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ABSTRACT. In this paper we give some significative counterexamples to prove that some well known
generalizations of Lindelof property are proper Also we give some new results, we introduce and study
the almost regular-Lindelof spaces as a generalization of the almost-Lindelof spaces and as a new and
significative application of the quasi-regular open subsets of [1].
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1. INTRODUCTION

In literature there are several generalizations of the notion of Lindelof space [2] and these are studied
separately for different reasons and purposes In 1959 Frolik [3] introduced the notion of weakly-
Lindelof spaces that, afterward, was studied by several authors: Comfort, Hindman and Negrepointis [4]
in 1969, Hager [5] in 1969, Ulmer [6] in 1972, Woods [7] in 1976, Bell, Ginsburg and Woods [8] in
1978 About this topic in 1982 Balasubramanian [9] introduced and studied the notion of nearly-Lindelof
spaces that is between Lindelof and weakly-Lindelof spaces In 1984 Willard and Dissanayake [10] gave
the notion of almost k-Lindelof space, that for k = Ry we call almost-Lindelof, and that is between the
nearly-Lindelof and weakly-Lindelof spaces. To be complete, it is useful to recall some recent papers of
Pareek [11] which are an almost survey of all main generalizations of Lindelof spaces

In this paper we fix our attention on the main generalizations of Lindelof spaces, ie weakly-
Lindelof, almost-Lindelof and nearly-Lindelof spaces Our purpose is to study the relations between them
and some new properties but, mainly, to construct some significative counterexamples to prove that the
studied generalizations are proper.

Moreover, the counterexample 3.11, proving that there exist weakly-Lindelof spaces not almost-
Lindelof, guides us to introduce and study a new generalization of Lindelof spaces, i e the almost
regular-Lindelof spaces These almost regular-Lindel6f spaces are a new and significative application of
quasi-regular open subset introduced by the first author and Lo Faro [1] in 1981

We conclude the paper proposing the study of two new and natural generalizations of the almost
regular-Lindelof spaces, i ¢ the weakly regular-Lindelof and the nearly regular-Lindelof spaces

In particular, this paper is composed of four parts In §1 we study the nearly-Lindelof spaces as a
generalization of Lindelof spaces (while Balasubramanian has studied them as a generalization of nearly
compact spaces), we give some properties and a counterexample of a nearly-Lindelof not Lindelof space
In §2 we study the subspaces and subsets nearly-Lindelof relative In §3 we give some properties of
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weakly-Lindelof spaces and a counterexample of weakly-Lindelof not nearly-Lindelof space, moreover,
we study the almost-Lindelof spaces that are between nearly-Lindelof and weakly-Lindelof spaces, we
give the necessary counterexamples and properties In the last section we introduce the notions of almost
regular-Lindelof, weakly regular-Lindelof and nearly regular-Lindelof spaces

We have that the following implications hold

Nearly-L = Almost-L = Weakly-L

¥ 4 Y

Nearly R-L = AlmostR -L = Weakly R -L

PRELIMINARIES

Throughout the present paper X and Y always denote topological spaces, = an element of X and U,
the neighborhoods filter of z in X The interior and the closure of any subset A of X will be denoted by
int(A) or A and cl(A) or A respectively.

If AC S C X, then intg(A) and clg(A) will be used to denote respectively the interior and closure
of A in the subspace S With {a.},., and {a,},.y We denote the set of all elements a, for each i > a
and for each 7 € N respectively

2a

Recall some definitions

DEFINITION 1. A subset A C X is called regularly open (resp. regularly closed) if A = i(resp
A=A)

The topology generated by the regularly open subsets of the space (X, 7) is denoted by 7* and it is
called semiregularization of X, if T = 7* then X is said to be semiregular [12].

DEFINITION 2 [13]. A topological space X is said to be almost regular if for each z € X and
each regularly open neighborhood U, € U, there exists a neighborhood V, € U, such that
V; € V. C Uy, or, equivalently, if for any regularly closed set C and any singleton {z} disjoint from C,
there exist disjoint open sets U and V suchthat C C U andz € V.

It is true that a space X is regular if and only if it is semiregular and almost regular [13]

DEFINITION 3 [14]. A topological space X i lS sald to be nearly compact if every open cover
{Ux} sep of X admits a finite subfamily such that X = U U i

DEFINITION 4 [2] Let X be a topological spacei A cover V = {V]}]6 ; of X is a refinement of
another cover U = {Uh}, if for each j € J there exists an A(j) € A such that V, C Uy(,).

DEFINITION 5 [2]. A family {U) },., of subsets of a topological space X is locally fimte if for
every point z € X there exists a neighborhood U, € U, such that the set {\ € A: U, NU, # @} is
finite
§1. NEARLY LINDELOF-SPACES

DEFINITION 1.1 [9]. A topological space X is said to be nearly-Lindeldf if for every open cover
{Ux}rer of X there exists a countable subset {A,}, .y of A such that X = Y UO; (i e if every cover of

X by regularly open sets admits a countable subcover).

It is clear that every compact space is nearly-Lindelof, but the converse is not true (for example the
real line R is nearly-Lindelof but it is not nearly compact).

Moreover, every Lindel6f space is nearly-Lindelof but the converse is not true as the following
example shows.

EXAMPLE 1.2. Let 2 be the smallest uncountable ordinal number and A = [0,Q). The set A has
the property that for each « € A the set [0, @) is countable, while A is not. Let X = {a,,,c,,a} where
i€ Aand j € N. We define in X a topology such that the points {a,,} are isolated and the fundamental
system of neighborhoods of the points {c,} and {a} are

B: = {Cl'a‘lJ}]Zn and Bg = {a’a‘J}tza,]EN
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respectively X so topologized is Hausdorff but not Lindelof; in fact the open cover {B}} U {B? }‘ A
has not countable subcover On the other hand, X is nearly-Lindelof In fact, let {Ux}, , be a cover of
X and X such that a € U, Then (X \'U—A) is a countable set It follows that X is nearly-Lindelof O

PROPERTY 1.3. A space (X, 7) is nearly-Lindelof if and only if (X, 7*) is Lindelof O

COROLLARY 1.4. A nearly-Lindelof space (X, 7) is Lindelof if and only if it is semiregular O

This is an improvement of [prop S, g] that holds only for regular spaces

PROPOSITION 1.5 [9] A topological space X is nearly-Lindelof if and only if for any family
{Cx},ca by regularly closed sets of X with countable intersection property, the intersection (\rj\ Cy is
non-empty O

PROPOSITION 1.6. Let X be an almost regular and nearly-Lindelof space Then for every
disjoint regularly closed C, and C, there exist two open sets U and V such that UNV =0 and
cicu,C,cVv

PROOF. Since X is almost regular, for each = € C; there exists an open neighborhood U, such
that U, NC, =0 We can suppose U, to be regularly open The family {U.} ., U{X\Ci} is a

regularly open cover of X and, since X is nearly-Lindelof, there exists a countable set of points
T1,Z9,...,Ty,... of X suchthat X = ( UN an) U (X\C;) It follows that for each ne NC C UN U,,
ne ne

and U,, NCy; =0 Analogously there exists a family of regular open sets {V,, } such that C; C UN Vin
ne
andV, NC; =0 Let G, = Uzn\<CJl Vy,),H,, = Vy"\( GIUI,) andU =y GnV=UH, U
1= 1= ne ne

and V so constructed are the open sets that we are looking for [

DEFINITION 1.7 [15] A space X is said to be nearly paracompact if every cover of X by
regularly open sets admits a locally finite refinement

PROPOSITION 1.8 Let X be an almost regular and nearly-Lindelof space Then X is nearly
paracompact

PROOF Let {U,},., be a cover of X by regularly open sets For each z € X and X € A such
that x € Uy there exists an open neighborhood U, of z such that U, C Ux We can suppose that U, is

regularly open so {U,},.x Iis aregular opencoverof X. Since X is nearly-Lindelof, there exists a

countable set of points zy, zs, ..., Ty, ... of X such that X = UN U,, Foreachn € Nchoosea A\, €A
ne

— n-1___
such that U, C U, and put V, = U,\n\< U1 UI,). By construction {V,.},.n is a refinement of
=

{Ux}sea and it is a locally finite family. In fact, let z € X. Then there exist U,, (since {U,}, .y is @
cover of X) and U), such that z € U, C U,,. We will prove that U, intersects at most finitely many
members of the family {V,}, .y Since

Vi=Uy, Vo =U\Ts,, e Vo1 = Un, \{U, U...UT },

then U, is not contained in V; for eachr > p + 1 whileU,, C V;. SoU,, NV, = @ foreachr > p+1,
therefore U, intersects at most a finite number of sets V.. (]

PROPOSITION 1.9. Let X be a nearly-Lindelof space and Y a nearly compact space Then
X x Y is nearly-Lindelof.

PROOF. Let {Uy},, be a cover of X x Y by regularly open sets Without loss of generality, we
can suppose Uy = V), x W) where V) and W, are regularly open setsin X and Y respectively Fix

z € X, for each y € Y there exists Ay € A such that (z,y) € V), x W), The family {W,\v} a

ey 18
cover of Y by regularly open sets and, since Y is nearly compact, it admits a finite subcover Let
Y=W, U.UW, PutH, =V, N..NV, andr(z)={A,,..,A,} H; isaregularly open set
of X and hence the family { H,}, . is a regularly open cover of X Since X is nearly-Lindelof, there
exists a countable set of points z1, z9, ..., T, ... of X such that X = nLeJN H, , hence
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XxY:(u H,,,) xY= U )(H,"xW,)z U  (Vix W)

ne N ne Nacr(ry, ncNacr(zg)
Since the last member is a countable family, we have that X x Y is nearly-Lindelof O

REMARK 1.10 In general the product of two nearly-Lindelof spaces is not nearly-Lindelof In
fact, let K be the Sorgenfrey line K is normal, and hence regular, and Lindelof and therefore it is
nearly-Lindelof The product K x K is regular, but it is not Lindelof [2, 3 8 15] and therefore it cannot
be nearly-Lindelof (see Corollary 1 4)

§2. NEARLY-LINDELOF SUBSPACES AND SUBSETS

A subset S of a space X is said to be nearly-Lindelof if S is nearly-Lindelof as subspace of X (ie S
is nearly-Lindelof with respect to the inducted topology from the topology of X)

DEFINITION 2.1 A subset S of a space X is said to be nearly-Lindelof relative to X if for every
cover {Ur},cp by open sets of X such that S C XEJA U,, there exists a countable subset {A,}, . n C A
such that S C nEJN Uy,

PROPOSITION 2.2 [9] Let X be a space and A an open subset of X Then A is nearly-Lindelof
if and only if it is nearly-Lindelof relative to X O

LEMMA 2.3 [9] Let B be a regularly closed subset of a nearly-Lindelof space X Then C is
nearly-Lindelof relativeto X O

COROLLARY 2.4 [9] A clopen of a nearly-Lindelof space is nearly-Lindelof O

PROPERTY 2.5 Let X be an extremally disconnected space (i e the closure of an open set is open
[2) and S C X If S is nearly-Lindelof then S is nearly-Lindelof relative to X.

PROOF. Let {Uy},., be an open family of X such that S C ’\gA U, Consider V) = SNU, for

each A € A, then {V)},., is an open cover of S. By hypothesis there exists a countable subfamily
{Va.}nen such that S = UN intgclg(Vy,). Since for each n € NV, C U, , then V_,\ﬂ_s C KX Since
ne

X is extremally disconnected then intgclg(Vy, ) C intxclx (Uy,) = clx(Uy,) This proves that S C LGJN

Uy, ie. S is nearly-Lindelof relative to X. OI
REMARK 2.6. In general a closed subset of a nearly-Lindelof space is neither nearly-Lindelof nor

nearly-Lindelof relative to the space as the subset {c,},. 4 in Example 1.2 shows
PROPOSITION 2.7. Let X be a space and S C X. The following are equivalent

(i) S is nearly-Lindelof relative to X;

(ii) for every family by regularly open sets of X that cover S, there exists a countable subfamily covering
S,

(iii) for every family {C},., by regularly closed sets of X such that (/\QA C,\) NS = 0, there exists a

countable subset of indices {An},cn C A such that ( al C,\ﬂ> nS=9
ne

PROOF. (i) = (ii) It is obvious by the definition.
(i) = (iii). Let {C},cs be a regularly closed family in X such that (AﬂA C,\) NS =0. Then
€

S c X\ (AQA CA) = /\LGJA (X\Ch); hence {X\Ch},., is a regularly open family covering S, then there

exists a countable subfamily { X\C), },,.y such that S C UN (X\Ch,), i€ ( ﬂN C,\ﬂ) nS=20
ne ne
(iii) = (1) Let {Ux},cp be a family by open subsets of X such that S C ,\UA U, Then
€

S c B2 ALEJA U, C ,\LeJAU’\’ therefore (X\ ()‘LEJA U,\>) NnS=9, ie /\QA (X\U,\) NnNS=90 By
hypothesis there exists a countable subfamily {X \W} y Such that 0 (X \U_,\n) NS =0 and
neln ne

therefore (X\( U UL,\n)) NS =40,ie SC u U,,. This completes the proof [
ne ne
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PROPOSITION 2.8. A space (X, 7) is open hereditarily nearly-Lindelof if and only if any A € 7"
is nearly-Lindelof
PROOF. Let B C X be an open subset of X By Proposition 2 2 it is sufficient to prove that B is
nearly-Lindelof relative to X Let {U,}, , be a family by regularly open sets of X such that B C A&JAU A

The set A = AU\U » belongs to 77, so by hypothesis A is nearly-Lindelof Hence there exists a countable
€./

subfamily {U },cn of {Ux},c, such that A = UNU'\" and therefore B C UNU y, Conversely, let X be
ne ne

open hereditarily nearly-Lindelof Since 7* C T, it is obvious that any A € 7* is nearly-Lindelof O

THEOREM 2.9. Let f : X — Y be a closed continuous function and, for eachy € Y, let f '(y)
be nearly-Lindelof relative to X If Y is nearly-Lindelof then X is nearly-Lindelof

PROOF. Let {C)} s be a family of regularly closed subsets of X with countable intersection
property Let M = AN ie each u € M is of the form p = (A1, A9, ..., An....) PutC, =nQNC)‘” #0
The family {Cu}ue u 1s a family by closed subsets of X with countable intersection property and also the
family {f (C#)}ue y InY isso Since Y is nearly-Lindelof, by Proposition 1 5 there exists J € Y such
that y € f(C,) for each p € M It follows that f~'(§)NC, # @ for each u € M, hence f~'(y)
intersects all countable intersections of C with A € A Since f~!(g) is nearly-Lindelof relative to X, by

Proposition 2 7 (iii), we have (,\ﬂACA) N f~1(g) # 0 and thus AﬂACA # 0 This, by Proposition 15,
S €

implies that X is nearly-Lindelof 0O

REMARK 2.10. Recall that, for a topological space X, the Lindelof number 1(X) is defined as the
smallest cardinal number A such that every open cover of X admits a subcover of cardinality A It is
natural to generalize this notion to nearly-Lindelof space defining the nearly-Lindelof number of X nl(X)
to be the smallest cardinal number p such that every regularly open cover of X admits a subcover of
cardinality

Obviously nl(X) < I(X) and this inequality can be proper For this purpose we can see Example
12

§3. ALMOST-LINDELOF AND WEAKLY-LINDELOF SPACES

DEFINITION 3.1 [10] A topological space X is called almost-Lindelof if every open cover
{Ux},ca of X admits a countable subfamily such that X = U Uy,

DEFINITION 3.2 [3] A topological space X is said’}%Nbe weakly-Lindelof if for every open cover
{Ux}scp Of X there exists a countable subfamily such that X = W

PROPOSITION 3.3. A topological space X is weakly-Lindelof if and only if for any family of
closed subsets of X{C\},., such that AQAC '\ = 0 there exists a countable subfamily {C_}, .y such that

int( ﬂNC,\ﬂ) =0
ne
PROOF. Let {Cy},c, be a family of closed subsets of X such that ,\OAC’\ =@ Then
€
X = AUA(X \C\), so by hypothesis there exists a countable subfamily such that X = UN(X \C),) Hence
€ ne

X\ LeJN<X\C’\") =0, ie int(X\( 'éJN(X\C’\“))) = int( QNC,\,) =0 Conversely, let {U,},., be

an open cover of X Then AﬂA(X \U,) = 0 and therefore there exists a countable subfamily such that
€
int( n (X\U)m)) =0. So
neN
x = xin( 0. o000)) = 0\ ,000)) =T O
neN neN neN

PROPOSITION 3.4. Let X be a topological space For the following conditions
(i) X is weakly-Lindelof,
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(i1) any cover {U,},, , of X by regularly open sets of X admits a countable subfamily with dense union
in X,

(iii) if {Cx},. 4 is a family of regularly closed subsets of X such that X[‘\/\C,\ = 0, then there exists a
countable subfamily such that int( NCy, | =0,

we have that (i) = (i1) = (iii) = (ii) and if X is semiregular then (ii) = (i)

PROOF. (i) = (ii) is obvious from the definition The proof of (ii) < (iii) is quite similar to the
proof of Proposition 3 3 replacing open cover with a regularly open cover of X We will prove the
implication (ii) = (i) when X is semiregular Let {U,}, , be an open cover of X By hypothesis we

can suppose any U, to be regularly open Then there exists a countable subfamily {U)}

UNU . = X This completes the proof [
ne

Obviously, if a space is nearly-Lindelof then it is almost-Lindelof and if a space is almost-Lindelof
then it is weakly-Lindelof But the following example shows that weakly-Lindelof property or almost-

n such that

ne

Lindelof property does not imply the nearly-Lindelof property
EXAMPLE 3.5. Let Q be the smallest uncountable ordinal number and A = [0, ) as in Example
12 Let X = {a,,b,,¢,a,b} wherei € Aand ) € N Consider in X the topology such that the points
{a,;} and {b,,}are isolated and the fundamental system of neighborhoods of the points {c,}, {a} and {b}
are
Bl = {c,,a”,b”}]Zn, BS = {a,a,]}lZa‘JeN and By = {b, le}zza.JeN
respectively X so topologized is Hausdorff and semiregular but it is not nearly-Lindelof as we can see

considering the regularly open cover (UABg) UBlUB]} But X is weakly-Lindelof Indeed, let
1€

{Ux} ren be an open cover of X  Then there exist A;, Ay € A such that e € Uy, and b € U,, The set
X\(Uy, UUy,) is countable, so it follows easily that X is weakly-Lindelof. Note that this space X is also
almost-Lindelof.

Below we will give the construction of an example of a weakly-Lindelof space that it is not almost-
Lindelof

PROPOSITION 3.6. A topological space X is almost-Lindelof if and only if every family {C},5
of closed subsets of X such that ﬂ Cx = ( admits a countable subfamily such that ﬂ lo} A, =0

PROOF. If {Ci})c, is a farmly by closed subsets of X such that /\ﬂ C',\ 0, then the family
{X\Chr},ca is an open cover of X. By hypothesis there exists a countable subfamily such that
nLeJN X\Cr =X, ie nQNC’\" = (. Conversely, let {Uy},., be an open cover of X Then {X\Uj} ¢, is
a family by closed sets such that ,\QA(X \U,) =0 By hypothesis there exists a countable subfamily such
thathNint(X \Uy,)=0,ie X :ngN U,, This completes the proof. O

PROPOSITION 3.7. Let X be a topological space For the following conditions

(i) X is almost-Lindelof,
(i) every regularly open cover {U)},., admits a countable subfamily such that X = UN U,
(iii) every family {C)},., of regularly closed subsets of X such that r‘l C,\ = @ admits a countable
subfamily such that At ¢ a =0
we have that (i) = (ii) ﬁ (m) = (ii) and if X is semiregular then (ii) = (i)

PROOF. (i) = (ii) is obvious by the definition. The proof of (ii) <> (iii) is quite similar to the proof

of Proposition 3 6 replacing open cover with a regularly open cover of X We will prove the implication

(i) = (i) when X is semiregular. Let {Ux},., be an open cover of X. By hypothesis we can suppose
that any Uy, is regularly open, then there exists a countable subfamily {U),_}, . such that UN U, =X
ne

This completes the proof. [
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THEOREM 3.8. A weakly-Lindelof, semiregular and nearly paracompact space X is almost-
Lindelof

PROOF. Let {U,},, , be acover of X by regularly open sets Since X is nearly paracompact, this

cover admits a locally finite refinement {V,},. ;- Since X is weakly-Lindelof then there exists a

countable subfamily such that X =m Since the family {V, } . is locally finite, then

vy, = HEJN V,. [2,1111] Choosing, for each n € N, A, € A suchthat V., C U., we obtain

ne

X = UNV: = UNU—.," By Proposition 3 7 X is almost-Lindelof [J
ne; nelk

PROPOSITION 3.9 [9] An almost regular space is an almost-Lindelof space if and only if it is
nearly-Lindelof O
CONSTRUCTION OF A WEAKLY-LINDELOF SPACE

LEMMA 3.10. The real line R can be partitioned in the union of a family, of cardinality 2™, by
countable dense and pairwise disjoint subsets of R

PROOF. Let Q be the set of the rational numbers Consider the following equivalence relation on

R
z ~ y ifandonlyif z —y € Q.

The partition of R so obtained is the one that we want, in fact every equivalence class is of the form
z + Q, where z € R, and it is a countable dense subset of R O
EXAMPLE 3.11. Let R be the real line and 7 the usual topology on it By the previous lemma we

can represent R as a union of continuum many countable dense and pairwise disjoint subsets of R We

can write this partition as R = ( UIS,) U So, where the set I has cardinality 2% Let 7; be the topology
1€

on R having the base {S,},.; UR Let o be the topology generated by 7 and 7; and let X = (R,0) We
will show that X is not almost-Lindelof Since Sy is countable, we can write Sy = {z,z2,..., T, ...}
Consider the open cover of X

X=(US |Jul U zn~l,a:,.+——1— .
el neN n? n?

Suppose that X is almost-Lindelof, then there exists a countable set {7y, ¢, ..., 2, ...} C I such that

- 1 1 1 1
x=(98) (W[t a]) = vy (e pm s 5])

Since the Lebesgue measure of the set U [z, — &,z + %] is finite, then X \( U [zn — &, 20+ #])
ne ne

has cardinality greater than Xy But X \( U, [zn— L zn+ & ) - UN(S," U Sp) and, since the second
ne ne
member is countable, we obtain a contradiction. We will show now that X is weakly-Lindelof Let
{Ux} e be an open cover of X and Sy = {zo, 1, ..., s, ...} as above. Since in the topology o every
point of Sy has the same fundamental system of neighborhoods as in the topology 7, then for eachn € N
there exist an open set V;, in 7 and an index A, € A such that z,, € V,, CU,, Theset V = UNV,, is
ne

openinTand So CV C UNU \.- Let z, € S,. For any T-open neighborhood V; of z, itis V, N Sy = 0
ne
(because Sp is dense in (R, 7)) So V, NV # B, hence S, NV, NV # 0 and this shows that z, € cl, (V)
We obtain that X = cl, (V) =cl, ( UNU ,\") and therefore X is weakly-Lindelof O
ne

§4. ALMOST REGULAR-LINDELOF SPACES

The previous example suggests some interesting remarks But before it is useful to recall the
following definitions

DEFINITION 4.1 [1] An open cover {Uy},., of a topological space X is said to be regular if for
every A € A there exists a non-empty regularly closed subset C, of X such that Cy C U, (ie U, is
quasi regular open) and A%JACO' A=X
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DEFINITION 4.2 [1] A topological space X is said to be weakly compact if every regular cover
admits a finite subfamily such that the union is dense in X

LEMMA 4.3. Let X be the space in Example 3 11 Let C be a regularly closed and A an open set
suchthat C C A Thenint,(C) C int,cl,(A)

PROOF. We denote with z and z, the elements of Sy and S, respectively We show before that if
z € int, (C) then z¢ € int,cl,(A) Since the fundamental system of neighborhoods of z 1s the same
whether in the topology o or in 7, then the lemma is true Now let z, € int, (C) There exists a T-open
neighborhood V; of z, suchthat V, NS, C C We will show that V, C cl,(A) Letz, € V, and let V, be
an arbitrary o-open, and therefore 7-open, neighborhood of z;  Since zo € V.NV,, we have
V.NVo #0andthus S, NV,NVy # 0 This shows that 2o € cl,(V,NS,) € C C cl,(A) Let T, €V,
Suppose that , ¢ cl,(A), i e there exists a T-open neighborhood V, of z, such that V,N S CNA=0
Since z, € V,NV,, then V,NV, # 0 and therefore V,NV, NSy #0 Let z, € V,NV, We have seen
above that z0 € C C A C cl,(A), since A is o-open hence there exists a o-open, and therefore T-open
neighborhood Vo of zp such that Vo, C A Since VoyNV,NV, #0 then, by density of S,
VownV,NV,NS, #0 and therefore ANV, NS, # 0 that is a contradiction So it is shown that
z, € cl,(A) and therefore V; C cl,(A) The proofis complete [

PROPERTY 4.5. The space X in Example 3 11 satisfies the following property every regular
cover {Uy} 5 of X admits a countable subfamily {U), },,.y such that X = UN U,
ne

PROOF. Let {Uy},., be a regular cover of X For any A € A there exists a regularly closed
C, C U, such that X = U inta(C,\) By the previous lemma we have X = U mt,cl,, (U,) and, since X
is Lindelof with respect to the topology T, there exists a countable subcover such that X = U

ne N
int.cl, (Uy,) = UNcl,,(U)‘"), O
ne

The previous property suggests us to give a new definition that generalizes the weakly-Lindelof
property

DEFINITION 4.6. A topological space X is called almost regular-Lindelof if every regular cover
{Ux}xca of X admits a countable subfamily such that X = U Uy,

REMARK 4.7. Obviously almost-Lindelof implies almost regular-Lindelof, but the converse in
general is not true, in fact the space X in Example 3.11 is almost regular-Lindelof but not almost-
Lindelof

THEOREM 4.8. An almost regular-Lindelof and almost regular space X is nearly-Lindelof

PROOF. Let {Uy},, be a cover by regularly open sets of X For each z € X there exists A\, € A
such thatx € U,, Since X is almost regular, there exist two regularly open subsets V,_ and W)_ such
that z € Vi, C Vo, C W\, W, C Uy, [13, Th 22] The family {W)_},_y is a regular cover of X and,
since X is almost regular-Lindelof, there exists a countable set of points z,, zs, ..., Z,, ... of X such that
X= rgN W, SoX= nUNU .. and therefore X is nearly-Lindelof 0O

The previous theorem implies the following

COROLLARY 4.9. Let X be an almost regular space Then X is almost regular-Lindelof if and
only if it is nearly-Lindelof O

We give now a characterization of almost regular-Lindelof spaces

THEOREM 4.10. A topological space X is almost regular-Lindelof if and only if for every family
{Cx},ea of closed subsets of X, such that foreach A € A there exists an openset Ay D C, with
,\QAX’\— = (), there exists a countable subfamily such that ngNé A =0

PROOF. Let {Cy},., be a family of closed sets of X such that for each A € A there exists an
open set Ay D C, with N Ay =0 It follows that X = X\( n A_,\) = U (X\4,) But, since
o AeA o AeA AcA
C\ C Ay C Ay C Ay, then X\A, C X\ A, C X\C,, and therefore X =AUA(X\CA) The family
€/
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{X\Ci}, 4 is a regular cover of X, since X is almost regular-Lindelof, then there exists a countable

subfamily such that
X= n‘(JN (X\C'\" ) = n(LJ'N (X\CA") = X\ <nQNCA")

and therefore Owé ». =0 Conversely, let {Ux},, , be a regular cover of X For each A € A there
exists a regularly closed C) of X such that é‘,\ C CyC U, and ,\U\é’\ = X The family {X\U,},, , of
)

closed sets is such that, for each A € A, there exists the open set X\C, D X\U), and such that
0XG=0,(1&) =3 (gen) =xvx =0
By hypothesis, there exists a countable set of indices {A.}, n such that nDNint(X \U,,) =0, ie
RQN(X \Ux) =0 SoX\ (nEJN m) = ( and therefore X = HEJNU_A" This completes the proof O
ALMOST REGULAR-LINDELOF SUBSPACES AND SUBSETS
A subset S of a space X is said to be almost regular-Lindelof if S is almost regular-Lindelof as a
subspace of X

DEFINITION 4.11. A subset S of a space X is said to be almost regular-Lindelof relative to X if
for each family {U»} ., of open sets of X satisfying the condition

S c UU,, and
A€A

(*) for each A € A, there exists a nonempty regularly closed set C) of X such
that Cy C Uy and S CAUAC,\,
€

there exists a countable subset {A,},y C A such that S C UNU_,\n
ne

THEOREM 4.12. If S is an almost regular-Lindel6f subspace of a space X, then S is almost
regular-Lindelof relative to X

PROOF. Let {Uy},., be a cover of S satisfying the condition (x) For each A € A, we have that
& NS and UyNS are open sets in S, and C, NS is closed in S The family {U) N S}, is an open
cover of S We will show that it is a regular cover of the subspace S For each A € A, we have that
clg (Co,' AN S) cC\nNS cUy,NS, where clg (Co' AN S) is regularly closed in S Moreover, we have
s=0n(&\nS) and &rnS Cintsels (€xNS), thus S = Uintscls(€xnS).  Since S is an
almost regular-Lindelof subspace of X, there exists a countable subcover such that S = ”LGJNcls Uy, NS)
Since for each n € N clg(U,, N S) C U,,, we obtain that S c .y, U,,. This shows that S is almost
regular-Lindelof relative to X O

THEOREM 4.13. If every regularly closed subset of a space X is almost regular-Lindelof relative
to X, then X is almost regular-Lindelof

PROOF. Let {U},c5 be a regular cover of X. For each A € A, there exists a nonempty regularly
closed set C), of X such that C, Cc Uy and X =’\UA5,\ Fix an arbitrary A\g € A and let A* = A\{X\o}
€

Put K =X \Co' x> then K is regularly closed in X and K C,\UA é - Therefore {Uz} cp- is a cover of K
by

by open sets of X satisfying the condition (%) of Definition 4 11 and hence there exists a countable subset
{An},en € A* such that K C Y U,, So we have
neN*

X=KUuCy=Kul, = (é{q‘UT) UDx = UTh,.
This shows that X is almost regular-Lindelof O
*COROLLARY 4.14. If every proper regularly closed subset of a space X is almost regular-
Lindelof, then X is almost regular-Lindelof. O
THEOREM 4.15. Let X be an almost regular-Lindelof space If A is a proper clopen subset of X,
then A is almost regular-Lindelof relative to X
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PROOF. Let {U\},, , be a cover of A by open sets of X satisfying the condition () of Definition

411 The family {Uy} 1 U (X\A) is a regular cover of X Since X is almost regular-Lindelof, there
exists a countable subfamily such that

X = (npﬁ:) U (X\A4) = (U.\W) U(X\4).

Therefore we have A C U\U_,\: This completes the proof [

We conclude this paper introducing the following two definitions

DEFINITION 4.16. A space X is called weakly regular-Lindelof if every regular cover {U, },, , of
X admits a countable subfamily such that X = UNU An
ne

DEFINITION 4.17. A space X is called nearly regular-Lindelof if every regular cover {U,}, , of
X admits a countable subfamily such that X = UNU)‘:
ne

Obviously we have the following implications
Nearly-L = Almost-L = Weakly-L

Y ¥ 4

Nearly regular-L. = Almost regular-L = Weakly regular-L

We leave open the study of these two new generalizations of Lindelof property and the relative
implications
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