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ABSTRACT. We consider dual integral equations involving inverse associated Weber-Orr transforms.
Elementary methods have been used to reduce dual integral equations to a Fredholm integral equation
of second kind. Some known results are obtained as special case.
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1. INTRODUCTION

Dual integral equations involving inverse associated Weber-Orr transforms W;_‘v[;], arise in the
study of mixed boundary value problems in elasticity and torsion. Srivastav [1,2] considered some dual
integral equations involving W, 'I;]and W, ;] In a recent paper, Nasim [3] considered the following

dual integral equations:

WLE O] = fi(x), asxsc,

WL JEPWE)x] = —ffx), ¢<x<oo,
where k = 1,2,...,v > -1 and ¢ is an unknown function. A general solution with a few special cases
was established in [3] by using elementary methods. However, the analysis in these solutions is rather

complicated.
In the present note we have considered the following dual integral equations

WL JE (), x]=g(x), asxsc,
WL JEPE),x]=gyx), c<x<o,

where v > -% ,Y(> 0) is not an integer with y + a —  a positive integer, 4y is an unknown function. This
system is reduced to the solution of a Fredholm integral equation of second kind for -1 <a - < 1 with
a-f=0. The method utilized herc involves the use of certain multiplying factors to the equations

somewhat similar to the method used by Noble [4], Mandal [S] and the references cited therein in
connection with dual integral equations with Bessel function Kernel.
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The analysis throughout this paper is purely formal and the change of order of integrations in

various double integrals are assumed to be justifiable.

2. SOME USEFUL RESULTS
We state below, for convenience, some results and definition which will be used subsequently in

the maper. Let,
R, (r;¢a) = J,z6)Y,(fa) = Y, (x&) . (£a). (n

Using the formulae (33), p. 26 and (35), p. 103 of [6], it may be deduced that
t
f X' x)R, (E a)dx = 2°T(a+ DEST R, oL (GE @)

a

2‘“1 —a-lp+a+
- TE lt" lr(ll + l)lv(ag)su-u,aopﬁl(tg)

a

- J’ x"*M xR, (x:E a)dx, )
(]

for Re(a) > -1,Re(u) > -1,a > 0,S, (z) being Lomme!’s function. From the formulae (32), p. 25 and
(38), p. 104 of [6], it may also be deduced that

J' xR, (68 @) (6 - A dx = 2PT(B + 1) PEPTIR, o (15K a), 3)

for Re(B) > -1 and Re(n -28) > %

DEFINITION. We define,

W, [g(x)E] = I xg(x)R, (xEa)Mx, 0<E<wo, a>0,

apmenq. [ EBEREG)
Wl gE)x] = jo e Yo &

where R, (x;E,a) is defined by (1).

1
LEMMA. If0<k < %v + i—,k =1,2,3,...,v> —% and xk "g(x) is summable in the infinite interval

(a, ), then

gE)=W,_, [g(x)E],
gx)=W,., [g(E)x].

This result is proved in [7].

3. REDUCTION OF DUAL INTEGRAL EQUATION TO A FREDHOLM
INTEGRAL EQUATION OF SECOND KIND

We consider the dual integral equations

2a+1 Rv—y,v(x;gaa)
I 8 Ty« vaga) VNS -8R} a sx =c, @

0
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j AT z(é ’)‘(xfz(,é) SWEME = g:(x), € <x <o, )

where R, (x;E,a) is defined by (1), v>—5, y is positive non-integer with v-y>-1 and

-l<a-B<1l,a-f=0withy+a-p apositive integer.
Multiplying each side of (4) by x'*¥7(t?~x*)* where o’ > -1 and integrating with respect to x

from a(> 0) to ¢, then interchanging orders of integration on the left hand side and using (2), we obtain

t

J‘E_m @ v Rvoyeae1n?ss4) olv(t E a) (E)d& 2™ t-voy-a’-l J'xlw-y(tz_xZ)"'gl(x)dx

2(E‘l)”’z(Ea) Mo +1)
2" ! -20 -a a v+y,a +vV- yol( )
T Y”)f Tiua) + via) TN ©)

20’ “v4y-a' -1 3 2a”'lp(u) . Levyy,2 2
—_ - R u, d s
T +1)t JJz(ua)+Y2(ua) Lp (" -p) R,_,(pu,a)dp|du

fora<ts<c,a'>-1,v>y-1.

Similarly, multiplying each side of (5) by x* ¥ *'(x? - £%)® where B’ > —1 and integrating with respect

to x from ¢ to =, then interchanging orders of integration and using (3), we obtain

® ®

'Rv- —g -1, WS, -ﬁ' v-y-p -1 -v+
IE’”"———P(%;) +’;t2(§:)) Y(EME = E+D 1P I -2 gxddx @]
0 v v ¢

forc <t <x,-1<f' <§(v—y—%).
In (6) and (7), we should like to set
v-y+a'+l=v-y-p'-1 and -2a-a'=-28-f
so that the orders of R, ,(£;E,a) and the powers of & would be identical. This would mean, on solving
these equations, that
o' =-1-(a-B), B'=-1+(a-B).
Since o' and B’ must be greater than -1 this is impossible. To overcome this difficulty we consider the
following two cases separately.

Case (i). -1<0-B<0,a- B<mm{ ( -y- )l(v—2~{+;)}.

We take o' =-1-(a-f),p' = a—B. Because of the conditions on a’, f’ in (6) and (7), we must
have-1<a-B<0,a-8 <5 ( -y- ) Then (6) and (7) gives

'

-y-a+ v(t E)a) 21”‘_‘3 - - -a-1
1-a- ﬁ y-a+B, ~viy+a-p Lev-y,2 _ _2\f
j e e s Y T f NGRS YO

2v y+a-p+2

TalE-a)

Z - y+1)j ut-e? '“‘2(‘:;)1”,,}(:;")(’“)1 (anp(u)du

2100 B -'v#yo 6 b 2a+ lw(u) g Loveyys2 2B-a-1
@ * - ; > d ’
"TE-a) a) Ilz(ua)+Y2(ua) fop o0 Renlpiaxipdu ©



164 N. MANDAL AND B. N. MANDAL

fora st <c,and

vt I - ) g, ©)

!

2b-2

-a- v-y-a+f- lv( E )
ja pRoracp-1(50) UEHE =

Ji(ga) + YJ(Ea)
Cc<t<oo
Now multiply both sides of (9) by ¢™*7**~F*! and differentiate with respect to ¢, then using the

relation

1R M =R, (15.0)

we obtain

©

1-a- p R a+ﬁ,v('§ a) Zp-a v-y-a+p-1 d J 1-vey 2 2ya-B

- ——e — | x x“ -t x)dx , 10

j& T s Yien Yo% T & [ ¥ w0 atodx, 0
c<tl<omo,

Equations (8) and (10) have identically the same left-hand side which is therefore defined for all

t za. Since we have assumed y + & —  to be a positive integer and a - f§ < %(v -2y+ ;), therefore, by

the lemma in section 2, we find

2]&0-

1-v+y+a-p .
Te-o) ' Ry -y-arpoltiE,@)G (1)d1

PE) =P ——

*m[t"""’"’Rv-v-a.m(t;E,a)Gz(t)d:

l+a-f
+r2(Ta—) u"“"‘K(u,g)q;(u)du] s 1)
0
where

Gyt)= f xR P g (e,
G =~5: f R T

()2 T +v - YV (ua)Fi(u,8) + 4™ PFu, )
K8 T(ua) + Yiua) ’

Fl(u’g) = J tS—vw-cuﬁ-l.v—y-a&ﬂ(tu)qu-aoﬁ,v(t;E’a)dt ’

};‘Z(u’g)’= I tl-v"’u-ﬁKl(uyI)Rv-r-aéﬂ’v(t;gra)dt >

p-a-1

Kiw,0)= [ 076 - TR Lo a)d
0

Equation (11) is a Fredholm integral equation of second kind.
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Case (ii). 0<a-B<la-B<3(v-y+3).

In this case, we choose o' = -, ' = -1 + a — 3. Because of these conditions on ', ' in (6), (7) we

musthave 0 <a-f<l,0-B <3 (v Y+3 ) Then (6), (7) become

3

—a- p v-y- 04[3‘1\/(,& ) 20_'} -v+y+a-p-1 lev-y, 2 f-a
j e e YO R £ g

v-y+a-f+1
2

TAfB-a+1)

2°—ﬁ . _ ot -Aolw(u) a ) boa
ol T e f t 2 o R, (oo, , 12
+r(l +B-a) NG 2(ua) + Yi(ua) OP (t"-p) R,_, (psu,a)dpldu (12)

C apSvey-arv-y-aspe ()
(v - 1 -a-p y-a+Bv-y-a+f+l J
w-y+1) j e b T (ua gl

astsc,

and
«©

l1-a+p

!
c<t<owo,
Now we multiply both sides of (12) by #'~7-**#*! and differentiate with respect to ¢ and then using the

relation

LR, (150 - PR, L (E0),
we obtain
]

. a-p -a
f e vzéaa)':fzéa?w@)ds-ruiﬁ—a)r“‘“’"’"% [ e -2 g o

v-y+a-p+1
2

d
_ -viy+a-p-1 % r.v-y-a+f+l
+——nr(1+6-a)r(v y+ 1) dt{t

¢ apSaverarvoy-arpei(tl)
-a-$ 1 Byv-y-a+p+1
jo u P Jv(ua)lv(u)du} (14)

+ 2tx—p —voy«ra B- ld J’ -h’llp(u)
T(1+p —a) JHua) +YX(ua)

{J’ plw-v(tz_pz)ﬁ-uRv_y,v(p;u,a)dp}du s
0

astsc.
As before, equations (13) and (14) have identically the same left-hand side which is therefore defined
forallt = a. Since we have assumedy + o — B to be a positive integeranda — § < (v 2y +5 ) therefore

by the lemma in section 2, we find
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a+ 20“; ] -V+y+a- Vall
VGEL O j TR, el @)GH0M (15)

Zl-qoﬂ

+F(0.—B) tl‘v-,‘u'pRv-y-uoﬂ,v(’;E’a).G—Z(l)dt

28
"T(1-a+p) I u PR (u, Enp(u)du].
0
where

'
— d e -a
Gl =2 j X - x 0 (e

Gl = [ &1 g,

(5)2' T +v ~ YW (ua)Fi(u,5) + u*~**FFu,E)

K(u,€) = JXua)+YXua)

1)
c

T -v+y+a- d v-y-a+B-
Fi(u,8)= J‘t ‘ pa{’ et lS—v*%MPw-r-Mﬂ*l(m)}Rv-vbﬂ-&v(‘;E’a)d"

Fyu,k) - f TR U, R, e (B G)E
and

— d [ . -
Kiw0=g; [ 07 -0 "R, , (pw,aMp
[}

The equation (15) is a Fredholm integral equation of second kind.

3. SPECIAL CASES
(i) If we make @ — 0 and v > 0 with lim,_.ou%-A(E) and a replaced by (1 — a)/2 and B by % and

putting v -y = p, the dual integral equations (4) and (5) become

f FAEV,(EME=g,(x), asxsc,
0

[Ayeog =), x=c.

These dual integral equations were considered by Noble [4]. From (11) and (15), the solution of the

above dual integral equations become:

For O<a<2, p,>%-a

l-%u < o, %a l-%a @ o
AQ-B [ (e T2 [ Y w960,

o) i)
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where

! -lolu
G(1) - j Qe (P -xY dx,
0

d [ ) -3
G =~ [ s M=) T,

and for—2<a<0,p>—;—a

2'%"&'%“ < - 2 zlolugl';" b '"%a” .
Q- jo T, G0+ i j AN G2 QLT

where

1(t)-—J'gx()c)x:“"(t x) dx

1
-1—50

G- [ goene! - Tax

This result was obtained in [4] directly.

(ii) Letv=1,y=; La=1 and B =0. Then from (4), (5), the system of equations
W [Ep(E)x]=g(x), asxsc
Wi [W(E)x] = gx), ¢ <x <o

reduce to a Fredholm integral equation of second kind given by, from equation (15),

w(E) - ( ) j R, ,(t,e,am,(rwuj Ry J(15,a)GA1 )t + j w K, &)\v(u)du]

]

where

t

G- [#-x ge)ix,

a

- [ #- aax,

(2) 7w )i, &) + w'Fiu, &)
Tiwa) Yiua)

I?(u,g)-

3

Flw®)= [ Ru(5a) 'S, (e,

Fyu,t) - j Kilu, 0, (155, a)dt

and
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_ d r: -
Kiw0) =2 [ 06 -0 R, (o, a)dp
0 ’

with
4 11 1 11 1 3
e ) ol I AP S S R A S
S, [z)=z J;te F(2 SR+ -5R-5ViSS t)dt,

z >0,F(a,b;c;x)being the hypergeometric function, and

2\ .
R%l(p;u,a) - ( m) [sinpuY (ua) + cosput,(ua)].
(iii) Whenv =y =3 a—f =3, then
Wl (E)x]=gi(x), asxsc

WAE™p(E)x] = glx), c <x <o

reduce to a Fredholm integral equation of second kind given by, from equation (15),

we)-(2) e [ R, (salBioar s [ iR, (koG + [ u*""lﬂu,s)w(u)du],
2 ¢ 2’2 0

a

where
d -4
G\(t)= N f )c(t2 —xz) 2g,()r)dx ,

G = j x( - 1) g lxMdx

‘

R =5 (2pualin9 +uTig)

Fi(u,€)= f I%%{I%S__;%(lu)}R_%.,;(t;g;a)dt,

a

€
S

Fiw,®) - [ FRiw,0R , (15 aMt

and Rwn=2 [ pe?-p9 R (psu,a)dp
a ), 0

with
R_i’l(t;E,a) = -( n%) (at) *cosk(t - a),

2\ .
Ro,;(t;u,a) = —( E;) [cosuat(ut) +sinuaYy(ut)] .

(iv) Finally, a purely formal case, whenv =0,y — 0,a = —% and B = 0, then
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WolEwE®)x] =g (x), asxsc

WodwE)x]=gox), c<x<o

reduce to a Fredholm integral equation of second kind given by, from equation (11),

where

and

with

w(&)-(é) f FR, (K5,a)G ()1 + f FR, (K5,a)G{0d! + J' uiK(u,g)\p(u)du],

a < 0

! 1

G(1) = j x(?-x7) g (xMx ,

Gy(t) = —% J x(x?- tz)-igz(x)dx ,

(2Vowa )P, ) + u'Fifu, )

K8 =y Yotua)

Fy(u,E)= f (S (1R, (15, a)t,

Fy(u,€) = J' K, 0R, (K5 a)t,

a

Ky(u,0)= j p(* - %) Ry(pu,a)dp,
0

1

R%,o(t;‘g‘, a)= ( ﬁg) [sintEYy(ak) + costEJ(aE)] .
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