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We study ideals generated by singular vectors in vertex operator algebras asso-
ciated with representations of affine Lie algebras of types A and C. We find new
explicit formulas for singular vectors in these vertex operator algebras at integer
and half-integer levels. These formulas generalize the expressions for singular vec-
tors from Adamovic (1994). As a consequence, we obtain a new family of vertex
operator algebras for which we identify the associated Zhu’s algebras. A connec-
tion with the representation theory of Weyl algebras is also discussed.
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1. Introduction. Let § be the affine Lie algebra associated with the finite-
dimensional simple Lie algebra g. Then, on the generalized Verma module,
Ni(9), k € C, exists the natural structure of a vertex operator algebra (VOA)
(cf.[5,10, 12, 14, 15]). The VOA Ni(g) provides a natural framework for study-
ing many aspects of the representation theory of the affine Lie algebra §. In
particular, every highest-weight g-module of level k can be treated as a mod-
ule for the VOA Ny (g).

On the other hand, there are other VOAs associated with g-modules of level
k. In fact, every g-submodule I of Ni(g) becomes an ideal in the VOA Ni(g),
and on the quotient Ni(g)/I, there exists the structure of a VOA (cf. [10]).
Therefore, it is important to explicitly construct ideals in Ni(g). This can be
done by constructing singular vectors in Ni(g). In this note, we present a new
explicit construction of singular vectors in N (g).

Let N,i (¢) be the maximal ideal in Ni(g). Then, the quotient L, (g) = Nx(g)/
N (g) is a simple VOA. If k is a positive integer, then N{(g) is generated by
the singular vector eg(—1)¥*11 (cf. [10, 11]). The similar situation is in the case
when k is an admissible rational number (cf. [2, 4, 9, 13]), but the expressions
for the singular vectors are much more complicated.

In order to study the annihilating ideals of highest-weight representations,
it is very important to understand the ideal lattice of the VOA Ny (g). This
problem was initiated in [9]. It is a known fact that in the case g = sl and k + —2,
N,l (sl (C)) is the unique ideal in the VOA Ny (sh(C)). A different situation is
in the case of the critical level (k = —hV, here h¥ denotes the dual Coxeter
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number). In this case, there exists a very rich structure of ideals of N_,v (g),
which implies the existence of infinitely many nonisomorphic VOAs (cf. [5]).

In this note we introduce a family J;, »(g) of ideals in Nx(g) and a family
Vimn(g) of corresponding quotient VOAs in the cases of affine Lie algebras
A(ﬂ{)l and C 21). These families include VOAs associated with the integrable rep-
resentations and VOAs associated with the admissible representations at half-
integer levels investigated in [1]. The basic step in our construction is the con-
struction of one infinite family of singular vectors in N (¢). The expressions for
these singular vectors provide a generalization of the results obtained from [1].

We also begin the study of the representation theory of these VOAs by iden-
tifying the corresponding Zhu'’s algebras explicitly. We demonstrate that the
VOA Ni(g) for k € N can have a nontrivial quotient which has infinitely many
irreducible modules from the category 0. These representations are parame-
terized with certain algebraic curves.

2. Vertex operator algebra Ny (¢). We make the assumption that the reader
is familiar with the elementary theory of the VOAs and their representations
(cf. 7, 8, 10, 12, 14, 16, 17]).

In this section, we recall some basic facts on affine VOAs. Let g be a finite-
dimensional simple Lie algebra over C and let (-,-) be a nondegenerate sym-
metric bilinear form on g. Let ¢ = n_ + h +n, be a triangular decomposition
for g. Let 0 be the highest root for g, and ey the corresponding root vec-
tor. Define p as usual. The affine Lie algebra § associated with g is defined
as g C[t,t 1@ CcoCd, where c is the canonical central element [11] and the
Lie algebra structure is given by

[xot", yet™] =[x,y]et"" +n(x,)0n+moC,
2.1
[d,x®t"] =nxet", (2-1)

for x,y € g. We write x(n) for x ® t™ and identify g with g ® t°.
The Cartan subalgebra f and the subalgebras fi., §. of § are defined as

h=hoCcoCd, §.=got*'C[t*'], #A.=n.egat*!C[t*!]. (2.2)

Let P =g®C[t]® Cc @ Cd be an upper parabolic subalgebra. For every k € C,
k = —hV, let Cvy be 1-dimensional P-module such that the subalgebra g ®
C[t]+ Cd acts trivially and the central element ¢ acts as multiplication with
k € C. Define the generalized Verma module Ny (g) as

Ni(g) = U(@) ®yp) Cug. (2.3)
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Then, N (g) has a unique structure of a VOA which is generated by the fields

x(z)= > x(n)z™!, xeaq. (2.4)

nez

The vacuum vector is 1 = 1 ® vi.

By construction, Ni(g) is a highest-weight §-module. A weight vector v €
Ni(g) is called a singular vector if i, v = 0. Every singular vector v € Ni(g)
generates the submodule I = U(§)v. It is an elementary fact from the vertex
algebra theory that I is an ideal in N (g), and on the quotient Ny (g)/I, there
exists the structure of a VOA (cf. [10, 15]).

Recall that there is one-to-one correspondence between the irreducible mod-
ules of the VOA V and the irreducible modules for the corresponding Zhu's
algebra A(V) (cf. [10, 16, 17]). The Zhu's algebra of the VOA Ni(g) is isomor-
phic to U(g) (cf. [10]). Let F: U(§-) — U(g) be the projection map defined as
follows:

Flai(=i1-1) - an(~in—1)) = 1)1 Mapan_y---ar  (2.5)

for every ai,...,an, € g, i1,...,ip € Z,, and n € N. Assume that I is an ideal
in the VOA Ny (g). Let (F(I)) be the two-sided ideal of U(g) generated by the
set {F(w) |w € U(§-), wl € I}. Then, the Zhu's algebra of the quotient VOA
N (g)/I is isomorphic to the quotient algebra

U(g)
(F())

(2.6)

(for more details, see [10]).

3. Lie algebras sp,,(C) and sly(C). In this section, we recall the construc-
tion of the Lie algebras sp,,(C) and sl;(C) using Weyl algebras (cf. [3, 6]).

We consider the first two £-dimensional vector spaces A; = Xf: 1Ca; and
Ay = szl Caj.Llet A= A; +A;. The Weyl algebra W (A) is defined as the asso-
ciative algebra over C generated by A and the relations

lai,a;] =[af,af]=0, [ai,af]=06i, i,j€{1,2,....0}. (3.1)
The normal ordering on A is defined by

:xy:=%(xy+yx), X,y € A. (3.2)

Then, all such elements : xy : span a Lie algebra isomorphic to g = sp,,(C)
with a Cartan subalgebra h spanned by

hi=-:aja’:; i=1,2,...,4. (3.3)
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Let {€; | 1 <i < ¥} C h* be the dual basis such that €;(hj) = §;;. The root
system of g is given by

A={+x(e;x€j),x2¢; |1 <i,j<¥, i<j} (3.4)

with &y = €1 —€2,...,0p_1 = €p_1 —€p, and xp = 2€y being a set of simple roots.
The highest root is 0 = 2¢;. We fix the root vectors

—- X .
Xei_ej =:a;a:

T Xejre; =1 @i, X (ej+ej) =t afat:. (3.5)

J
Assume that £ > 2. Then, the simple Lie algebra sly(C) is a Lie subalgebra g;
of g generated by the set

{Xel._ej li,j=1,....,0; i+ j}. (3.6)
The Cartan subalgebra f; is spanned by
{hi—]’lj|i,j=1,...,€;i¢j}. (3.7)

From the above construction, we conclude that there are nonzero homomor-
phisms

UG — W(A), & =y :Ulg) — W(A). (3.8)

These homomorphisms are used in the following sections for establishing a
connection between Zhu's algebras and Weyl algebras.

4. Ideals in the VOA Ni (sp,,(C)). In this section, let g=sp,,(C). We present
one construction of singular vectors in Ny (g) for integer and half-integer values
of k. This construction generalizes the construction of singular vectors at half-
integer levels from [1]. At the end of this section, we give some detailed remarks
and examples with applications of our results.

We use the notation as in Section 3. For m € N, m < £, we define the matrices
Cp and G, (—1) by

[ XZel Xel+ez et X61+em

Xel +€p X2€2 et X€2+€m
Cm = . ’
_X€1+Em s X2€m
i (4.1)
XZel(*l) Xe]-*—ez(*l) Xel+em(*1)
X€1+e2(_1) XZEQ(_l) X€2+em(_1)
Cm(_]-) = . . . .
_Xel+em(_]-) XZem(_l)
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As usual, let Cj/ (resp., Cli(~1)) be an (m — 1) x (m — 1) matrix obtained by
deleting the ith row and the jth column of the matrix C,, (resp., Cy(—1)).
Define next

m
Am(*l) :dEt(Cm(*l)) = Z (71)Sign(o—)HX€1'+€0-(1')(71)1

oeSymy, i=1

m (4.2)
A =det(Cp) = z (—1)sign@) nXei+eU(i)-
oeSymy, i=1
Set Al (—1) = det(Chi (-1)).
Using the definition and the properties of determinants, we can prove the
following relations:

[Xe; (0),Am(-1)] =0 fori=1,...,4
[Xel-fej(o),Am(—l)] =0 for i,j =1,....m, i+ j; 4.3)
X 26, (1) (A (=1))"1 = —4n(c = kmn) (AR (-1)) (A (-1))" 1,

where kyyn =n—(m+1)/2.
These relations immediately give the following theorem.

THEOREM 4.1. Foreverym,n € N, m < ¥, (A, (=1))"1 is a singular vector
in Ni,, , (9).

Define the ideal Jy,,» (@) in the VOA N, , (9) with

Jmn(@) =U@) (Ap(-1))"1. (4.4)
Let
~ Niwan (@)
Vm,n (9) = 4Jm,n @) 4.5)

be the corresponding quotient VOA.

REMARK 4.2. For m = 1, Theorem 4.1 gives the known fact that X, (-1)°1
is a singular vector in N;_; (g). Moreover, this vector generates the submodule
J1,s(g) which coincides with the maximal submodule of N;_;(g).

For m = 2, Theorem 4.1 reconstructs the result from [1, Theorem 3.1] that

(Xae, (=1) Xae, (1) = X¢, 4, (—1)%)°1 (4.6)

is a singular vector in N;_3,2(g). Again, the corresponding submodule J> (g)
is the maximal submodule of N;_3,2(g).

Assume that m;#m, ny#n, and Kk, n, =km,». This implies that (A, (-1))"11
and (A, (=1))"1 are different singular vectors in N, , (¢). Then using Theorem
4.1 and Remark 4.2, we get the following reducibility result.
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COROLLARY 4.3. Assume that {,s € N and £ > 3. The maximal submodule
J1.5(@) of Ns_1(g) is reducible. If £ > 4, then the maximal submodule J» s(g) of
N_3,2(g) is reducible.

The following result identifies the Zhu’s algebra of the VOA Vi, » ().

THEOREM 4.4. (1) The Zhu’s algebra A(Vinn (@) is isomorphic to U @) /{(Am)™),
where ((Ayn)™) is a two-sided ideal in U (g) generated by the vector (Ay,)™.
(2) For m = 2, there is a nontrivial homomorphism

®: A(Vm,n (g)) - W(A) (4-7)

In particular, if T : W(A) — End(M) is any nontrivial W (A)-module, then 1t o ®
is a module for the Zhu’s algebra A(Viy n(9)).

PROOF. The proof of the statement (1) follows from the fact that the pro-
jection map F maps (A, (—=1))" to (Ap)™.

In order to prove (2), we consider the (nontrivial) homomorphism & : U (g) —
W (A) defined in Section 3. For m > 2, we have

a:  max -+ aiam
aia; as .-+ axam
®(Ap) = det _ -0 4.8)
a e 2
1am a'm

and ®((A,)") = 0, which implies that there is a nontrivial homomorphism
(i):A(Vm,n(g)) - W(A). O

REMARK 4.5. Since the Weyl algebra W(A) has a rich structure of irre-
ducible representations, Theorem 4.4 implies that, for m > 2, the Zhu's algebra
A(Vimn(g)) has infinitely many irreducible representations. Then the Zhu’s al-
gebra theory (cf. [10, 16, 17]) implies that the VOA V,;, »(g) has also infinitely
many irreducible representations.

A very interesting question is the classification of irreducible modules in the
category 0. In the case m = 2, irreducible representations in the category O of
the VOA V>, (g) were classified in [1]. It was proved that any V>, ,-module from
the category O is completely reducible.

REMARK 4.6. An application of the theory of the VOAs to the integrable
highest-weight modules was made in [15]. It was proved that there is a bijection
between the irreducible loop modules associated with certain subspaces of
N (g) and the singular vectors in N (¢). As a consequence of our results in this
note, we get a new family of such loop modules. Let Ry, = U(9) (A (—=1))"1
be the top level of the ideal Ju »(g). It is clear that Ry, , is an irreducible
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finite-dimensional g-module with the highest weight 2nw,, (here, wq,...,wy
denote the fundamental weights for g). Then, Ry = Ry ® C[t,t71] is a loop
module which acts on the highest-weight representations of level k = ky,
(for definitions, see [15]). The loop modules R, , for m = 1 and for m = 2
were constructed in [15] and [1], respectively. The results of Section 5 also
provide new examples of loop modules acting on integer-level highest-weight
representations in the case of the affine Lie algebra A}ljl.

EXAMPLE 4.7. Let g = sps(C). Set R = R3; = U(9) - A3,1. Then, R is a finite-
dimensional irreducible g-module with the highest weight 2w3. Using the ar-
guments similar to those in [1, 2, 15], we get that an irreducible highest-weight
g-module V(A) with the highest weight A is a module for the Zhu's algebra
A(V31(g)) if and only if

Rova =0, (4.9)

where v, is the highest-weight vector and Ry is the zero-weight subspace of R.
Moreover, for every u € Ry, there is a unique polynomial p,, € U(f) such that
uvy = py(h)v,. Since dimRy = 4, we get that the irreducible highest-weight
A(V31)-modules are parameterized with the zeros of four polynomials p; (h),
p2(h), p3(h),and p4(h). Using the considerations similar to those in[1, Section
5], we get that these polynomials are

pr(h1, ko hs) = (hy +1) (hg n %)hg,

p2(hi,h2,hs) = (h1 +1) (4hs + (he + h3) (h2 + h; - 1)), (4.10)
p3(hi,ho,hs) = h3(4(h2 +1) + (hi + h2 +2) (h1 + hy - 1)),

pa(hy,ho,hs) =4hs(hy+1) + (hy + hy —1) (ho + hs + ho (hy + h3)).

Now, it is easy to find the zeros of these polynomials. The classification of
irreducible modules follows from the Zhu’s algebra theory. Finally, we obtain
the following complete list of irreducible modules from the category O:

{L((-x-DAg+xA1) | x e CLU{L((-x—1)A1 +xA;) | x € C}
U{L((—X—l)/\z +XA3) |X S (C}

U {L(—Z/\o +A2),L(A1 —2A3),L(—%Ao— %A3>,L(—%Ao +Ap— %A3>,

3 1 3 3
L<— EAO +A]— §A3),L<— EAO +A1+A>— §A3>}
(4.11)

Itis also important to see that the irreducible modules are parameterized with
a union of one finite set and a union of three lines in C*.
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We also notice that every module for the Zhu’s algebra A(V31(g)) is also a
module for the Zhu’s algebra A(V3,(g)) for every n € N. Using the previous
arguments, we conclude that, for every n € N, the VOA V3, has uncountably
many irreducible modules from the category O.

5. Ideals in the VOA Ny (sly(C)). In this section, let g = sly(C). We present
one construction of singular vectors in Ny (g) for integer values of k. All results
are completely analogous to those from Section 4.

As before, we use the notation from Section 3. For m € N, 2m < ¥, we define
the matrices A,, and A,,(—1) by

_X€1—€p X€1—€1/_1 T X€1—€£-m+1
A, = sz.—fz? X€2—.€{)—1 e X€2_€.€—m+l ,

—Xem_el' T Xem_e{’—erl

_ (5.1)
Xel—q(_l) Xelfqz,l(_l) Xelfep,mﬂ(_l)
Xez—eg(_l) XEZ*E(Ll(_]-) X6276071"+1(_1)

Am(_l) = . . . .
,XEm*Ee(_l) U Xemfep,mJrl (_1)

Let A,, = det(A,,) and A, (—1) = det(A,,(=1)).

THEOREM 5.1. For every m,n € N, 2m < {, set kyyy = n — m. Then,
(A (=1))"1 is a singular vector in Ny, , (3).

Define the ideal Jin,» (@) in the VOA Ny, (9) by

Jmn(@) =U@) (Ap(-1))"1. (5.2)

Let Vinn () = Ny (8) /Jim,n () be the quotient VOA.

REMARK 5.2. Form =1, Theorem 5.1 gives the known fact that X, —,(=1)°1
is a singular vector in N;_; (g). Moreover, this vector generates the submodule
J1,5(9), which is the maximal submodule of N;_;(g).

We have the following corollary.

COROLLARY 5.3. Assume that{,s € N, { > 4. Then, the maximal submodule
J1,:(@) of N¢_1(g) is reducible.

Similarly as in Section 4, we can explicitly identify the Zhu’s algebra
A(Vimn(g)) and find a connection with the Weyl algebra W (A).
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THEOREM 5.4. (1) The Zhu’s algebra A(Vy, 1, (6)) is isomorphic to the quotient

algebra
Ul(g)
YIERN Y (5.3)
((Am)™)
where ((Am)™) is a two-sided ideal in U (g) generated by (Ay)".
(2) For m = 2, there is a nontrivial homomorphism
&) A(Vinn(g)) — W(A). (5.4)

In particular, every module for the Weyl algebra W (A) can be lifted to the mod-
ule for the Zhu’s algebra A(Vy,,,(9)).
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