Korovkin
conditions

lim ||ex — Laex|| = 0, k=1,2.

n—00

In this present paper we will consider the modified summability methods of L, given by

(Lof)(=) = Ly(z0m -+ 2nmi fo7) = iﬂ;.nw:[f,TJ]ni’}(z), (1.6)

=0
with the generating polynomial (see (4.3) in [9])

(1 — I cos ﬁ'—) (1 = Taya(z)) d

ba(z) = Ka — = ¥ B Ti(2)
(1-2) (:c—cos ﬁ) =0
where x,, = msinz - and
n-—j+2 o jr c0s 73 IT_ o 3T
o _ . 1.7
Bi nt2 n+2+(n+2)smﬁ§cosn+28mn+2 (1.7)

Without claim of completeness there are in some papers [5],(6],[12] other examples of similar se-
quences like presented in (1.6).

For this discrete linear positive approximation method in (1.6) we have an instance of
algebraic polynomials, for which we can prove (see (2.2)) an estimate of A.F. Timan [13] for all

zel
1)~ (LHE)I S Colf; T4 5, meN, (18)

where w(f;6,) := sup {|f(t + h) — f(t)|; |h| < 6n, t,t + h € I} and the constant C is independent
of f and n.

2 MAIN RESULTS

It is the aim of this present note to show that the local order of approximation by means of
(L}) is comparable with those furnished by the best approximation polynomials. At the end of
this explanations we get a conclusion to prove a problem of P.L. Butzer (see remark 2.4).
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Now let us state our central theorem:

THEOREM 2.1 Let L* = (L}), n € N, be defined as in (1.6) and

An(z) = —l‘/? + I:-J rel (2.1)
Then for f € C(I), v € I,
| £(2) — (Lef)(&)| < 0w (f; An(a)) (22)
and further
| £(2) — (Lof)e)| € (3+25%) {wz(f, w4 g ")} (23)

where wa(f;6) :=sup {|f(x — 6) —2f(x)+ f(x + 8)|; 2,z £ 6 € 1,0 < & < h} is the second mod-
ulus of smoothness of f.

PROOF: Our starting point is to construct together with a sequence A = (A,) of ap-
proximation operators — by means of a © - transformation — a new sequence of operators
B = (B,) = 0(A).

So, to prove this above estimates, we employ the transformation technique from [9].
Therefore we denote by X the normed linear spaces C(I) or LE(I), 1 < p < oo, supplied witlh

worms oy = 1] 5= maxier ()] for 1 € CU1), vespectively 1 = [ Vot

where f is an element of the Lebesque space L?(I) with the weight w(t) = 7&,

Let us use the well - known convolution product + : LL(I) x LL(I) — LL(I)

(f*9) (@) = / 1) (r29) (O w(t)dt

According to the Mehler — Hermite quadrature formula, i.e.

1

/ h(t)w(t)dt = nLH kz:jo h(zkn),

-1

which is exact for algebraic polynomials  of degree < 2n + 1, we have

If

[f.ghn = / SO9O)(t)dt,  fg € My

The polynomial L3 f can be now expressed as follows

(NG = S ulf ThTE) = —Zf<z~n)2ﬂ,,.w,r<z>:r(zh)

=0

bﬂ) (zk,n)- (24)

(Baf)@) = [ £(8) (raba) it = (f % b)2),  fex, 2.5)

where the polynomial sequenc b, € P+ .= -
defined by quence b, € P* := {b=(b,)|bu(z) >0,z € I; L ba(tw(t)dt = 1} is
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bn(-r) = Z /Bj.ﬂwjj-}(‘r) )
=0

then for f € 11,4 we have

Lyf = Baf.

Since the translation operator 7, is a positive linear operator, we can see that these properties
transfer to the discrete operator L% - that means, L} is linear and positive.
Now let us describe for our purpose the so called © - transformation [9):
We start with a polynomial sequence a = (a,) € P := {a = (a)|a € P*andVn € No
320 := zo(n) € I : an(20) = an(1,%0) = 0}, and the mapping { : P! — P*,

l{a) = b = (bn),
where

1
1 @nyr(x, 2 at(l -
i = Ll feelSga, 5= a0

Then the operator sequence B = (By), Bof = f % by is called the © - transformation of the
sequence A = (Ay,), defined by A,f = f xa,, and we write

B = O(A).

If we consider the case a = (a,), an(z) = ;r‘(:—f'l‘)%‘a—), with 2o = zo(n) = cos 724’:—1’ then our (B,)

from (2.5) is the © — transformation of Fejér operators

A = (F),

(Ful)(a / SO0 - e Tnend, S eX.

=0

Taking into account that L} is a discrete form of B, = ©(F,), we conclude, by means of thcorem
4.2 from [9] that

| f(z) = (L N)(2) | £ 4w(f;en(2))

with

() = V1 —2z%sin - : 3 < 7?A,(x).

.2 T
+ |z|sin —
At the same time
)= (@) ] < 04267 (an(fin) + Eatfin)) - (see (9, theorem 4.3),
which completes our proof.

REMARK 2.2 We get for the convergence multipliers ([9], (3.3))

o L (lzn- Tl M) (nt ] =)0+ D)
S ( (1= 20)? i T ) (2:6)
2 sin ] + 1)n+2 % . 2 jﬂ'
("+2)(1—zo)cn< sin 2 +(n+1—j)cos e
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2 n—j+2 , jm cos 5 L jw)
n cos ,
(1—:0)(:,,( nt2 O ni mtsng a2 Cnte

where together with 3, = Tl-—?oF:

and we find the form in (1.7).

The local behaviour of f is measured by suitable maximal functions taking into consideration
the fact that a single local change of f can influence the polynomial operator L}, as a whole.
Therefore the local error f — L* f is estimated by the pointwise Lipschitz type maximal function

fo(z) = sup LSO

t#rtel  |t—z|*

for f € L}(I) bounded and z € I, a € (0,1], introduced by B. Lenze [7]. For similar results with
other operators see [§],[11],[10].

THEOREM 2.3 Letn € N, a € (0,1)] and f € L}(I) be bounded. Then for all z € I
[ f(2) = (Lo f)(=) | < 7% fa~(2) (An(2))” (2.7)
PROOF: From the definition of f,~(z) and with Holder inequality for p = ﬁ >1
(@) = (Laf)@)| < Ly(f(2) = f(t)li2) < fu™(2) Li(lz — t|*%;2)

~ * Lo 1 ~ L ]
< L@ (Li(lz =P 2)P = fu~(2) (Lalle ~ t)2)" .
With 1 - 8, , = sin? n—f"_—,l and
1- ,32.n 2 .2 T ( 2 T ) 272
= <K —
3 a2 par 2(n + 1) cos n+2+1 S F
we find the following enclosure
2(1 - z%)x n
.2 T * .2
< —zx|; < X
|| sin 2 S Lyt —z|;z) < m— + [z|sin )
< ©Auz) (9], (26)),

which proves this theorem.

REMARK 2.4 P.L.Butzer presented on a conference in Budapest [1] the following problem:
Can one construct a triangular matriz of distinct nodes {¢xn}p_g, n € No, zxn € I, and a tri-
angular matriz of positive fundamental functions {#Pkn}ico, defined on I, such that the linear
summator operators

(Laf) () == 3 f(wemdoun(a), £ e€CD),

k=0
are algebraic polynomials of degree n, and satisfy

lLaf = flleay = OR™), (2.8)
provided f € Lip;(a,C),0 < a < 2.
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We get a solution of this problem. if we use for § € (0,1] and f € Lipy(a,C), 0 < a £ 2, the
estimates for w,(f;6) < Cé6". C := const. and

{‘2|Ifllﬁ" . a€(0.1)
buw(f:6) <
17118 a€(1,2]

We find so with a positive constant M = M(f)
wo(fi8) + |x]éw(fi8) < M8, a€(0,2.6€(0,1], r €.

If we choose § = %, from (2.3) we get

@)~ (LN @) < 25 el

Finally the linear summator operators (L) have the co - domain in II, and satisfy (2.8) provided
f € Lipy(e,C), 0 < a <2, i.e. asolution for the problem proposed by P.L.Butzer.
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