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ON THE SPECIAL SOLUTIONS OF AN EQUATION
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The main purpose of this paper is to prove the following conclusion: let p be a
prime large enough and let k be a fixed positive integer with 2k|p — 1. Then for
any finite field F, and any element 0 # ¢ € Fp, there exist three generators x, y,
and z € Fp such that xKyk + ykzk 4 xkzk = ¢,

2000 Mathematics Subject Classification: 11E12, 11T23.

1. Introduction. Let p be an odd prime, let k be a fixed positive integer
with 2k|p — 1, and let F, be the finite field with p elements. It is clear that
there exists at least one generator of F,, and the number of all generators of
F, is equal to ¢p(p —1), where ¢(n) is Euler’s function. The main purpose of
this paper is to study the following two problems:

(A) for any element O # ¢ € F, whether there exist three generators x, Y,

and z € F, such that

xkyk 4 ykzk 4 xkzk = ¢; (1.1)

(B) if (A) is true, let N(c,k,p) denotes the number of all solutions of (1.1).
What can be said about the asymptotic properties of N(c,k,p)?
In this paper, we use the estimates for general Gauss sums and the prop-
erties of Dirichlet characters to study the above two problems and prove the
following main conclusion.

THEOREM 1.1. Let p be an odd prime and k a fixed positive integer with
2k|p —1. Then for any element 0 + ¢ € F,, the asymptotic formula

3(p— 3(p —
P (p-1) o $(p-1)

N(c,k,p) = 7-1)3

p- 8Ll (1.2)

where |0| < 54k* and w(n) denotes the number of all distinct prime divisors
of n.
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From this theorem, we may immediately deduce the following corollary.

COROLLARY 1.2. Letp be a prime large enough and k a fixed positive integer
with 2k|p — 1. Then for any integer 1 < ¢ < p — 1, there exist three primitive roots
x, v, and z modulo p such that the congruence

xkyk 4 ykzk L xkzk = cmod p. (1.3)

2. Some lemmas. In this section, we give several lemmas which are neces-
sary in the proof of Theorem 1.1. First, we let

L nak
Gn,x,k;q) = G(n,x;q) = Zx(a)e<7), (2.1)

a=1

where x denotes a Dirichlet character modg, e(y) = >, Then we have the
following lemma.

LEMMA 2.1. Let p be an odd prime and k a positive integer with k|p — 1.
Then for any integer n with p t n,

<kyp, ifxPV* = xo,

(2.2)
=0, otherwise,

|G(n,x,k;p) | 1
where xo denotes the principal character mod p.

PROOF. Let g be a fixed primitive root mod p, then for any integer n with
p t m, there exist two integers [ and i such that n = g'**' (mod p), here 0 <
i < k. If b runs through a complete residue system mod p, then g'b also runs
through a complete residue system mod p, so that we have

. PP _ lk+i( -k _ 1k
|G, x,k;p) | = Zx(ab)e<g(‘;b)>

= i ix(ak(g—i(glb)k(“k_l)) (2.3)

v (™) - {q. i q|m,_ o
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Further, g'b*, i = 0,...,k—1; b = 1,...,p runs through k complete residue
systems mod p so that we have the identity

k-1 -1 i _
> 1G(ghxkp) |? Zx(a ize<—g b (a* 1))
i=0 - b=1i-0 p

p-1 P k_
=k z x(a) z e(M)
a=1 b=1 14
p-1

=kp > x(a) (2.5)

a=1
akzl(modp)

= kp(14+x(g7 V) -4 x(gk VPV
K2p, if xP-D/K = xo,

0, otherwise.

From (2.5), we easily get the estimate

k-1 1/2
|G, x,kp) | < (Z |G(g",x,k;p) |2>

i=0
(2.6)
kyp, if x'P7D = xo,

- 0, otherwise.

This proves Lemma 2.1. O
LEMMA 2.2. Let p be an odd prime and let n be an integer. Then
uk) < (aindn _p-t if n is a primitive root of p

P a5 ( )— $(p—1)° e

klp— ¢ a: 0, otherwise,

where indn denotes the index of n relative to some fixed primitive root of p,
u(n) is the Mobius function, and Z'ukzl denotes the summation over all a such
that (a,k) = 1.

PROOEF. See [1, Proposition 2.2]. O

LEMMA 2.3. Let p be an odd prime, let k a fixed positive integer with 2k|p —
1, and let x1, x2, and X3 be three Dirichlet characters modp. Then for any
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integer u with (u,p) =1,

(akbk + bkck + ckak) )

; <8kpp. (2.8

Z 1(a)X2(b)X3(C)e(u

HM\
u[\/_]\

PROOF. Let g be any fixed primitive root mod p, then, from the properties
of primitive roots and reduced residue system mod p, we have

p-lp-1p-1 kj,k k -k k k
u(a®b* +b*c*+c

SYY 1<a>><2<b)><3<c)e( @ 4 )>
a=1b=1c=1 p

p-1p-1p- ;

u(akb*ck + b*ck + c**ak)
=2 Z 2 a)x2(b)xs(c)e (
a=1b=1c=1 p
p-lp-1p-1

Kk o pk 4 <2k ok
u(a*p +l’; +c a)) 2.9)

I
M

Z Z 1(c)xlm)z(c)xﬂb)m(c)e(

k
(b)e< ub )
p

-1 kpk\ P! k 2k
xS 1<a>e(”“pb )le<c)><z<c>><3<c>e<”“pc )

a=1 c=1

H)—‘

< 9

I
E‘M

Let h be a fixed quadratic nonresidue modulo p, then

p-1 akpk k -2k
le(a)e( pb )ZXl(C)Xz(C)Xa(C)e<%>

a=1 c=1
17t ) w2k pkt pk
S S e 1)
2 s=1t=0 p
p-1 2k 1y kt A2k
x 1<cm<c>><3(c>e<”3hc)
c=1 l’7
14 whkt g2k pk
=5 > xi(ht) le xl(S)Xz(S)X3(5)e(TS> (2.10)
t=0
p-1 kt -2k
x (c)m(c)m(c)e(”h ¢ )
c=1 P

x1(hY)G(uh*, x1x2x3,2k; p)

Il
N | —
T o~
L \é[\/]»—‘

kt <2k 1,k
x> Xl(S)XZ(S)XS(S)e(%)-

s=1
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From (2.9) and (2.10), we have

ol kpk 4 pkek 4 ckgk
> 2. ZXl(a)Xz(b)Xg(C)e(u(a ci+cla >)
a=1b=1c=1 p
L d
=5 2 X1(h)G(uh*, x1X2x3, 2k; p)
£=0
= k) P! Kt 2k pk
ub _ hktq2kp
x> 2(b)e< ) > Xl(a)Xz(a)X3(a)e<%>
b=1 p a=1
L d
=3 h')G(uh*, X1 X2x3,2k;
4t§0 x1(h")G( X1X2X3,2k; p) o1
-1
14 le Zhr ( Szkhrk)
=17r=0 p

‘Gv,
,_‘>—‘

kt <2k 1,7k 42k
(a)m(a)m(a)e(%)

1 1
> > x1(h')x2(h")G(uh*, x1X2x3,2k; p)
r=0t=0

X G(uh"™,X1X2x3,2k; p) G(uh* h"™, x1X2X3,2k; p).

l
4

Applying Lemma 2.1 to (2.11), we immediately get the estimate

p-1lp-lp-1 kpk o ko k o~k k
u(a*b*+b*c* +cka
Xl(a)XZ(b)Xa(c)e( ( )) <8K3pyp. (2.12)
a=1b=1c=1 14
This proves Lemma 2.3. O

3. Proof of the Theorem 1.1. We only prove that Theorem 1.1 is true if F,, is
a complete residue system modulo p, then, from the isomorphism properties
of the finite field, we can deduce that Theorem 1.1 is true for any finite field
Fp,. Let p be an odd prime and s4(p) = s denotes the set of all primitive roots
modulo p in the interval [1,p — 1], then, from the trigonometric identity (2.4)
and Lemma 2.2, we have

N(c,k,p) = > > > 1

uedvedwesd
ukvkvkwk rukwk=c(p)

3(p—-1
_ P (p ) 2: zz

- —_1)3
PP =1 o i

—
\_/

W )
h) ¢l

&’A
"’\!
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Jj h p— — - .
amdu bindv dindw
<53 zzz( )
P vk + kiw u"—c))
xg ( ,
_Pp-1) pij) pth) p(l)
pp-1)3 = ¢ (J) p(h) ()

J h 1 p-1p-1p- . . .
Ry aindu bindv dindw
(SIS o4 bindy dindu)

1 1
P (p-1) p(j) p(h) p(l)
o1 22 2 60 b G

i' Zl:'p71p§11 pil e(air;du . bir;Ldv . dinldw>

(t vk vkwk L wkyk - c))
p

(3.1)

First, we estimate the main term R;. Note (2.4) and Xa 1x(a) =0 (x is a non-
principal character modulo p), from the definition of Dirichlet characters, we
have

J —
=(p-1*+3(p-1?% > (;;(d))z Z (mndu)

Jlp-1
Jj>1
uj) u Lokl amdu bindv
apon 5 S BEEG S ST )
J\Pllhlllpll¢)(~])¢ 1 i1 nelu—1 h
j>1 h>

(j) puCh) u(l)
w35 3 B e
iiptnip1ip1 PG D) S(D)

j>1 h>1 >
J h 1 p-1p-1p-1 .
Rl el alndu bindv dindw
«3TSS S S o4, bindy, dindw)
a=1b=1d=1 u=lv=1w=1

=(p-13+3(p-1)% > H(J)Z Zx(uaj)

jlp—1¢( )a 1 u=1
Jj>1
u(j) u(h) J . hop-1 p-1
+3(p-1) Y > ——Z > 2 x(w;b,h) Y x(usa, j)
jlp—1hlp-1 (b(']) d) a=1b=1v=1 u=1

j>1 h>1
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u(j) pCh) pdl )
+ > H) p) pt)
imaniaip1 @) é(h) o

j>1 h>1 [>1

=

-1 p-1 p-1

i h 1
x> S x(wib,h) Y x(wa, ) > x(wid, D),

a=1b=1d=1v=1 u=1 w=1

(3.2)

where x(u;a,j) = e(aindu/j), x(v;b,h) = e(bindv/h), and x(w;d,l) =
e(dindw/l) are three Dirichlet characters modp. Since j > 1, h > 1,1> 1, and
(b,h) = (a,j) = (d,l) = 1, the characters x(u;a,j), x(v;b,h), and x(w;d,l)
are three primitive characters mod p. Therefore, we have

p-1 p-1 p-1
> xwa,j) = > x(w;b,h) = > x(w;d,l) = 0. (3.3)
u=1 v=1 w=1

From these identities and (3.2), we immediately get the main term

Ri=(p-1)°. (3.4)

In order to estimate the error term R» in (3.1), first we separate R, into four
parts. That is,

-1p-1p-1p-1
X p-lp-lp-lp e(t(ukvk+vkwk+wkuk_c))
5=

-1
" e(t(ukvk+vkwk+wkuk—c))
p

() plh) IR e ks (aindu hindv)
+3 e . +
jnzlhhpzl $(j) ¢ (h) g g Z::IUZ::IWZ::I J h

Jj>1 >1

p-1 ko, k kq,k ko k

t(ucv* +vfwk +wrkuk —c
><§e(( ))
t=1

p(j) pth) p()
+j|pz—1hmzilupz—1 Pj) P(h) (1)

j>1 h>1 I>1
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J h Il p-1p-1p-1 . . .
[ aindu bindv dindw
<Y T YT Y o indu, bindv dinu )

=R>1 +Ry> + Ro3 + Roy.
(3.5)

Let g be any fixed primitive root mod p. Then note that 2k|p — 1, from the
properties of primitive roots and reduced residue system mod p, we have

lp—lp-lp- ko k 1o ko k ko, k
ukvk +vkwk +wkuk —c)
I )
u=lv=1 1t=1
| Po22k-1p-

1p-1p-1
p-Lr e<gzk5+t(ukvk+vkwk+wkuk_c))

p

2k-1p—2 t g2ks\ P-lp-lp-1 t 52ks (1,kq k 10 ko k ko k
1 -cgtlyg gtg®® (ukv* +vkwk + wkuk)
e 2 2oL TS .
t=0 s=0 u=lv=lw=1
1 2Kt egta? \ PP P (gt (ukuk + vk wk + wkuk)
=5k e Y D> e ; .
t=0 a=1 u=lv=lw=1
(3.6)
Applying Lemmas 2.1 and 2.3 to (3.6), we immediately get
|R21 | < 16k*p?. (3.7)

Using the same method of proving (3.7) and Lemma 2.3, and noting the identity
S ()] =290 we can also get

<16kip? (3.8)

pzlpzlpzle<amdu) i ( u vk+vkwk+wkukc))
u=lv=lw=1 t=1

p

or

|Roz| <48k*p?- 20071, |Rys| <d8kp? 40P,

: (3.9)
|Roy| < 16k*p?.8@P-1),

From (3.5), (3.7), and (3.9), and noting that w(p —1) > 1, we get

IRy | < 54kip?.8wP-1, (3.10)
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Combining (3.1), (3.4), and (3.10), we obtain

4)3(17_1) ¢3(P—1) w(p-1)
+0 - (p_1)3 p8 p ,

N(c,k,p) = (3.11)

where |0| < 54k*. This completes the proof of Theorem 1.1.

NOTE 3.1. Using the similar method of proving Theorem 1.1, we can also
get the asymptotic formula

3 _ 3 —
_Pp-) P D)

= 40D 12
N(0,k,p) ” (p-1)2 NG : (3.12)

where |0, < k3.
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