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1. Introduction and definitions. Suppose that S™~! is the unit sphere of R"
(n = 2) equipped with normalized Lebesgue measure do = do (x’). Let Q be
homogeneous of degree zero and satisfy the following two conditions:

(i) Q(x) is continuous on S™! and satisfies the Li py condition on sn-l
(0<y<1),thatis,

Q(x")-Q(y) | =M|x' -y, x',y" es" (1.1)
(i) fgn1S(x")dx’ =0.

Let m be a positive integer and A be a function on R™. The multilinear
Marcinkiewicz integral operator is defined by

® at]"?
ué(f)(x)—“ |F;‘(f)(x)|23] : (1.2)
0 t
where
A _ Q(x-y) Rn1(4;x,Y)
FH) = J\x—ylst Ix -yl |[x-y|m Fay,
1 (1.3)

Rmi1(A;x,¥) =A(x)— > —D*A(y)(x-y)P.

!

lx|<=m 77
We denote that F;(f)(x) = flx—y<t(Q(x —»)/Ix — y|" 1 f(y)dy. We also
denote that

(1.4)

1/2
2dt !
o)

b (f) (x) = (L |Fe(f) (x) |

which is the Marcinkiewicz integral operator (see [5, 6, 12]).
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Note that when m = 0, g is just the commutator of Marcinkiewicz operator
(see [5, 12]). It is well known that multilinear operators are of great interest in
harmonic analysis and have been widely studied by many authors (see [1, 2,
3, 4, 5]). The main purpose of this paper is to consider the continuity of the
multilinear Marcinkiewicz operators on certain Hardy and Herz-Hardy spaces.
We first introduce some definitions (see [7, 8, 9, 10, 11]).

DEFINITION 1.1. Let A be a function on R", m a positive integer, and 0 <
p < 1. A bounded measurable function a on R" is said to be a (p,D™A)-atom
if

(i) suppa C B = B(xq,7),
(i) llallz= < |B|71/P,
(iii) [a(y)dy =[a(y)D*A(y)dy =0, |«| =m.
A temperate distribution f is said to belong to H }_’,’m 4(R™), if, in the Schwartz
distributional sense, it can be written as

f(x)=> Aja;(x), (1.5)

j=0

where aj’s are (p,D"™A)-atoms, A; € C, and zj"zol)\jl”’ < o0. Moreover,
1 g2, amy ~ (S50 117

Let By = {x € R": |x| < 2%}, Cx = Bx \ Bx_1, k € Z, and my(A, f) = |{x €
Cr:lf(x)| > A}|; for k € N, let mi (A, f) = my (A, f) and mo(A, f) = |{x € By :
£ ) > ALl

DEFINITION 1.2. Let0<p, g < o, and « € R.
(1) The homogeneous Herz space is defined by

K,lax'p = {f S quoc(Rn\{O}) : ”fHKg'p([R") < 00}, (1.6)

where

o 1/p
”f”f(‘;"p(ngn) = |: z ZkuprXkaqj| . (17)

k=—00

(2) The nonhomogeneous Herz space is defined by
K" (R™) = [f € L (R™) :11f e gy < o0, (1.8)

where

- 1/p
Lf llgeep gy = { > 2keP| fxellla + ||fxB0||Eq} , (1.9)
k=1
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where

. 1/p
”f”WK;(’p(IR”) = SupA|: Z 2k0(pmk(A’f)p/q:| . (1.10)
A>0 k=0

DEFINITION 1.3. Let m be a positive integer and A a function on R", x € R,
and 1 < g < 0. A function a(x) on R" is called a central (,q,D™A)-atom (or
a central («,q,D™A)-atom of restrict type), if

(1) suppa c B(0,r) for some v > 0 (or for some r > 1),

() llallpa < |B(0,7)[~%/m,

(3) Ja(x)dx = [a(x)DPA(x)dx =0, |B| =m.
A temperate distribution f is said to belong to HK;;’;,,,A (R™) (or HK‘;ﬁmA([R”))
if it can be written as f = X7__,Aja; (or f = 37_yA a;) in the S'(R") sense,
where a is a central («,q,D™A)-atom (or a central (¢,q, D™A)-atom of restrict
type) supported on B(0,27) and 2w [AjIP < oo (or X047 < o). Moreover,
1 Nigecs,, , OF If e, )~ (551417107,

2. Theorems and proofs. We begin with some preliminary lemmas.

LEMMA 2.1 (see [2]). Let A be a function on R™ and D*A € L1(R") for |x| =
m and some q > n. Then,

1/a
1 a
Rm(A:x,9)| = Clx—y|™ —_— D*A(z)|%dz |
[ R(4:2,7)]| = Clx =] az_:m<|Q(x,y)| Q<x,y>| @ Z)

(2.1)

where Q is the cube centered at x and having side length 5./n|x — y|.

LEMMA 2.2. Let1l < p < o and D*A € L"(R"), || =m, 1 <7 < o, and
1/q=1/p+1/r. Then, ué is bound from L¥ (R™) to L1(R"), that is,

NHaOlla <C D |IDXA[|pr 11 flew. (2.2)

la|l=m

PROOF. By Minkowski inequality and the condition of Q, we have

] o 1/2
ué(f)(x)sJ Lf ) [ Rm1 (Aix, y) | (J dt) dy

R" lx —y|m x-y| t3

(2.3)
|Rm+1 (A,xyy) |

<C
R7 |x_y|m+n

| f()|dy.

Thus, the lemma follows from [3, 4]. O
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THEOREM 2.3. Let1>p >n/(n+y), and let DPA € BMO(R") for |B| = m.
Then, ug is bounded from Hhm ,(R™) to L? (R™).

PROOF. It suffices to show that there exists a constant ¢ > 0 such that, for
every (p,D™A)-atom a,

||IJ£A)(a)HLn <C. (2.4)

Let a be a (p,D™A)-atom supported on a ball B = B(xy,7). We write

|, @ eorrax - | [ (@) ()] dax

[x—xol=<2r

+J [ud@ ()] dx (2.5)
[x—x0l>2r

=1+11.

For I, taking g > 1 and by Holder’s inequality and the L2-boundedness of ué
(see Lemma 2.2), we see that

1< Cllud(@)|[fa - |B(xo,27r) |7 F/
<Clal®,|B|*-P/a (2.6)

<C.

To obtain the estimate of II, we need to estimate ué(a) (x) for x € (2B)°. Let
B=5ynB,andlet A(x) =A(x) =3 | ym (1/ ) (D¥A) 5 - x*. Then, Ry, (A; x,¥) =
R (A;x, ). By the vanishing moment of a, we write

A _ Qx-y)  Q(x-xo) } i
Fe(a)(x) = J\x—ylst [|X—y|m+"_l |x—Xo|m+w1 Rm{Aix,y)alyidy

+J Q(Xi_:ﬁlfl[Rm(fi;x,y)—an(Aix’XO)]“(3’)’713’
Ix-ylst | x—xo]|

1 Q(x — _ o

lol=m [x—y|<t [x —y|m+n-1

(2.7)
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thus,

ph(a)(x) < [J: (nyst

Qx-y)  Q(x-x0)
|x_y|m+n—1 |X_x0|m+n—l

2, 1/2
X [Rm(A;,7) | |a(y) |d3’> t}

3
§ ox-xo)|
+|:Io (Ixqu |X—X0\m+”’1

9 1/2
X |Rm(A;X,y) _Rm(A;X,X()) | |(1(y) |dy> Gti::|

[ [

1 Qx—-y)(x-y)«
> ol

|x—y|<t |x — y[mFn-l

|x|=m
2 1/2
D%A D%A d dt
X (DUA) = (D*A)g)a(y)dy | 5
=II+11,+113.
(2.8)
By Lemma 2.1, for y € B and x € 2¥*1B\ 2¥B, we know
|Rm(A;x,y)| <Clx—yI™ > |DA(x) - (D*A)up]|. (2.9)

la|l=m

By the condition of Q0 and Minkowski’s inequality, and noting that |x — y| ~
|x —xo| for v € B and x € R\ B, we obtain

Qlx—-7y) Q(x —xo) c r vy
|x — y|m+n-1 - |X_X0|m+n—1 = | x - xo T X —xo min+y-1 |*
(2.10)
Thus,
- = qr\'"”
UlSCJ R (A5x,¥) | |a(») ] J =
B Ix-y| L

r rY
X |X—X0|m+n+ |x7X0|m+n+y71 dy

r rY
<C e+ sy |1BIYP ST [DYAX) — (DX A) iy |
|X—X0{ |X—X0| la|=m

(2.11)
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On the other hand, by the following formula (see [2]):

R (A;%,¥) =R (A;x,x0) = >

[Bl<m

B'Rm 81 (DPA;y,x0) (x—x0)®  (2.12)

and Lemma 2.1, we get

| R (A;x,5) = R (A;x,%0) |

—1BI |BI
=C Z Z |xo—y|™ g |x_x0|ﬁ”DuA||BM0y

[Bl<m |x|=m

(2.13)

so that

M= |x=x0| "™ 5 Ry (DP Ay xo) | [ x - x0| " |y |dy

[Bl<m

= CJB |x—Xo|_(n+m) Z |Xo—3/|m_wI |X—Xo | #

[Bl<m
X Z [[ID*Al[gyo |a(y) |dy
laxl=m
=C z ||DO‘A||BMOJ n+1 la(y)|dy
|o|=m |
=C Z ||DaA||BMO{X_X0|_n 1|B|1/n_]/p+]-
a|=m

(2.14)

For II3, and by the vanishing moment of a, we write,

Qx—-y)(x—-y)«

(D*A(y) - (D*A)g)a(y)dy

[x —y|m
Qx—y)(x—p)* Q(x—xo)(x—xo)“]
= - D®A —(D%A), |a(y)dy.
J|: ‘X_y|m \X_x0|m+n71 [ (y) ( )B] (y) Y
(2.15)
Similar to the estimate of II;, we obtain
m=<c > LA
l|=m |x—x0|"“ |X*X0<n+y
XL | x0— | )D"‘A(y)— (D"‘A)B‘ la(y)|dy (2.16)

Y
<C S |ID¥Algyo BV Lt |-
l&l=m |X—Xo| |X—x0|
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Recalling that p > n/(n+y), therefore,

[ui(a)(x)]dx
2k+lB\2kB

v r
<C J + BIP-1
Zl 2k+13\2k3(|x_xo|n+l \X_X0|n+y> | |

=
Il

p
X( Z ‘DaA(X)_(DO(A)ZkHB’) dx
lx|=m

p o0
N _ —p(n+1) p(1+1/n-1/p)
+C( > |Ip A||BMO) ,;Jzk+13\zk3|x Xo | |B| dx

|al=m

p o0
5C< Z ||DD{A||BM0> Z (Zk(”—lﬂ—pn)_,'_zk(n—pn—py))
k=1

|al=m

P
5C< Z ||D(XA||BMO> )

|a|l=m

(2.17)
which, together with the estimate for I, yields the desired result. This finishes
the proof of Theorem 2.3. |

THEOREM 2.4. Let0<p <oo,1<g<oo,n(l-1/q) <x<n(l-1/q)+Yy,
and DPA € BMO(R™) for |B| = m. Then, u is bounded from HKyhm ,(R™) to
Kg'? (R™).

PROOF. Let f € HK;’f)’mA([R") and f(x) = 3. _oAja;(x) be the atomic
decomposition for f as in Definition 1.3. We write

» 3 pl/p
||us<f>||f<;w><c[ > 2( S |AJ|||us<af>xk||Lq) }

k=—oc0 j=—0o
. o i PP (2.18)
+C| 2 2k S0 Al (@) Xella
k=—c0 Jj=k-2
=[1+11.

For II, and by the boundedness of ué on L1(R™) (see Lemma 2.2), we have

. . pql/p
IISC[ > 2’“""’( > |7\j|||aj||m> ]
J 2

k=—00 i=k—
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0 pql/p
o £ oo £ )]
k=—o j=k-2

S ooker N |AJ|P2—jan} , O<p=<1l
| k=—c0 j=k-2
=Cyr . . p/p'q1/p
Z 2ko<p< Z |)\j|l72—j¢xp/2) ( Z 2_‘1'0(;,//2) :| , P> 1
| k=—c0 Jj=k-2 J=k=2

j+2 Lip
Z [A; |”( > 2”‘1"‘”)!2\ | ZW} , 0<p<1

Lj=—co k=-co

<CAH = ]+2 1/p

2\ |P< Z(kj)txn/Z)] , p>1
k=—o0

<C( > |2\j|p> < Cllf lageg,,  n-

j=—o

(2.19)
For I, and similar to the proof of Theorem 2.3, we have, for x € Cy, j < k-3,

pé(ag) (o) < C(1x| 7 m=t By | 1" 4 x| momey | By M)
X(J Iaf(y)HRm(A;x,y)ldy)
Bj

+C 3 D Allolx| 1B 1" [ aty) |y
Bl=m Bj

+C (I By [T Y By [T

X ZJ |DPA() - (DFA)y | la(y)|dy
[Bl=m

< C(sz(ml)2j(1+n(171/q)70<> + 27k<n+y>2j(y+n<1—1/q>ftx))

x( > (DBA(X)—(DBA)Bk‘)
[Bl=m

+C D |[D*Allgyo (k= )

|axl=m
% (ka(ml)2j(1+n(171/q)7¢x> + ka(nw)gj(ym(l—l/q)fu))
(2.20)
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thus,

0 k—3
IsC[ > 2"”‘”( S|A; | (27K D+ AT =0) | o k() +ilyn(-1/a) -

koo e 1/q\ P L/P
a
Xazm<sz ’DD‘A(x)_(DaA)Bk‘ dx) ) }

k=—00

+C|: Z 2k(xp( Z \)\j|(k_j)(Z—k(n+1)+j(1+n(1—1/q)—o<)

Jj=—o

pql/p
+2_k(n+y)+j(y+n(l—l/q)—u))2kn/q Z ||DaA||BMO) }
x|=m
=1 +1>.
(2.21)

To estimate I; and I, we consider two cases.

CASE1 (0 <p <1). We have

11<C{ Z okap Z |)\j|p(2[—k(n+1)+j(1+n(1—1/q)—tx)lv

k=—o0 j=—o0

pql/p
+2[_k(n+y>+j<y+n(1-1/q)—oo]v)ann/q( S |\D5A||BMO) }
|BI=m

=C Z ||DBA||BMO[ Z |]\j|P Z (Z(Ai—k)(1+n(1—l/q)—a)l7
[Bl=m J=-o k=j+3

1/p
+ 2(jk)(y+n(11/q)o<)p)i|

© 1/p
<C Z ||DBA||BMO( Z |7\j|p>

[Bl=m j

Jj=—o

< C”fHH['(;'SmA(Rn).
(2.22)

Similarly,

I < C”f”HI'(:;"gmA([Rn)- (2.23)
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CASE 2 (p > 1). By Holder’s inequality, we deduce that

0 k-3
I <C Z HDBA||BMO|: Z ( Z |;\j\172<jk)n(y+n(ll/q)0<>/2>

[Bl=m J=—00 \j=—c0
k3 piv'qlp
% ( Z 2(jk)p’(y+n<ll/q)tx)/2) ]
j=—oo (2.24)
- 1/p
P
SC(}Z_: |AJ| ) SC”f”HKq"“'DVmA([Rn)y
I < C”f”HKg,’gmA([R")'
This finishes the proof of Theorem 2. O

REMARK 2.5. Theorem 2.4 also holds for nonhomogeneous Herz-type space.
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