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ABSTRACT. Let f n(x) be the n'! iterate of a function in some interval [0, ¢]. It is known that if
f(z) ~z—2z% a>1, then f"(:c) ~ An® for some A and a. In this paper we prove a converse of

this theorem: The rate of convergence of the iterates determines the form of a function.

KEY WORDS AND PHRASES: Iterations of a function, slow convergence.
1991 MATHEMATICS SUBJECT CLASSIFICATION: 26A18, 39B10.

Let f(z) be a real valued function; denote the nth iterate of f(z) by f,(z), i.e., folz) = =,
fas1(8) = f(fu(2)). If on some interval [0,c] the function f is continuous and satisfies the
inequality 0 < f(z) <z (z #0), then lim f () = 0 for every z € [0,c]. Indeed, for every such z,
fn(z) is monotonically decreasing and it is easy to see that the limit must be 0. The rates of
convergence of the sequence f () have been studied extensively, see Ostrowski [1] or Seneta [3].
If f/(0) <1, the sequence converges at least geometrically fast: There is a constant 0 < v <1
such that f (z) <™ for large n. The situation is more delicate when f'(0) = 1. This is known as

“slow convergence problem”. A. M. Ostrowski [1] has proved the following result:

THEOREM 1. Suppose f(z) is a continuous increasing function on some interval [0, ¢] such
that 0 < f(z) < zfor 0 <z<c If f(z) = z—KzP + o(zP) as z — 0, where K >0,p> 1,
then for all z €[0,¢]

N nef (2) = A

wherea—-ap+1=Oa,uda—KAp_l =0.

These sufficient conditions for f (z) to behave like An—@ are also, in some sense, necessary,

as the next theorem shows. We recall that a function f(z) is said to be concave if
fluz + (1 —u)y) 2uflz)+(1-u)f(y)

for any z,y in the domain and 0 <u <1. If the function f(z) is concave, then “the slopes

decrease”: For z, < T, < , we have
1 2 3
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f(J'g) - f(«"]) > f(-l'3) - f(l'g)

Ty =T ST Iy Ty

For the proof see, for instance, Rudin [2].

THEOREM 2. Suppose f(r) is an increasing, continuous, and concave function on [0, |
satisfying 0 < f(zx) <z (r # 0). Suppose also that for some fixed a >0, lim naf (z) exists and is
different from 0 for every r € [0,c]. Then for every € > 0 there is ce > 0 such that

r—2P < flr) < r—xPtE for0 < z < Cer
where a —ap+1=0,ie,p=1+1/a.

We need the following lemma.

LEMMA. Let 0 <V < v and let g(z) = sz — L be a linear function with slope 0 < s < 1 such
that g(v) = V. Let w be the number such that g(w) = w and let w < z < v. Put

log (z+li__‘s/ —v) —log (ti_—‘./s)

log(s)

N =N(v,V,s,z2)=

If k> N then gk(v) <z andif k> N then g,(v) > z.
PROOF. Put t) =v—-V =v—g(V)and t; ;= gk(v)—gk+l(v), k=1,2,... . Then
try1=5[g,_,(v) —g,(V)] = s,
and so
1—sk v=V (1 _ k).

t1+t2+...tk =t1(1+s+s2+... +3k"'1) = tlTTS_ = 1—s

But then

g () =v—(t +tg+. .. +t) =v—‘i:‘s/(1—sk) =%sk +v——'i__‘8/.

This is a decreasing sequence in k, hence g,(v) <z is equivalent to k> N, and gk(v) > zis
equivalent to k < N.
PROOF of Theorem 2. It is enough to show that, under the hypothesis of the theorem,

_ log(z— f(2))

z=0+ log(z) =p=1+1/a 1)

We break the proof into two parts: I. lim inf > p, and II. lim sup < p.

Proof of I. Let ¢ = lim inf and assume that ¢t < p. We notice, by the way, that ¢ > 1 because
[log(z — f(z)| > |log(z)|for 0 <z <1, and p > 1. Thus there exists a sequence ¢ >z, > 5>
— 0 such that
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log(x), = f(x))

=t -t<p. 2
log(7}) k P )

Since the function f(r) is concave and f(0) =0, the ratio f(z)/z is a decreasing function of z.
From (2) it follows that f(x,) =z — 1‘2", and thus

f(‘rk) lk—l
S="1;, = l—xk

increases as k — oo, hence |log s;| decreases as k—oco. We may thus require that the sequence

{z,} satisfies

logJ:,H_lZ?logzk and log.rkzk 3)
log s, 4 log s, log s,

-1
Let k be fixed. The slope of the line joining (0, f(0)) and (z, f(z;)) is equal to s, =1— z:" I

x> 1x,, then the slope of the line joining (z}, f(z})) and (z,f(z)) is less than s; (the function
f(x) is concave), hence f(z) < s,z for z > z;. Define function g(z) by

g(x):skz if xksmszk_l,k=2,3,... .

We have just proved that f(z) < g(z), so f,,(z) < g,,(z) for all integers m (f is monotone, i.e.,
&) S F @@ - -y )= £, (@) < £lg,_ (&) < 9(@)). Let my be the smallest
integer such that gnk(zk_l) <z;. We apply the Lemma with v=1z,_,, V=f(z) =

t . .
T~ xk"_'ll, 2 =1z}, s = V/v. A simple calculation leads to

log z, —log z; _,

< g5, + 1 @)

Ny

We remark that if y < z_, then gnk(y) < z;. Indeed, if y < zy, the result is immediate since
9(z) < z;if z, <y <z _ 4, then g (y) < z; for some n < ny, so ynk_n(gn(y)) < z;. Thus

fnz(xl) < gnz(m) < T

fn2 + na(zl) < 9n3(fn2(-"31)) < I3 (5)

Frgtng+. .. +n@8) S gn(Fy+- - +m4(2) S 7

Setting Np = ng+ng+. .. +ny, the last inequality in (5) becomes ka(:cl) < =z, which
implies that for any b > 0

Ni fy, (@) < Nz (6)

By hypothesis of the theorem, if b > a then the left side of (6) goes to co as k — o0o. To obtain
the desired contradiction we will show that the right hand side of (6) goes to 0 as k—oo for some

b> a. We now estimate N. From (4) we obtain

k k. log zm — 1 ' — log
Np=Y nm=k+y 2 10g:“ Lk + Y 22 (1)
m=2 m=2 m
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However, the requirement (3) gives

log 7, < 1 log 7,
log s, | = flogs,c

log 7, _» <1 log 7, _,; < (1)2 log z;,
2

log s, _o = 2 logs,_; 2) log s,
log zy _ 1log g < (1)""2 log z,,
log s, 2logsy ~ =\2 log s,
Substituting these in (7) we obtain
k m-1log z log = log = log z
1 k k ko k
Ne < & +m§2 (2) log s, < log s, log s, log s}, *

the last inequality being justified bu (3). It is thus sufficient to show that for some b > a

1
lim (ngk)a:k =0,
k—oo \ log St

or, what comes to the same thing

23/ log =
lim 2k _"%%%k-1 _ g ®)
koo log s, g

Now, t; —1 is monotonically decreasing to t —1 (see (2)), hence ty — 1 <t —1 + ¢ for arbitrary €
and k sufficiently large. Thus

l—xz"_l 51_1.;:—-1+c
or
log syl = |log (1 =2 ™" )| 2 llog (12 ™"+,
SO
’{Lgk" < mln
log (1 -z, )

for arbitrary € and k sufficiently large. To establish (8) it is sufficient now to show that there
exists € > 0 and b > a so that

lim _ﬂz__ =0 (9)
=0+ log (1-2'~*%¢) ~ 7

where ¢t <1+ 1/a. Since log(1 +u) ~ u as u — 0, the expression in (9) is less than

— 22" " og(a) (10)
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for sufficiently small z. But t <1 +(1/a), hence there is ¢ > 0 such that 1 —t+H1/a}—€ >0, and
so for some b > a the exponent in (10) is strictly positive, i.e., (9) holds (z"logr — 0 for any
r > 0). This proves I.

Proof of II. Again, we argue by contradiction. Assume that there exists a sequence ¢ > z;
> 9 >+ — 0 such that

108(1‘,, - f(l'k)) _

Togzp) tp —=t>p. (11)
Without loss of generality we may assume that
log (z‘k“) — log (zt") >1 log (zi"“) ‘ (12)
k+1 k 2 k+1
log (% + %z;::ll z;t") > Ilog %' (13)
(2 =~z 4 l)(’:k B ‘”::ll)-l > §a, " (14)

It follows from (11) that f(z,) =z, - zi" . Let h(z) be the function defined by

f(Ik) ifz=zk
h(m):{ linear ifz, 1 Sz<z
0 ifr=0

Since the function f(z) is concave, we see that f(z) > h(z) and so, as in the proof of part I,
fon(@) 2 hyn(z) for all integers m. Define two integers n, and m, as follows: n, is
the largest integer such that hnk(zk) > 1., and my is the largest integer such that

hmk(zk) > % (zk +a 1) We now obtain estimates on m, using the Lemma. In this case v =z,

k
V=:1::c ,z=%(a:k+zk+l), and

t) tt1
s_f(zk)—f(zk...l) =1 - Ty —Tpy1 R
BERETTS - =T 1k

Applying the Lemma, we obtain

e Te~ Tk e Tk~ Tk 41
log | 3(zp + 74 4 1) + 2 t; l:; T "%k | ~log 7' te ‘k++ 1
Te " Tk41 Ty ~Tp41 i
log s,

my >
After direct simplification this reduces to
my > (log s,) ™! log(% +3 :v;:_:ll zk-t" ) —-1.
We apply (13) and the fact that s; — 1 to obtain

T —T
my > o)Ll =y k41
1 -5 t) te 41
Ty ~ T4
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for large k, where c| is a constant. Finally, from (14) we obtain

my > ¢y zz‘.tk (15)

for sufficiently large k, where c, is some constant. For k>2 set Ny =n;+ny+. . .

+ny _ | +m,. It follows from the definition of n’s and m’s that
hz) 27 (s + 2 41) 233
hence for b > 0 we have

5 b b
Nef, (@) 2Nhy (3)) 23Ny 3 (16)
k

2 N,
b

Since ndf (z,) converges to a limit that is different from 0, it follows that as k — oo, Ny f  (z;)

— 0if b < a. But N > my,, so (16) implies that m:zk — 0 as k — oo whenever b < a. Ftomk(15)

we see that

b(1— 1) +1

m: T 2 6T, 1)

Now, 1 + 1/a < tpsoa(l—t) +1 < 0, and thus b(1 —¢;) +1 < O for some b < a and k
b

sufficiently large. We see from (17) that for such b, m b

z; — oo. This contradiction completes the
proof.

A word or two regarding the concavity assumption in the Theorem 2. The assumption is
certainly needed in the proof. The result is also not true without it. The idea is this: Construct
an arbitrary sequence 0 <z, <1, z, | 0 at an arbitrary rate. It is easy to see that one can
construct a function f(z) such' that f(1)==z, and f(za) =2, (Just draw a picture). The
values of f(r) at other point can be taken completely arbitrarily so that the conclusion of

Theorem 2 need not hold.
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