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ABSTRACT. In this paper we obtain new characterizations of the Zemanian spaces H,, and H;,
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A H Zemanian [7, Ch 5] introduced the space H, (1 € R) of functions as follows a complex
valued smooth function ¢(z), = € I = (0, 00), is in H, if, and only if, the quantity

Yor(@) =sup |z"(z ' D)z (x))] < o0
ral

is finite, for every n,k € N. This space endowed the topology generated by {'y,',"k},.vng is a Fréchet
space In the sequel we will refer to the above topology as the usual topology of H, Zemanian
introduced the space H, to extend the Hankel integral transformation defined by

(hu)(z) = /O (zt)' 2T, (zt) p(t) dt ,

where J,, denotes the Bessel function of the first kind and order 4, to generalized functions. He proved
that h, is an automorphism of H,, provided that 1 > —1; . The generalized Hankel transform Z; fof
fe H;, the dual space of H,,, is defined as the transposed of H,, through

<h;Afr¢>= f,hp(ﬁ ) for ¢€H}‘,

Thus if p > -—; f is an automorphism of I when this space is equipped with the weak* topology or

with the strong topology.
In [2] J. J. Betancor and 1. Marrero have studied the main topological properties of the spaces H,,
and H),. Amongst other results, it is established (Theorem 3.3) that the space H,, u > —; , is

constituted by all those complex valued smooth functions ¢(z), z € I, such that
Tg.k(¢) = su;; |z"Npyyk-1.--Nuyd(z)| < 00
z€E

for every n, k € N. Moreover, the system of seminorms {7}, }» xen generates of H,, its usual topology
Moreover in [4] they gave new descriptions for the usual topology of H,, through L;-norms
A. H. Zemanian [7, p. 134] defined the space O formed by all those complex valued smooth

functions wv(z), = € I, satisfying that for every k€N there exists n, € N such that
(1 +2z?)™(z~'D)*v(z) is a bounded function on /. He proved that O is a space of multiplier of H,
Recently J. J. Betancor and I. Marrero [2, Theorems 2.3 and 4.9] have characterized O as the space of
multipliers of H, and H,,.

. In this paper we characterize the smooth complex valued functions in H,, u > — , as the ones

isfvi
satisfying Zo(¢) = stg [z"¢(x)| < oo M
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and
yh(e) = su;} [Nytn-1...Nuo(z)| < 00 )]

for every n € N. Moreover we prove that the usual topology of H, can be defined by the family of
seminorms {Z,, y4},,cn and a new characterization for the elements of H}, is obtained. In the sequel we

will assume that > — 1.

PROPOSITION 1. A complex valued smooth function ¢(z), z € I, is in H,, if, and only if, ¢
satisfies (1) and (2) for everyn € N.

PROOF. It is clear that if ¢ € H, then ¢ satisfies (1) and (2) for every n € N.

Let now ¢ be a complex valued smooth function defined on /. To see that (1) and (2) (n € N) are
sufficient conditions for ¢ belongs to H, we proceed by induction.  Suppose, as induction hypothesis,
that

sup |2 Nyiny..Nyd(z)| < 00, meN ad neN, 0<n</{
for certain €E N, € 1.
By using partial integration we can obtain

" Nurt M@l = [ e Nseor. Mol dz

- /0 " 2Nyt Ny ($@) Npseor.- Ny () do

= [ @ @, Ny @) ) dn

foreverym € N, ¢ < 2m + 2, because
—p— —p— - had
(D7) @2, 1. N ($@)) @ DY @ (@) =0 €)
foreachime N, 0<i<f<2m+2 Ineffect if m,i €N, 0<1i< < 2m+ 2 then Leibniz's rule
leads to

(D2 @™ N g Ny(@(@)) @ D) G (a))

- Z‘: ajx2m+21+2p+l—2j(x—lD)l+t-j(z—p—l/2¢(x))(x—lD)l—i—l(x—p—l/2$(z))
j=0

=Y @™ "IN i o1 Nu(@(@) Nyrtica-- Ny (())
=

where a;, jEN, 0< j<1, are suitable real numbers, and by virtue of induction hypothesis (3)
follows.
Most straightforward manipulations allow us to write

4
Dz @mHHIIN, N, ($@)2 () = 3 ™ TB(@) Nyt st Ny (2)
7=0

withm € Nanda; €R, jEN, 0< <L
Hence we can establish

4 0o
|27 Nupe-1..-Nud(@)llz < C1 Y /o |28 ()| |Nusoe-j-1.--Nu(z)| dz
7=0

[4
<Cy Y sup |(1+42°)2°"¢(z)| sup |Npsae jo1..-Nud(@)| < o0, @
=0 =€l zel
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provided that m € N, 2m > £. Here C,, i = 1,2, denotes suitable positive constants.
Assume now that m € N, 2m < £. We have

1 00
2™ Nyse-1.--Nug(@)l3 = ( /0 + /] )I:c'"N,,,H_l...N,,¢(:c)[2dz
1 00 9
< /0 |Nysoo1...Nao(z)]? dz + /0 |z'Nyio ... N,@(z)| dz .

Therefore, by invoking (4) and the induction hypothesis we infer that
l£™ Nyye1...Nud(z)|l, < 00, when meN, 2m<?.

Thus it is concluded that ||z™ N, ;¢ ;... Ny$(z)|l, < 00, m € N.
Also, foreverym € N, m > 1,andz € I,

(2™ Npye-1.--N,p(2))? = /0 ’ Dy(t"N, ;... Nug(2))’ dt
= /0 ’ 2t™ Nyro—1.--Nu(@@®)([m + p + -21; +0t™ ' Nyygo1. Nu($(2)) + t"Noyr...Nu((2))) dt .
Henceif m € N, m > 1, and = € I by using Holder's inequality we can find C' > 0 such that
2™ Npure-1.--Nu(@)[* < c(nx"‘ 10 Nud(@)llg |27 Ny g1 N () |
+sup Nt Nup(@)|[llz™ Nysre-1.-- N (@)l + ||f"‘“Nu+:—1---Nud’(x)"z])

and then sup [z™Nyye-1..Nud(z)| < 00, meN.
zel

Thus the proof is finished.

The last proposition allows us to define the usual topology of H,, through a family of seminorms
simpler than {+}, .}, ken-

PROPOSITION 2. The usual topology of H, is defined by the system of seminorms

{Zm yﬁ}neN'
PROOF. 1t is clear that the topology generated by {7}, 4}, xen is finer than the one defined by

{Z., 94}~ on H,. Moreover by proceeding in a way similar to A. H. Zemanian [7, Lemma 5.2-2] we
can prove that H,, endowed with the topology generated by {Z,, ¥4}, cn is a Fréchet space. Hence the

desired result is an immediate consequence of the Open Mapping Theorem [6, Corollary 2.12].
We now prove a new characterization for the elements of H,, the dual space of H,. The procedure

employed is analogous to the one used by the author [1] and by J. J. Betancor and 1. Marrero [2].
PROPOSITION 3. Let f be a linear functional defined on H,. Then fis in H;, if, and only if,

there exist r € N and f,, g, € L»(0,00) (the space of essentially bounded functions on (0, 00)),
k€N, 0<k <, suchthat

.
=Y b fi+ 2 (@ D) g, ©)
k=0

PROOF. Let f € H",. By virtue of a well-known result ({7, Theorem 1.8-1]) there exist » € N
and C > 0 such that

(£,9)] <C max {(Zu@®)h(@#) . $€H, . ©)

According to [7, Lemma 5.4-1(2), (3) and Theorem 5.4-1] and since z!/2J,(z) is a bounded function on
I for every k € N one has
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sup |z p(z)| = sup |28k, (hud)(z)| < C /0 INysk-1.-Nu(hao)(@)] dt ©)

and

su‘; INy+k—1~-~Nu¢(x)|= Sul:; |Np+k—1~~~Nyhu(hu¢)(I)lSC[) ltk(hp¢)(t)|dt (8)
z€ z€

for a suitable C' > 0.
The linear mapping
j:H,— JH, C Ly(0,00)***
¢ (z*hud, Nusro1--Nahud) i,

is one to one because h,, is an automorphism of H,, ([7, Theorem 5.4-1]). Here L;(0, 0c0) denotes the
usual Lebesgue space of order 1.
On the other hand, the inequalities (6), (7) and (8) imply that the linear mapping
L:JH, C L;(0,00)*? > C
(z"h,,q&, Nysk-1.-Nyhyd)ioo (fv ¢>

is continuous when J H,, is endowed with the topology induced by L, (0, 00)**2. Hence, by invoking
the Hahn-Banach Theorem L can be extended to L; (0, 00)7*? as a member of (L, (0, 00)2"*?)’, the dual
space of L;(0, 00)2'+2. Since, as it is well known, L;(0,00)" = L(0,00) there exist fi,
gk € Ly(0,00), k€N, 0< k <r, such that

(£,8) =Y (fre*hud) + (90, 2 2@ D)@ 29))), € H,.
k=0
Therefore
f=) B fo+ (- D)D) )
Thus the proof of necéssity if finished.

Conversely, if f is a linear functional defined on H, by (5) for certain r€ N and f;,
9k € Ls(0,00), k €N, 0 < k <r,then

I(£,0)] <€D (1 fulloo sup |1+ 2°)7* (Budh) (@)] + kNl oo 5UP |1 + 2°) Npskor... Ny(hud) ()]
k=0 zel zel

for ¢ € H,,, where ||*||, denotes the usual norm in L, (0, 00). Hence, according to [7, Theorem 5.4-1]
and [2, Theorem 3.3], fisin H,,.
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