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ABSTRACT. The propagation of magneto-thermoelastic disturbances produced by a thermal shock
in a finitely conducting elastic half-space in contact with vacuum is investigated. The boundary of
the half-space is subjected to a normal load. Lord-Shulman theory of thermoelasticity [1] is used
to account for the interaction between the elastic and thermal fields. Laplace transform on time is
.used to obtain the short-time approximations of the solutions because of the short duration of ‘second
sound’ effects. It is found that in the half-space the displacement is continuous at the modified
dilational and thermal wavefronts, whereas the perturbed magnetic field, stress and the temperature
suffer discontinuities at these locations. The perturbed magnetic field, is, however, discontinuous

at the Alf’ven-acoustic wavefront in vacuum.
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1. INTRODUCTION

The generation of magneto-thermoelastic waves by a thermal shock in a perfectly conducting
half-space in contact with vacuum was investigated by Kaliski and Nowacki [2]. Both media were
supposed to be permeated by a primary uniform magnetic field. But the influence of coupling
between the temperature and strain fields was neglected. The coupling between temperature and
strain fields was taken into account by Massalas and Dalamangas [3]. Then Roychoudhuri and
Chatterjee [4,5] extended the problem [3] in generalized thermoelasticity by using the thermal
relaxation time of Lord-Shulman theory [1] and the theory of Green and Lindsay [6], involving two
relaxation times. Later, Sharma and Dayal Chand [7] studied transient generalized
magneto-thermoelastic waves in a perfectly conducting elastic half-space due to anormal load acting
on the boundary of the half-space using the generalized theory of thermoelasticity developed by
Lord and Shulman [1].

Solutions of more complicated problems than that of ref. [2], [3] and [5] were investigated
respectively by Kaliski and Nowacki [8], Massalas and Dalamangas [9] and Roychoudhuri and
Chatterjee [10], where they assumed that the elastic half-space had a finite conductivity.

In the present paper we extend the problem [7] assuming that the elastic half-space has a finite
conductivity in the case when the boundary of the half-space is subjected to a prescribed normal
load and thermal shock. The solutions valid for short-times, for the deformation, stress, temperature
distribution and perturbed magnetic field in the half-space as well as in the vacuum are derived.
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2. PROBLEM FORMULATION

We assume that a magneto-thermoelastic wave is produced in an elastic half-space x, = 0 due
to a normal load and a thermal shock applied on x, = 0.

The simplified linear equations of electrodynamics of slowly moving bodies having finite
conductivity are the following [10]

c 1

~.

- M[E+%(7xﬁo)]
whereE denotes the electric field, Fisthe perturbation of the magnetic field, H, ois the initial constant
magnetic field, f denotes the current density vector, ¥ denotes the displacement vector, p is the
magnetic permeability, A, is the electrical conductivity and C is the velocity of light.

The linear form of the displacement equations of motion including electromagnetic effect and

the modified form of Fourier’s law of heat conduction in the context of Lord-Shulman theory [1]
of thermoelasticity are,

uV27+(K+p.)V(€-_)+%[(—V-x;)xi_l‘o]—y-€6-pﬁ' )
pC,(0 +1,0) +YTy(A + T ,A) = KV 3)

where A, n are the Lamé constants, y = (3A + 2u)ar, 07 is the coefficient of linear thermal expansion,
0 =T-T,, T is the absolute temperature, T, is the uniform temperature of the body in its natural
state, K = g, Ar denotes coefficient of heat conduction, C, is the specific heat at constant strain, p is
the mass density, C, is the sp. heat at constant volume, and T, is the thermal relaxation time, A is the
dilation.
The equations (1), after elimination of E and f give,

V2h - B = -BV x (@ x Hy) @)

where

4oty

ﬁ-._

C
The magneto-thermoelastic wave propagated in the medium x, = 0 is assumed to depend on x,

and time ¢. Furthermore it is assumed that the initial magnetic field vector is directed along the
X3-axis
ie. Hy=(0,0,H,), where H, isa constant.

Under these assumptions, equations (1) lead to
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Consequently
E =(0,E,0),

where
_ c . 6_h3 . Vo3t
4mdy dx; C
The equations (2), (3) and (4) then reduce to
u, uH; 9hy 00 ou,

E,=

(7»+2u);lz- an o Yan P o (5)
0 3, o, 2’0

Zi = —s——| =K 6

pc,( ar T a:’) * °( axat axar?) T ax ©

ﬁ% 6h3 azul (7)

az Do P laxar
For clarity, we shall use the notations, u, = u, x, = x in the following.

Since, the elastic medium is in contact with the vacuum, equations (5)-(7) have to be
supplemented by the electrodynamic equations in vacuum.
In vacuum, the system of equations of electrodynamics reduce to the following
& 1)
—-— Z|h=0
(ax'2 c? az’) 3
62 1 02 °
—-— —|E,=0
o't C? atz) 2
i-co0 E) ®
b ’ax’
oh
=Cl0==29
(0’ ax"’ )
where x'=—x

.

by}

3. BOUNDARY CONDITIONS

The components of Maxwell’s stress tensor in the elastic medium T}, and in vacuum T, are

given by

Ho
Tu = ‘Eths
’;ﬁ )
; 3
Ty=- 4n

The normal stress in the elastic medium is obtained as
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ou
=-(A+2u)—-y0
o, =(+2p) ax Y
The boundary conditions are assumed as

0, +T,,-T =0H(t) on x=x'=0

E,=E,,h;=h; on x=x"=0
and the thermal boundary condition is assumed as
6(0,¢)=6,H(t) on x=x'=0

where H(t) is the Heaviside unit function.

The initial conditions are,
u(x,0)=0
0(x,0)=0
du(x,0)
TR

4. SOLUTION OF THE PROBLEM

(10)

(1

(12)

(13)

(14)

To find the solution of the problem we introduce the following notations and non-dimensional

variables
Cx (o 9
C - K sy T= t y 2= Fo ’

CoM+2u +agp)u K
Va0 k=,
kY7o pC,

e____ﬁ____, hy=h, C,=pC,,
Ch+2u+adp) TP
Mo 1 HyT,
Bi=gors Br=—, Bi=—r
4nyT, kP pCs
G woHNTy 5 A+2u
ﬁ‘-mi BS- pcz ’Cl- p ’
bty C , G
Co=Ci+ag, a}-;;‘;-, G--Eo, to-?o'to.
The equations (5), (6), (7) then reduce to
ct
c3Usi Bt Zs=Upn=0, T>0

Zy-2,-%Z —eU; -eq/U; =0, §>0
A -h.=BU,, £>0.
The equations (8) reduce to
’:.r.r - «=0

Eypo—0E; =0

(15)

(16)
an

(18)
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Boundary conditions (11)-(13) reduce to
(oh

—U.-Z+ ﬁ’h-—H(r) on L=C = (19)
Cs
h=h on §=C=0 (20)
Bt +B U+ h =0 on §=T =0 1)
Z(o,r)-%ﬂ(r) on §=C'=0 (22)
0
where
pr o L
4T|:YTO '

The total stress o}, in the half-space is given by
oy =0, +Ty (23)
where

(k+2u) C

We observe that the equations (15), (16), (17) and (18) are in agreement with the equations (24),
(25), (26) and (27) of [9] respectively, on setting t,' = 0 (with some change of notations). Also on
setting 0, = 0, equation (19) is in agreement with the 1st equation of (14) of [10], on setting a’ =0
except possibly a factor due to some erroneous calculations in [10]. Equations (20), (21) and (22)
are also in agreement with the 3rd, 2nd and 4th equn. of (14) of [10] respectively.

The initial conditions (14) reduce to

ve0-0, Zeo-0, zc0-o. )

Usually it is very difficult to find the solution of the above equations, which constitute a set of
coupled partial differential equations in three variables U, Z, and h with coupled boundary condition.
For this, a simplification is made assuming that the perturbed magnetic field 4 in € > 0 is such that

’;—’;-0 which implies that the perturbed magnetic field in the half-space varies very slowly with
distance so that % = 0. For this assumption equation (17) gives
h=-BU,, £>0. (25)

Equation (15) then reduces to
Up-2,-U, =0, £>0.

On taking Laplace transform, this equation reduces to

L oz
(ac2 )U——C-O, £>0. (26)

On taking Laplace transform, equations (16) and (19)-(22) reduce to

(aiz s - tos)Z ss(1+tos)—2]-, >0 27
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C oU = T 0y 1
Lo Z+Bh=——, =0 - 28
e +ﬁhYToson§Z;0 (28)
F=h, on C=0'=0 (29)
Py oh
Bss U+(1-|345)3C-=0 on §=C'=0 (30)
— 6
7-2.1 o0 C=0=0. (31)
To S
With the help of equation (27), elimination of I/ {rom equation (26) and (27) yields
3 PN RN
EE_S{8+1+(I +1, +e1:0)s}a—cz+s (1+1's)[Z=0. (32)
The general solution of the above equation, vanishing at T = o is given by
Z = A, exp(-MT) + A, exp(-M\0) (33)
where A%, A2 are the roots of the equation
Mos{e+1+(1+1) +er))s A +5°(1+1,5)=0. (34)

Hence,

s
A= > {5 +1+E+T5es +T5's) = [(1 + €71, + 1,7 + 261y + 2672 - 27y )s”

12
+2(e—-1+2et) +1, +e75) ) +(1+e)]} | . (35)

The equation (34) is in agreement with the equation (3.18) of [4] and with equation (34) of [7]. Also
the equation (34) agrees with equation (33) of [5] fora@’ =a” = 1.

Again on setting Ty’ = 0, the equation (35) agrees with equation (41) of [9]. Thus equation (34)
is more general in the sense that it incorporates the effect of thermal relaxation time t,’ of
Lord-Shulman theory. From (27), (25) and (33), we obtain

_ 1 01 2_ )\2 12 _ 22
D)= | A oD + A a6
RES) = -0 -5 ~ s Derp D) + A0S -5 xS Do) @)
Also from (18)
h(Z)s) = Asexp(-asC) (38)
Where the constants A,,A,,A; are to be determined from the boundary conditions (28), (29) and (31).
Hence,
Z(t.s)~- m—(é;—@[(&lﬁ - Kys - Kity's%)exp(-M5) - (K] - Ko — Kjvy's®) exp(-M0)] (39
— 1 (s +1:0's2-)\.f)l 2 L2
U(C,S) = ”85‘2(1 + To’S)()v% _>‘2‘) xl \Kl)"l -KIY —KZtO s )CXP(“MC)

(s +7,'s? = M) (KA - Kos - Ky1,'s?)
- A

exp(-At) (40)
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T ﬁ ' ' ’
h(C,s) = el o fs)w Ag)[(s +7's7 = A (K A2 - K5 - Kyty's D) exp(-M5)
0 1=
—(5 +Ty's7 = M) (KN - K5 - Kjty's?) exp(-A,0)] (41)
B ' B CXP(‘GSC') , 5 , 2
hEs)= B"es’(31 +To's) (02 AZ)[(S + s M) K- Kos - Ki's")
0 - N
(s +1y's = )‘3) (Kl}"f -Kys -Kyty's 2)] (42)
where
B” 1 H32
4npC¢
60611
K, = T,
08" 6 O
K, = T, + T, +YTo .

The non-dimensional total stress in the half-space in the transformed domain is given by

1
"es(1+T4s) (A - A)

- (-5 —'s?) (KA - Kos - Kjty's”) exp(-At)]

a,'= [(A2 -5 —1)'s?) (K2 - Kys — Kty's2) exp(-A,5)

1 !
- m[(’@é - Kys - K;y's?) exp(-A%)
- (KM - Kps - Kjty's®) exp(=A\5)] (43)
where
o,/ = O—Il
11 YTO .

5. SHORT TIME APPROXIMATION

The inversion of the Laplace transform is very difficult because of the dependency of A, A,
ons. Toreduce these difficulties, we use some approximate methods. The thermal relaxation effects
are short-lived. Accordingly we concentrate our attention on small time approximations.

For large s,

£ 1), 06
)\.1_2- V,_2+Bl'2+D"2(s) +0(s™) (44)
where
Vih= (P e ")) 1VZ (45)
B,, =[P, =(P,P,-2)/T"*)/2V2(P, = T'?)" (46)

12

Dy;=[+P*/T'®% (P,P,~ 2" /T* - (P, £ (P,P, - 2)/T'") |2(P, = T'?)] /4V2(P, = T'") (47)

F=P}-4v), Py=l+e, Py=1+1y +e1, (48)
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I=(1+71, +et,) -4t (49)

The expressions for A, A, imply that the solution given by egs. (39)-(43) consists of two types of

waves in the half-space propagating with speeds V, and V, given by (45). From (49),
(1 + 1y + £ty > T, which implies V; < V,. Thus the wave propagating with the speed V, is the slowest
wave which is called modified elastic dilational wave and the wave propagating with the speed V,
corresponds to the fastest wave which is called modified thermal wave. Also from equations
(45)-(48) we notice that as 1)’ = 0,V, = 1,V, — o which corresponds to the case of conventional
coupled theory of thermoelasticity. As V| <V,, the modified elastic wave follows the modified

thermal wave. The third wave travelling with velocity é is the Alf’ven acoustic wave.

We now expandZ, U, k, h and 0, in ascending powers of s and retain terms up to é ,neglecting
higher order terms, to obtain

Viv; K, A1 2K B, 2V\V(V\B,-V;B))
arvz_unll vz ot -k, - 22
B"(Vi-V3) s V2 (Vi-V2)

K, NE! Viv2 1

(e {72 - ()
ZKXB 2V V (VIB VZBl) ' 1

(52 3] el {52

— V3V2 K, K, , K, 2] 1 KB, KB, ,
U@E,s)= B" ,(Vz )[[({/;2'+712)10 -'Vlz_vzz—Kzfo };‘2+{2( v, +——Vl )to

Z(E,s)=

. 2K1(31 Bz) K ( ZVIVZ(BZVI"Ble))((Kl Kz) K
-K' - 1T o7 vy

|+ |+~ S+ =
viva\ V2 Vi) Viviy (vi-vi) Vi Vi)t oviv

2 1 Vi3 K, K,
~Ra% )} 1 s B 1S e B B Al
s e (V- V)| |\ VP V2
K, 2|1 KB, Ksz J , Bl Bz K,
_Vlzvzz—Kzfo };—2'4-{2( v, + 7 -Kx) - V1V2 Vz Vl +V VZ(O'

2

2VVB,V -BVo)\((Ki K3\ |, K, 2] 1 s
—(BZV2+T—VZ?)-——— ‘V'?-G'Vzi Ty —W—Kz‘to ;_5] exp[—(?,;i»Bz)C]
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— B ViV; K, K, K, 5] 1 (KIB2 K2B,)
h - —t— ) ———=-K1, =4+ {2 — ¢ — |’
&) B"ero'(VE—V%)[ v v R st AT T

_KT,_ﬁ B, Bz .\ K, 2V\Vy(VB,-V;B))( K, Kzt, 2K, (ViB,- VB,
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+2K2V1V21:0’2(V132‘V231) 1 e ( s +B )t_. ﬁsvzvz K1+K2 v’ K,
L I B __B¥e fpf R Be) B
(VZ-V3) s? p[ vi ! } Bety' (V- VZ)[ VEVZ)O VAVE

- ,'Z}L Z(KlB +K’BZ)r'-K1' 2K, (B, Bz) K, 2V\V{ViB,-VB)
200 [ o Vi Vv, |° 2%0 Vivh Vz Vi) Vivay VZ-V3)

K, K\ | 2K(V.B,- V2BJ) 2K,V Vi1, (V,B, - V,B)) s
"(T'TV_%)’“ VVAVE-V2) Vi-vd) }’}“p['(_w)g]

N BV K K\ (K) (Kn] 1 [(KB, KB\ , (KB KBy,
&) = e (v VR { v'v '(vf)"(v;J}%E*{ (72"7,‘)’“ ( Vi 'V, )‘

VAV, -ViB)(Ki Ka\ | VVAViB-ViB)(Ky Ki) )1 ,
S S T s | | erelost]

+
Vi \VEv )T v vy

-, Viv? K, K, o K, K, N1
0,'Cs)= ﬁ"eto(Vz sz)[ 722+712 V2V2 Kzto +ETy V;—Kzto 5

KB, KZB, , 2K, (B, B2
+12f — T -
B2 A7

) KooK 2VVAVB-VB) (K K
V) T vy (VZ-V3) vi v

ZKI ViB,-V;B,\ 2KV\VyiyAV.B,- V,B,) Ay 2K B, A 2ery'V\V(V,B, - V;B))
NAAWNZET: (Vi-V3) N vi-vd)

K, 1 s Viv; K, K, K, 2
—-K - -l —+B —— | S+t -—=—-KT1,
( V 2To )}sz] CXP[ ( 7 + 1) CJ + B"ety’ (V2 VZ) [ [( V12 + sz Ty Vlzv_zz 2T

+€t'£l-— 1 l+2KlBl+K—2B2 ey ¢ A 2K, Bl«t-B2 ——Kl
0 V2 s Vi V2 20 vaz V. v Vlzv-}to'

_2ViVi'(ViB, - VaB)) (K Ky)  2K(ViB, - VoB)) N 2K,V V;1,X(V,B, - V,B))
(Vi-v3) Vi Vi ViWvi-v) (Vi-v)

[ 2KB, 2ety'V\V(V\B,- V,B)) ( K|
a°( 7z 'Kz) V-V ( ) ’!°)} ]CXP[ ]

The inversion of the above expression yields the following short-time solutions

VZVZCXP( -B,%) E_ 2K B, 2V\V(V\B,-V2B))
2eD="gvi-np (VZ K”)”("Vl)*{( v, 'KZ)' VZ-V3)

Kl , VZvZ (—B C)
(i) (o5 )| - (o (e-)

2
KB, \ 2WVAViB-VB)(Ki o N(. t\.(. &
*{( v, ’Kz)' A (V? Kz‘°)}(‘ V:)H(‘ Vz)]
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(; ) Buno'(V‘Z_VZZ) { V22 VZ 2T 0 ‘,1 ‘/2 Vl Vl { ( V2 Vl T
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2
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-Kjxy -

)]
S

|

+2_KI_ B\V,-B,V, +2K2V\V2%'2(V‘B LY }(t E)H("_)
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() e -
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Vviexp(-B K, K K
Ol,'(z;t)-__l'ﬁ_xp(_'ﬁ[{( V;+-‘7§-) 0’ 1
2 1

- K1/ t+et, E—Kt' H(t—g)
Bety(VE-V3) R U 7 Z

KB, KB\ , 2K (B B, K _2VViVB,-VB)(Ki Ko\
+42l —+— |t - AT —+
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Kt/ + -
7 2 VI) ViR vi-vh v V)"

2Kx ViB,-VaB\\ 2K,V,V;t,*(V.B,- V,B,)) i 2K\B, _ ) _ 2ey'V,\Vo(V\B, - V2B))
AR (Vi-v3) U2 (Vi-v3)

K g ¢ ] ViViexp(-BR)[ [( Ki Kz) , ki
—-K -= -2 — = Pl —=+=it -
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ST N 2 12 +ET, -K| - 212
Vivit (Vi-Vv3) Vi (Vi-V3)

r
-Ki)' +

ViVy(Vi-V}) (Vi-vD) v

K, 2K(ViB,-V,B)) 2V\Vi,'(V\B,-VaB))( K, fz_ g 4
dal (el

6. DISCUSSION

From the short-time solutions it is observed that the solution consists of three waves—the
modified elastic wave travelling with velocity V}, the modified thermal wave travelling with velocity
V, and Alf’ven acoustic wave moving with velocity é

The terms containing H (t --f—l) represent the contribution of the elastic wave in the vicinity of
the wave front § = Vi, the terms with H(t - V%) represent the contribution of the thermal wave in the
vicinity of the wavefront § = V,t and the terms with H(t - af') represent the contribution of the
Alf’ven acoustic wave in the vicinity of the wavefront g’ = i

We observe that, in the solid the displacement is continuous at the modified elastic and thermal
wavefronts, but the temperature, total stress and perturbed magnetic field suffer discontinuities at
the two wave-fronts, whereas in the vacuum the perturbed magnetic field suffers discontinuity at
the Alf’ven acoustic wavefront.

The discontinuities are given by

Viv;
[Z‘ - Z-]C' V= W [ ( 2130 ) CXP(—B Vl‘t)]

. ViV (K
' -Z7% = gl v~ Kyty' | exp(-B, Vzt)]
~h _eviv (K ' BV,
k- V= Bet, ,(V2 V2) (Vz Vz)ro V2V2 Ky ]exp(— Vi)

ﬁ3 V2 VZ

_h_]t.vz, e (Vi V. [( Vl ) V2V2 K, ] exp(-B,V,t)

[o‘ o_] ﬁ:;Vle £ _2 e} _3
R O % AET: f v
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1’ ) VIZVZZ Kl K2 ' Kl 2 ’ Kl ’
[0, -0y L-Vlt-—m[ Vzi*"le T - Kt ey Y/‘;‘Kzto ]CXP(‘BAV{‘)

" "~ VZVZ l {(_2 ' Kl K 2 ' Kl ' B.V.
low™ -0, ]t-v,x' ety (V- V2) V2+V22 T 'Vlzvzz' 2o +ET 712‘ 7% | | exp(-B,V;1)

which clearly depend on the magneto-thermoelastic and thermal relaxation parameters of the

medium.
It is to be mentioned that the case 1y’ =0 corresponds to conventional coupled theory of

thermoelasticity where,
K =1+¢, K,=1, V,=1,

Vz—-bw, =1, Bl"%’

£(4-¢)
8 s

Bz—-)w’ Dl- Dz-)w,

7. NUMERICAL RESULTS
We define

2,182 -B"Z k.,
By B
h )= —h
[ 2] [ BS ]t'vm‘
-5 -6
Yeva

ﬁ” I+ ﬁl' _
[o} =|=—0{-—0 .
foud=| 5 i, i
For numerical work we use the following values for the physical constants (which correspond

to copper)
p=8930g/cm®, x=1.14cm?s

A=1.387x10% dyn/cm?,
w=0.448 x 102 dyn/cm?,
a,=16.5x10°Cc)*,
Bo=1g/c, €=0.0168
We take 6, =1, 0, = 1, H; = 1000, 7y = 10", so B” « 1. Finite jumpts of temperature, stress and

perturbed magnetic field for different values of time < are presented in the following table.
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Table
Jumps t=0.25 t=0.50 t=0.75 t=1.25
[Z,] 0.926549316 0.877368634 0.830798435 0.744942582
[Z,] 0.021487410 0.021461659 0.021435939 0.021384592
[A] -1.634355069  -1.547604483 -1.465458568 -1.314016064
[A,] 0.725098384 0.724229472 0.72336155 0.721628824
[ h ] -0.999999947  -0.999999947  -0.999999947  -0.999999947
[o,] 0.707805751 0.670235847 0.634660131 0.56907348
[02] -0.746585838  -0.745691123  -0.744797481  -0.743013408
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