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ABSTRACT. The object of the present paper is to prove a criterion for p-valently starlike

functions in the open unit disk.
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1. INTRODUCTION.
Let A(p) be the class of functions of the form

f(z) zp + E anzn (p E N {1,2,3,--. }), (1.1)
n=p+l

which are analytic in the open unit disk U {z: Izl < 1}. A function f(z) belonging to A(p) is said

to be p-valently starlike in U if it satisfies

Rfzf’(z)e f(z) > 0 (z . U). (1.2)

We denote by S(l) the subclass of A(I) consisting of functions f(z) which are p-valently starlike in

t (d. [ll).
Recently, Nunokawa [4] has shown that

THEOREM A. If f(z) A(p) satisfies f(z) 0(0 < z < 1) and

Re "zf’(z) I <
f(z) ;

then f(z) _.

(z.U), (1.3)1+

In the present paper, we derive a new criterion for the class S(p) involving the above result

by Nunokawa [4].
2. A NEW CRITERION.

To derive our main result, we have to recall here the following lemma due to Jack [2] (also,
due to Miller and Mocanu [3]).

LEMMA. Let w(z) be analytic in U with w(0)= 0. If w(z)l attains its maximum value on

the circle zl r < at a point z0, then we can write

zow’(zo) W(Zo), (2.1)

where k is a real number and k > 1.
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then f(z) S(p) and

Now, we prove

THEOREM. If f(z) A(p) satisfies f(z) # 0(0 < < 1) and

’"t l+ s’<=) )-(l >o

-7- p < p ( e v).

PROOF. Define the function w(z) by

f(z) p(1 + w(z)).

(z U), (2.2)

(2.3)

(2.4)

Then w(z) is analytic in V and w(0)= 0. It follows from (2.4) that

+-if(z)’ p(1 + w(z)) + + w(z’
so that,

zS’(z)f(z) (1 + zff’(z)if(z) ]’= + zw’(z)
)"V(1 + w(,)

Suppose that there exists a point 0 V such that

(2.5)

I(z) I,(z0)

Then, applying Lemma, we can write

((zo) # ).

ZoW’(Zo) kw(zo) (k >= 1)

W(Zo) eiO(o # r). Thus we have

zoS"(zo)’f(z) + + eio)------zoft(zo) ft(zO) ] p(1 +

=1+ 2p(1 + cosO)

Note that the condition (2.2) implies

s.)(zf’(z) 1+ St(z) #a (zcU), (2.S)

where a > + 1/4v. Therefore, (2.7) contradicts our condition (2.2). Consequently, we conclude

that

IzS’(z)
that is, that f(z) S(v).

Letting v in Theorem, we have

COROLLARY. If f(z)
_
A(1) satisfies f(z) # 0(0 < [zl < l) and

(2.9)

then f(z) S(1) and

S f(z),t:S’O)(’ S’I:)7
>0

:f’(*)
s-7-(Ty- < (ev).

(z (2.10)

(2.11)
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