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ABSTRACT. Estimates for the Cauchy matrix of a perturbed linear impulsive equation are
obtained for given estimates for the Cauchy matrix of the corresponding unperturbed linear

impulsive equation.
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1. INTRODUCTION.

Consider the linear impulsive equation

' = A(t)z, t# 1y,
(1.1)
Az=A X t=rp,
where t belongs to the interval JCRir <7, 41 (ke the sequence {r;} has no finite
accumulation point; z € R"-, A, € R®*". Suppose that A(t) belongs to the space PC(J,R**"™), i.e.
A(t) is an nxn matrix-valued function which is continuous for t€J, t#r;, and at the points
7, €J it has discontinuities of the first kind and is continuous from the left. We recall [1] that
the solution =z(t) of (1.1) for te J, t # 7} satisfies the equation

' = A(t)r and for t = T

the conditions

— def . def .
=t ) = t_l}frz_g z(t) = z(r}), ::(r,?') = t—l-'r':+o z(t) =z(rp)+ Ax(ry) = o(rp) + Agz(ry).

Let |z| be a norm of the vector z € R™ and | A| = sup{| Az|: |z| =1} be the corresponding
norm of the matrix A €R"*". Let the Cauchy matrix W(t,s) of (1.1) satisfy an estimate of the

form

[W(t,s)| <e(t)(s) (s,t€J, s<t), (1.2)

where the functions ¢, y:J—R . continuous and positive.
Based on estimate (1.2), we shall seek for various estimates for the Cauchy matrix Q(t,s) of
the perturbed linear equation

v =[A() + B()ly, t# 7y,
(1.3)
Ay =[Ap+ By, t=r1,
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where B(t) € PC(J,R"*") and B, e R"*™.
We shall use the following lemma:
LEMMA 1.1 [2]. Let the function ue PC(J,R ) satisfy the inequality

u(t)<c+ Jt p(r)u(r)dr + Z ppu(ry) (s, telJ, s<t),
s s<Tp<t

where ¢ >0 and p, > 0 are constants and p(r) € PC(J,R ).
Then

wy<e [T (+pp)lesp “'p(r)dr] (s,t€d,s<1).
s<Tp<t i

2.  MAIN RESULTS.
Recall [1] that if U, (t,s) is the Cauchy matrix for the equation
£ = A(t)z (Tlc—-l <t<Ty),
then the Cauchy matrix for equation (1.1) is
Uitss) (s,t€(rp _ il

W(t,sK= (/k+l(t,rk+)(E+Ak)I/k(rk,s) (Tp_1<s<Tp<t<Tp_ 1)

1+1

Up 4 1(t,r,;+)Hk(E+Aj)Uj(rj,rj+_ DE+AI(ry8)  (rj_1<s<Ti<mp<t<my )
T

Then an arbitrary solution y(t) of (1.3) satisfies the integro-summary equation

U0 = Wtw(o)+ [ Wit DB + PO SLXIAR
$<TL <

From (2.1) and (1.2) it follows that

1901 <o) 19| + [ ot B 1) ldr+ T 0w By 13(r)]-

sg‘rk<t

The the function u(t) = |y(t)| /() satisfies the inequality

u(t) < ¥(s) | y(s) | + Jt¢(7)¢(T)IB(T)|"(T)4T+ Y elrpi(ry) | Bl u(ry).
s s<TL<t

We apply Lemma 1.1 and obtain the estimate
lv®) ] < |u(s)| M(1,5),

where

Mits) = o(00(s) ] (1+«a(r,c)¢(rk)|3,c|)exp(jip(r)w(r)wv)ldf).

sSrk<t

(2.1)

(2.2)

(2.3)

From (2.2) and the equality y(t)=Q(ts)y(s) there follow immediately the subsequent

assertions:

THEOREM 2.1. Let the Cauchy matrix W(t,s) of equation (1.1) satisfy estimate (1.2).

Then the Cauchy matrix Q(t,s) of equation (1.3) satisfies the estimate
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1Q(ts)| <M(t,s)  (sit€d,s<t),

where M(t,s) is given by (2.3)
COROLLARY 2.1. If

(Wts)| < Ke(t=9) (s,t€d,s <), (24)
where K > 1 and o are constants, then
1Q(ts) | < ket ] (1+K’|Bk|)erp[I:K|B(r)ldr] (s 1€t s<t). (2.5)

sgrk<t

COROLLARY 2.2. If in the interval J =R, estimate (2.4) is valid and there exists a
constant 6 > 0 such that

s | B(r)| <6, R | B | <86, (2:6)
+ kER,
then
1Q(t,8)] < Kca(t —-5) cK&(t —5)+en(1 + Ké6)i[s, t)’ (2.7)

where i[s,¢) is the number of points r, lying in the interval [s,?).
Moreover, if there exist constants ¢ >0 and ¢ > 0 such that
i[s,t) < q(t—s)+e, (2.8)
then
1Q(t,s)| < K(1+ K6)F ezp{la+ K6+ qtn(1 + K8)|(t - 5)} (c<s<t) (2.9)
Taking into account that [] (1+K|By|)<ezp ¥ K|B,|, we obtain
s<T; <t s<TE<t
COROLLARY 2.3. In the interval J =R let estimate (2.4) be valid and let a constant
M > 0 exist such that

l:olB(r)]d‘r+ > 1Bl <M. (2.10)
rk20
Then
1Q(t,5)| < keKM.2(E=9)  (0ocscu. (2.11)

REMARK 1. If equation (1.1) is uniformly asymptotically stable, i.e., estimate (2.4) is valid
with a <0, then under perturbations for which (2.6) is satisfied with é small enough equation
(1.3) is also uniformly asymptotically stable.

If equation (1.1) is uniformly stable, i.e., a =0 in (2.4) and condition (2.10) is valid, then
equation (1.3) is also uniformly stable.

The goal of the following considerations is to obtain estimates for Q(¢,s) in which instead of
the integral and the sum of the norms of B(r) and B, the norm of the following function should
enter

D(s) = ItB(‘r)d‘r+ Y B, (s,t€d,s < 1).
s s<TL <t
We shall note that D(s) is continuous for s £, D(t~) =0 and D(rg ) = D(r) = D(ri )+ By.
Let y(t) be an arbitrary solution of (1.3). From (2.1), taking into account that
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W(t,t™)-W(ts)= IZ %—‘:} (t,7)D()y(r)dr + J.: W(t,s)D'(t)y(r)dr + I: W(t,s)D(r)y'(r)dr
+ ) WD wrg ) - Wt DO (g
s < T < t
Wi1,r) = ~W(t,1)A(r), ¥(r) = [A() + B()ly(7)
and
W(t, T )D(r gt Yy(r ) = Wt r 7 )D(r (g )+ Wit b )By(my)
=W(t, T )D(rgt JE+ A+ By) = (E+ A)D(r ) + Bilu(ry)
=W(t, 7 )D(rg (A + By) - ALD(ri ()
we obtain that
W(0) = W(t)E+ D)+ [ Wit DA + B(r)) - AMD(r)lu(r)dr
+ Y WD A+ By) - ARD(r )lu(ry)- (2.12)
s§< < t

If W(t,s) satisfies estimate (1.2) and there exist constants M >0, m >0 and 5 > 0 such that

|A(t)| <M, |B(t)] <M, |A | <m, |B,| <m (t,rp€J) (2.13)
and

t
JSB(r)dH 3 Bil<n (<), (2.14)

sSrk<t

then from (2.12) we obtain that

1901 S WA+ o) | + [ 'otwn) sMalumlar+ 3 pliwtry)-3malu(ry|

s<TE<t
and by Lemma 1.1 we obtain that
[y < |y(s) | N(t,s) (s,t€J,5 <), (2.15)
where
Nty = (tnese) T @ smmptrgitrgeas{ [ ‘smptryvtrar ) (2.16)

sgrk<t

From the estimate (2.15) obtained there follows immediately.

THEOREM 2.2. Let the Cauchy matrix W(t,s) of equation (1.1) satisfy estimate (1.2) and
let conditions (2.13) and (2.14) hold.

Then the Cauchy matrix Q(t,s) of equation (1.3) satisfies the estimate

[Q(ts)| < N(t,5) (s,t€J,s<t),

where N(t,s) is given by (2.16).
COROLLARY 2.4. If |W(t,5)| < ke®(t—%) (s,ted,s<t), then

1Q(t,s)] < (1 +r])Ke°'(t —5), SKMn(t—s)+tn(1 +3Kmn)ifs,) (2.17)

for s,teJ,s<t.
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Moreover, if condition (2.8) holds, then

[Q(tys)] < (14+n)(1+3Kmp)s K el +3KMn+qtn(1+3Kmn))(t - s) (2.18)
for s,teJ,s<t.
COROLLARY 2.5. In the assumptions of Theorem 2.2 let condition (2.14) be replaced by
the more general condition

JtB(r)dr+ E By(<n (s,t€J,s<t<s+h), (2.19)
s s<Tp<t

where h > 0 is a constant. Then Q(t,s) satisfies the estimate

|1Q(t,s)| < K(1+n) exp{le+3KMy +%¢n(l\' + Kn))(t — 8) + €n(1 + 3Kmn)i[s, t)} (2.20)

for s,teJ,s<t.
Indeed, estimate (2.20) follows immediately from (2.17) and the fact that the estimate

ly(t)| < |y(s)l L“"{“/(‘ - ) +ris,1)]

(s<t<s+h)
implies
ly(®)| < l(s) | L ezply+EenL)(t—5) +rils, 1] (s<).

REMARK 2. In some cases estimate (2.17) is better than estimate (2.7).
EXAMPLE 1. Let equations (1.1) and (1.3) be scalar and A(2) = -1,

B(t) = sinwt, Ay =1, By = (- 1)k, 0<b<1, 7, =k=0,1,2,---,teR .
Then
|W(t,s)| =c—(t—s)+£n2i[s,t)SKCa(t—s) 0<s<t),
where K =2, a = —1+¢n2. In the notation introduced

t
[(Brar+ 3 By<Bas=n
S

s<TL<t
Then Q(t,s) is estimated:
(i) by estimate (2.7)
1Q(t,9) | < Ke(t=9). 2t =)+ tn(1+2)i[s,0) (2.21)
(i) by estimate (2.17)
1Q(t,)| < (14 q)Ke2(t=2). B1(t = 8) + En(1+6n)ile, 1) (2.22)

Estimate (2.22) is better than estimate (2.21) if 69 <2, i.e., if Z+b <% which is fulfilled for
large w and small b.
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