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ABSTRACT. Following Gerald Jungck's formulation of compatibility of maps, several interesting fixed
point theorems for such maps have been obtained, wherein at least one of the maps 1s continuous The

main purpose of this note 1s to avoid the continuity condition from some of the main resuits of Jungck et al
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1. INTRODUCTION

Self-maps f and g of a metric space (X,d) are compatible iff lim,d(fgz,, gfz,) = 0 whenever
{z,} is a sequence in X such that fz,, gz, —t for some ¢t in X (cf [1]-[2], see also [3]-[10])
Compatible maps are natural generalizations of commuting and weakly commuting maps [11] (see for
instance [1]-[10]) Very recently a less restrictive concept called "biased maps" has been studied by
Jungck and Pathak [6] Let A and S be self-maps of a metric space (X,d) The pair {4, S} is S-biased
iff whenever {z,} is a sequence in X and Az,, Sz, — t € X, then

ad(SAz,,Sz,) < ad(ASz,, Az,) if o = liminf andif a = limsup.

They have shown that if the pair {4, S} is compatible, then it is both S and A-biased (see [6], Remark
11)

Recently several fixed point theorems for compatible maps have been obtained ([1]-[10] and
references of [7]), and a few of them have been extended to biased maps [6] However, most of the
results, especially those for compatible maps, require continuity of at least one of the maps ([1]-[5], [7]-
[10]) In this note, we present fixed point theorems for four maps, wherein the continuity condition is not
needed Our results are variants of some interesting results, mainly, of Jungck Indeed, motivation to
waive the continuity condition referred to above comes from [12]-[14] and [6]

2. (€,6)-CONTRACTION FOR FOUR MAPS

Meir-Keeler type contractions for four maps on a metric space introduced in [1] have been further

studied in [4]-[6], [10] and elsewhere These motivate the following, where (X, d) is a metric space
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DEFINITION 1. A pair of maps A and B from X to itself are (e, §)-contractions relative to maps
S, T: X — X iff A(X)C T(X), B(X) C S(X), and there exists a function 6 : (0,00) — (0, 00) such
that 6(e) > € for all ¢, and for z,y in X

(i) e <m(z,y) < 6(¢) implies that d(Az, By) < ¢, and

(i) Az = By whenever Sz = Ty,

wherein
m(z,y) = max {d(SI,Ty), kd(Sz, Az), kd(Ty, By), %[d(S:c, By) + d(Ax,Ty)]}.

where k is constant such that 0 < k£ < 1
Of interest to us is the following result which is a variant of the main result of [6] and improves
several earlier results from [1], [4], [12] and [15] In all that follows C'(A, S) stands for the collection of
coincidence points of A and S, ie, C(A,S) = {u: Au = Su} We shall use N to denote the positive
integers
THEOREM 1. Let (X,d) be a metric space, S,T: X — X, and let A, B be (¢,6) — (S, T)-
contractions (cf Definition 1 above) Ifone of A(X), B(X), S(X) or T(X) is a complete subspace of
X, then
A and S have a coincidence, a1
B and T have a coincidence 12)

Further, if ASu = SAu, u € C(A,S) and BTv = TBv, v € C(B,T), then

A,B,S and T have a unique common fixed point 13)

PROOF. Pick =y € X and, akin to [4] and [6], construct two sequences {z,} C X and {y,} C X
in the following manner Fornin N,

Yon-1 = Tz?n—l = Az?n~2 and Yon = SI?n = Bz?n—l

Then, as in [10] (see also [5] and [6]), {y.} is a Cauchy sequence
Now suppose S(X) is complete Then the subsequence {ys,} being contained in S(X) has a limit in
S(X) Callitu. Letve S~'u Then Su=u Note that the subsequence {yo,_1} also converges to u
Since A, B are (¢,6) — (S, T)-contractions,
d(Az,By) < m(z,y) forany z,y in X, and
Az # By implies that d(Az, By) < m(z,y) 14)

(see [6], Remark 2 1). Puttingz = vand y = zg,_; in(1 4),
d(Av, yan) = d(Av, Bzon_1) < max{d(Sv, Tzon1), kd(Sv, Av), kd(Tzo—1, Bran_1),

% [d(Sv, Tzan_1) + d(Av, TxQ,,_,)]}
and taking the limit as n — oo, d(Av,u) < kd(Av,u) So Av =wu This proves (1 1).

Since A(X) C T'(X), there is an element w in X such that Av =Tw, ie, Tw =u Therefore, as
previously (or putting z = z3,-2 and y = w in (1 4) and passing to the limit), Bw = u This proves
(12)

If we suppose that 7'(X) is complete then analogous argument establishes (1 1) and (1 2) If B(X)
(resp A(X)) is complete, then u € B(X) C S(X) (resp u € A(X) C T(X)), and the above argument
establishes (1 1) and (1 2).

To prove (1.3), note that v € C(4, S), w € C(B,T) and

(@) Av=Sv=u=Bw=Tw,

(b) Au= ASv = SAv = Su,

(¢) Bu=BTw=TBw=Tu
If u # Bu then from (1 4),
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d(u, Bu) = d(Av, Bu) < max {d(Sv, Tu), % [d(Sv, Bu) + d(Av, Tu)]}
= d(u, Bu),

a contradiction Sou = Bu Similarly, u = Au

Using (b)-(c) one finds that u is a common fixed point of A, B, S and T The uniqueness of the
common fixed point follows easily

REMARK 1. If S$ =T in Theorem 1, then conclusions (1 1)-(1 2) are slightly improved to "A, B
and T have a coincidence, ie, there is a z in Y such that A2 = Bz = Tz" Then the statement
concerning conclusion (1 3) may be improved to "Further, if T( = S) commutes with each of A and B
(only at) z, then A, B and T have a unique common fixed point "
3. COMMON FIXED POINT THEOREMS FOR JUNGCK TYPE CONTRACTIONS

Following the main theme behind the above proof, several common fixed point theorems from [2],
[6]-[8] and [13]-[14] for maps satisfying Jungck type contractions may be improved In this section we
show that the same behavior is exhibited for certain general classes of maps

Throughout this section, suppose that the function ¢ : [0,00)° — [0, 00) satisfies the following
conditions

(I) ¢ is nondecreasing and upper semicontinuous in each coordinate variable,

(I) for each ¢t > 0, max{¢(0,0,¢,t,t), (¢, t,¢,2t,0), (¢, ¢,¢,0,2t)} <t

The following result improves the main result of [8] by removing the assumption of continuity, and
replacing the completeness of the space with a set of weaker conditions

THEOREM 2. Let (X,d) be a metric space, and A, B,S,T : X — X such that A(X) C T(X),
B(X) C S(X) and the following holds

d(Az, By) < ¢(d(Az, Sz),d(By, Ty),d(Sz,Ty),d(Az, Ty),d(By, Sz)) 20)

for all z,y in X, wherein ¢ satisfies (I) and (II) If one of A(X), B(X), S(X) or T(X) is a complete
subspace of X, then

A and S have a coincidence, @21

B and T have a coincidence 22)

Further, if ASu = SAu, u € C(A,S) and BTv = TBv, v € C(B,T), then
A,B,S and T have a unique common fixed point (23)

PROOF. Foranz, € X andn € N, construct sequences {z,} and {y,} as in the proof of Theorem
1 Then, as in [8, Theorem 2 2], it can be shown that {y,} is a Cauchy sequence The remainder of the
proof is not difficult, and is similar to that of Theorem 1. However, we shall sketch the proof to establish
(2 1) when S(X) is assumed to be complete. Since {y,} is Cauchy, the subsequence {y2.} has a limit in
S(X). Callitu Then u = Swv for some vin X Remembering that Azy,, ST9,, Bxon 1, TTon1 — 4,
putting £ = v and y = Za,—; in (2 0) and passing to the limit, one obtains
d(Av,u) < ¢(d(Av,u),0,0,d(Av,u),0) < d(Av,u),

a contradiction unless Av = u ( = Sv) This establishes (2 1)

From Theorem 2, defining ¢ : [0, 00)% — [0, 00) by #(t1,t2, t3, ta, ts) = gmax {¢1, ta, t3, (ta+15)/2}
for g € (0,1) and all ¢, € [0,00), 2 =1,...,5, we obtain the following improvement of Jungck [2] (see
also [3], Theorem 3.1)

COROLLARY 1. Let (X,d) be a metric space, and A,B,S,T:X — X such that
A(X) C T(X), B(X) C S(X) and the following holds

d(Az, By) < qmax{ (d(A:r, Sz),d(By,Ty),d(Sz,Ty), %[d(A:c, Ty) + d(By, Sa:)]) }
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for all z,y € X, where ¢ € (0,1) If one of A(X), B(X),S(X) or T(X) is a complete subspace of X,
then the conclusions (2 1) and (2 2) are true Further, pairs {A,S} and {B,T} commute at their
coincidence points, then (2 3) is also true

REMARK 2. If S = T in Theorems 2-3, then their conclusions (2 1)-(2 3) can easily be improved
to "There exists a point z in Y such that Az = Bz = Tz Further, if T commutes with each of A and B
at (only) 2, then A, B and T have a unique common fixed point "

Finally we present an improvement of a common fixed point theorem for three maps of Jungck-
Rhoades [7, Theorem 2 3]

THEOREM 3. Let f,g and h be self-maps of a metric space X such that f(X) U g(X) C h(X)
Suppose that

[d(fz, gy)]* < ¥(d(hz, fz)d(hy, gy),d(hz, gy)d(hy, fT),d(hz, fz)d(hz, gy), d(hy, fz)d(hy, gy))

for any z,y € X, where ¥ : [0,00)* — [0,00) is upper semi-continuous and nondecreasing in each
coordinate variable and satisfies ¥(¢,t,ait,a0t) <t for any t >0, where aj,as € {0,1,2} with
ay+a; =2 If one of f(X),g(X) or h(X) is a complete subspace of X then f,g and h have a
coincidence, i e, there exists a z in X such that fz = gz = hz Further, if h commutes with each of f
and g (just at one point) 2, then f, g and h have a unique common fixed point

PROOF. It may be completed following the proof of Theorem 1 (above), [7] and [12]-[14]
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