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ABSTRACT. In this paper, a generalization of a theorem of Mishra and Srivastava [4] on
| C,1] summability factors has been proved.
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1. INTRODUCTION.
Let a, be a given infinite series with partial sums (s,). We denote by u, the n-th (C,1)
mean of the sequence (s,). The series La,, is said to be summable |C,1| k> 1, [2] if
oo
Yo o u -, | F <o (1.1)
n=1
Let (p,) be a sequence of positive real numbers such that
n
P, = Z p,—0 as n—oo, (P_,=p_,=0,i>1). (1.2)
v=_0

The sequence-to-sequence transformation
tn = P Z PySy (13)

defines the sequence (t,,) of the (N,p,) mean of the sequence (s,), generated by the sequence of
coefficients (p,,) (see [3]).
The series Xa,, is said to be summable | N,p, |, k> 1, if (see [1])

S (PulptH lta=toy | < o0 (19
n=1

In the special case when p, =1 for all values of n, then | N,p,|; summability is the same
as | C,1|; summability.
2. PRELIMINARY RESULT.

Mishra and Srivastava [4] proved the following theorem for | C,1 |, summability.

THEOREM A. Let (X,) be a positive non-decreasing sequence and there be sequences (3,)
and (),) such that

AN, | < B, (2.1)
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B3,—0 as n—oo (2.2)
| A ] X, =0(1) as n—oo (2.3)
00
> nlAB.| X, <o (2.4)
n=1
If m
Y %[s"|"=0(/\’m) as m—oo, (2.5)

n=1

then the series £a,\, is summable |C,1|,, k> 1.
3. MAIN RESULT.

The aim of this paper is to generalize Theorem A for | N,p, | the summability in the form
of the following theorem.

THEOREM. Let (X,) be a positive non-decreasing sequence and the sequences (8,)) and
(M\,) such that conditions (2.1) - (2.4) of Theorem A are satisfied. Furthermore, if (p,) is a

sequence of positive numbers such that

P, =0(np,) (3.1)

i %]sn |*=0(X,,) as m—oo, (3.2)
n'= n
then the series $a,\, is summable | Np, |k > 1.

REMARK. It should be noted that if we take p, =1 for all values of n, then the condition
(3.2) will be reduced to the condition (2.5). Also noticed that, in this case condition (3.1) is
obvious.

4. We need the following lemma for the proof of our theorem.

LEMMA ([4]). Under the conditions on (X,),(8,) and (A,) as taken in the statement of the

theorem, the following conditions hold, when (2.4) is satisfied

n B,X, =0(1) as n—oo (4.1)

o0
Y B.X,< oo (4.2)
n=1

5. PROOF OF THE THEOREM. Let (T,) be the (N, p,) mean of the series Za,A,. Then, by

definition, we have n

T" =})L Z Py zv: awAw =_}¥_‘ i (P" _Pv—l)avxv.
v=0 w=0 "oy=0

Then, for n > 1, we have

Pn S
Tn_Tn—l = PnPn—l vgl Pv—l av’\u'

Applying Abel’s transformation, we have

n

n—1 -1
Tn - Tn -1 P ;")" Zl A(Pv - l’\v)sv + %'l 3n’\n = - P II;" 1 El pvsv’\v
— n ntn-1 2

nn—lv

2 n=l P
+P P" E P, AXs,+ 2 SpAp = T,,’, +T",2+T,,,3, say.
nt n-1 ‘U=1 n
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To prove the theorem, by Minkowski's inequality, it is sufficient to show that

0
Z (Pﬂ/pn)k.—llT",w'k<mforw=17273’
n=1
Now, applying Holder’s inequality, we have (k > 1)
m& 1 k ko s 11 p nol k k !
Z (Pn/pn) _llTn,l' < Z PP—I Uglpulsvl |’\v| r_—_ z Py

n=2 n=2 v=1

& k k m11 Pn & p, k k
=0(1) levlsvl |’\v| Z 1}.')f) =0(1) 2 T)_lsu! |/\u| .
v = + n v

n=v n-1 v=1

Since | A,.| =0(1/X,)=0(1), by (2.3), we have that

m+1 m m
Y (PalpalHIT, 1 15=00) 3 ls M IR =00) 30 Bl It

n=2 v=1 v=1

_ Puw k & opoy. 1k
0(1) E Al }: polsul*+0) Al 32 Pulsul

’U_l w=1 w v=1

-1
0(1) Z AN | X, +0(1) | A | X, = 0(1) Z BuXo+0(1) [ A | X =0(1)
v= v=1
as m—o0, by the hypotheses of the theorem and lemma.
Using the fact that |A),| <B, and P,=0(np,), and after applying the Hoélder’s
inequality, we get that

m+1

m+1 n—1
S (Pufp Tt Y B {ZP.,IAMIS.,I}"
n=2"nn-1 (p=1

n=2

m+1

n—1 k
=0(1) 22,,;;: {Zlvﬂwvlsul}

n—1 k-1
=0(1) z {z (v8.)p, s, } {% z pu}

m+1 p
=0(1 Z(”ﬁ pulsul P,,P"

& kD k
o) $5 Bt Bl
n=v+1 n-1 v=1 v

Since nf,, = 0(1/X,) = 0(1), by (4.1), we have that

m
z (Pulp = I Tuzl*=00) 35 0B)F" v 8, Bels,1* =00) L vhplalt

v=1 v=

_ m—1 R R m Py .
w= w v

v=1 v=1

~1
o) ™S | A©BY | X, 4 0mBaX = 0(1) S 0] AB, | X, +0(1) z '8y X,

v=1 v=1



482 H. BOR

+0(1)mp,,X,, =0(1) as m—oc.
by virtue of the hypothesis and lemma.
Finally, as in T, ;, we get that
m moop
Yo (Pa/p)f T Tasl = 30 prlsal“IA 15 =0(1) as m—co.
n=1 n=1""
Therefore. we get

m
Z (P./p,)* 1| T, .l k= 0(1)m—o0, for w =1,2,3.

n=1

This completes the proof of the theorem.
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