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We introduce a distributional kernel Kα,β,γ,ν which is related to the operator ⊕k
iterated k times and defined by ⊕k = [(

∑p
r=1 ∂

2/∂x2
r )4 − (

∑p+q
j=p+1 ∂

2/∂x2
j )

4]k,

where p + q = n is the dimension of the space Rn of the n-dimensional Eu-
clidean space, x = (x1,x2, . . . ,xn) ∈ Rn, k is a nonnegative integer, and α, β, γ,
and ν are complex parameters. It is found that the existence of the convolution
Kα,β,γ,ν ∗Kα′,β′,γ′,ν′ is depending on the conditions of p and q.
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1. Introduction. The operator ⊕k can be factorized in the form

⊕k =



 p∑
r=1

∂2

∂x2
r




2

−

 p+q∑
j=p+1

∂2

∂x2
j




2


k

×

 p∑
r=1

∂2

∂x2
r
+i

p+q∑
j=p+1

∂2

∂x2
j



k
 p∑
r=1

∂2

∂x2
r
−i

p+q∑
j=p+1

∂2

∂x2
j



k

,

(1.1)

where p+q = n is the dimension of the space Rn, i = √−1, and k is a non-

negative integer. The operator (
∑p
r=1 ∂2/∂x2

r )2− (
∑p+q
j=p+1 ∂2/∂x2

j )2 is first in-

troduced by Kananthai [2] and named the Diamond operator denoted by
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. (1.2)

We denote the operators L1 and L2 by
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Thus (1.1) can be written by

⊕k =♦kLk1Lk2. (1.4)

Now consider the convolution RHα (u)∗Reβ(v)∗Sγ(w)∗Tν(z) where RHα (u),
Reβ(v), Sγ(w), and Tν(z) are defined by (2.2), (2.4), (2.6), and (2.7), respectively.

We defined the distributional kernel Kα,β,γ,ν by

Kα,β,γ,ν = RHα (u)∗Reβ(v)∗Sγ(w)∗Tν(z). (1.5)

Since the functions RHα (u), R
e
β(v), Sγ(w), and Tν(z) are all tempered distribu-

tions and the supports of RHα (u) and Reβ(v) are compact (see [2, pages 30–31]

and [1, pages 152–153]), then the convolution on the right-hand side of (1.5)

exists and also is a tempered distributions. Thus Kα,β,γ,ν is well defined and

also is a tempered distribution.

Forα= β= γ = ν = 2k, we obtain (−1)kK2k,2k,2k,2k as an elementary solution

of the operator ⊕k, see [3]. That is ⊕k(−1)kK2k,2k,2k,2k(x) = δ where δ is the

Dirac-delta distribution and ⊕k is defined by (1.4).

2. Preliminaries

Definition 2.1. Let x = (x1,x2, . . . ,xn)∈Rn and write

x = x2
1+x2

2+···+x2
p−x2

p+1−x2
p+2−···−x2

p+q, p+q =n. (2.1)

Denote by Γ+ = {x ∈ Rn : x1 > 0 and u > 0} the interior of forward cone and

Γ+ denote its closure. For any complex number α, we define the function

RHα (x)=



u(α−n)/2

Kn(α)
, if x ∈ Γ+,

0, if x ∉ Γ+,
(2.2)

where the constant Kn(α) is given by the formula

Kn(α)= π
(n−1)/2Γ

(
(2+α−n)/2)Γ((1−α)/2)Γ(α)

Γ
(
(2+α−p)/2)Γ((p−α)/2) , (2.3)

the function RHα is first introduced by Nozaki [4, page 72] and is called the

ultra-hyperbolic kernel of Marcel Riesz. Hence RHα (x) is an ordinary function

if Re(α)≥n and is a distribution of α if Re(α) < n. Let suppRHα (u)⊂ Γ+ where

suppRHα (u) denotes the support of RHα (u).
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Definition 2.2. Let x = (x1,x2, . . . ,xn)∈Rn and write v = x2
1+x2

2+···+
x2
n.

For any complex number β, define the function

Reβ(v)=
v(β−n)/2

Wn(β)
, (2.4)

where Wn(β) = πn/22βΓ(β)/Γ((n−β)/2), the function Reβ(v) is called the el-

liptic kernel of Marcel Riesz and is ordinary function if Re(β) ≥ n and is a

distribution of β if Re(β) < n.

Definition 2.3. Let x = (x1,x2, . . . ,xn) be a point of the space Rn. Write

w = x2
1+x2

2+···+x2
p−i

(
x2
p+1+x2

p+2+···+xp+q
)
,

z = x2
1+x2

2+···+x2
p+i

(
x2
p+1+x2

p+2+···+xp+q
)
, p+q =n, i=

√
−1.

(2.5)

For any complex numbers γ and ν , define

Sγ(ω)= ω
(γ−n)/2

Wn(γ)
, (2.6)

Tν(z)= z
(ν−n)/2

Wn(ν)
, (2.7)

where

Wn(γ)= π
n/22γΓ(γ/2)
Γ
(
(n−γ)/2) , Wn(ν)= π

n/22νΓ(ν/2)
Γ
(
(n−ν)/2) . (2.8)

Lemma 2.4 (the convolution product of Reβ(v)). The convolution Reβ∗Reβ′ =
Reβ+β′ where Reβ and Rβ′ are given by (2.2).

Proof. See [5, page 20].

Lemma 2.5 (the convolution product of RHα (x)). The convolution product is

given by

(i)

RHα ∗RHα′ =
cos

(
α(π/2)

)
cos

(
α′(π/2)

)
cos

(
(α+β)/2)π ·RHα+α′ , (2.9)

where RHα and RHα′ are defined by (2.1) with p even,
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(ii) RHα ∗RHα = RHα+α′ +Aα,α′ for p odd, where

Aα,α′ = 2πi
4

C
(
(−α−α′)/2)

C(−α/2)C(−α′/2)
[
H+
α+α′ −H−

α+α′
]
,

C(r)= Γ(r)Γ(1−r),

H±
r =Hr(x±i0,n)= e∓r(π/2)ie±q(π/2)ia

(
r
2

)
(u±i0)(r−n)/2,

a
(
r
2

)
= Γ
(
n−r

2

)(
2rπn/2Γ

(
r
2

))−1

,

(u±i0,n)λ = lim
ε→0
(u±iε,n)λ,

(2.10)

u=u(x) is defined by (2.1) and |x| = (x2
1+x2

2+···+x2
n)1/2 in particu-

lar RHα ∗RH−2k = RHα−2k and RHα ∗RH2k = RHα+2k.

The proof of this lemma is given by Téllez [6, pages 121–123].

Lemma 2.6 (the convolutions product of Sγ(w) and Tν(z)). The convolu-

tions product is given by

(i) Sγ∗Sγ′ =(i)q/2Sγ+γ′ ,
(ii) Tν ∗Tν′ = (−i)q/2Tν+ν′ where Sγ and Tν are defined by (2.6) and (2.7),

respectively.

Proof. (i) Now

〈
Sγ(w),ϕ(x)

〉= 1
Wn(γ)

∫
Rn
ω(γ−n)/2ϕ(x)dx, (2.11)

where ϕ∈� the space of infinitely differentiable function with compact sup-

ports. We have ω= x2
1+x2

2+···+x2
p−i(x2

p+1+x2
p+2+···+x2

p+q), p+q = n.

By changing the variables x1 = y1, x2 = y2, . . . ,xp = yp , xp+1 = yp+1/
√−i,

xp+2 = yp+2/
√−i, . . . , and xp+q = yp+q/

√−i. Thus we obtain ω = y2
1 +y2

2 +
···+y2

p+y2
p+1+y2

p+2+···+y2
p+q. Let r 2 = y2

1 +y2
2 +···+y2

p+q, p+q = n.

Thus (2.11) can be written in the form

〈
Sγ(w),ϕ(x)

〉= 1
Wn(γ)

∫
Rn
rγ−nϕ

∂
(
x1,x2, . . . ,xn

)
∂
(
y1,y2, . . . ,yn

) dy1dy2 ···dyn

= 1
(−i)q/2

1
Wn(γ)

∫
Rn
rγ−nϕdy

= (i)q/2

Wn(γ)
〈
rγ−n,ϕ

〉
.

(2.12)

Thus Sγ(w)= ((i)q/2/wn(γ))rγ−n = (i)q/2Reγ(w) by (2.4).
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Consider the convolution Sγ∗Sγ′ . We have

Sγ∗Sγ′ = (i)q/2Reγ(w)∗(i)q/2Reγ′(w)
= (i)qReγ+γ′(w) by Lemma 2.4 and [1, pages 157–159]

= (i)q/2(i)q/2Reγ+γ′(w)
= (i)q/2Sγ+γ′ .

(2.13)

Similarly, for (ii) we also have

Tν∗Tν′ = (−i)q/2Tν+ν′ . (2.14)

3. Main results

Theorem 3.1. Let Kα,β,γ,ν be the distributional kernel defined by (1.5). Then

we obtain the following:

(i) Kα,β,γ,ν ∗Kα′,β′,γ′,ν′ = Kα+α′,β+β′,γ+γ′,ν+ν′ for α,β,γ,ν,α′,β′,γ′, and ν′

positive even numbers with α= β= γ = ν , α′ = β′ = γ′ = ν′;
(ii) Kα,β,γ,ν∗Kα′,β′,γ′,ν′ = Bα,α′ ·Kα+α′,β+β′,γ+γ′,ν+ν′ for p even, α,β,γ,ν,α′,

β′,γ′, and ν′ any complex numbers, and Bα,α′ = cos(απ/2)cos(α′π/2)/
cos((α+α′)/2)π ;

(iii) Kα,β,γ,ν ∗Kα′,β′,γ′,ν′ = Kα+α′,β+β′,γ+γ′,ν+ν′ +Aα,α′ ∗Reβ+β′ ∗Sγ+γ′ ∗Tν+ν′
for p odd, α,β,γ,ν,α′,β′,γ′, and ν′ any complex numbers Reβ, Sγ , and

Tν defined by (2.4), (2.6), and (2.7), respectively. And

Aα,α′ = C
(
(−α−α′)/2)
C(−α/2) C

(
− α

′

2

)
· 2πi

4

[
H+
α+α′ −H−

α+α′
]
,

C(r)= Γ(r)Γ(1−r),

H±
r =Hr(u±i0,n)= e∓r(π/2)ie±q(π/2)ia

(
r
2

)
(u±i0)r−n/2,

a
(
r
2

)
= Γ
(
n−r

2

)[
2rπn/2Γ

(
r
2

)]−1

,

(u±i0)λ = lim
ε→0

(
u+i∈ |x|2)λ,

(3.1)

where u=u(x) is defined by (2.1) and

|x| = (x2
1+x2

2+···+x2
n
)1/2. (3.2)

Proof. The proof of (i) follows from [3, Theorem 3.1, page 66]. The proof

of (ii) and (iii) is obtained by Lemmas 2.4, 2.5, and 2.6.



158 A. KANANTHAI AND S. SUANTAI

References

[1] W. F. Donoghue, Distributions and Fourier Transforms, Academic Press, New York,
1969.

[2] A. Kananthai, On the solutions of then-dimensional diamond operator, Appl. Math.
Comput. 88 (1997), no. 1, 27–37.

[3] A. Kananthai, S. Suantai, and V. Longani, On the weak solutions of the equation
related to the diamond operator, Vychisl. Tekhnol. 5 (2000), no. 5, 61–67.

[4] Y. Nozaki, On Riemann-Liouville integral of ultra-hyperbolic type, Kōdai Math. Sem.
Rep. 16 (1964), 69–87.

[5] M. Riesz, L’intégrale de Riemann-Liouville et le problème de Cauchy, Acta Math.
81 (1949), 1–223 (French).

[6] M. A. Téllez and S. E. Trione, The distributional convolution products of Marcel
Riesz’ ultra-hyperbolic kernel, Rev. Un. Mat. Argentina 39 (1995), no. 3-4,
115–124.

A. Kananthai: Department of Mathematics, Faculty of Science, Chiang Mai University,
Chiang Mai 50200, Thailand

E-mail address: malamnka@science.cmu.ac.th

S. Suantai: Department of Mathematics, Faculty of Science, Chiang Mai University,
Chiang Mai 50200, Thailand

E-mail address: scmti005@chiangmai.ac.th

mailto:malamnka@science.cmu.ac.th
mailto:scmti005@chiangmai.ac.th


Mathematical Problems in Engineering

Special Issue on

Time-Dependent Billiards

Call for Papers
This subject has been extensively studied in the past years
for one-, two-, and three-dimensional space. Additionally,
such dynamical systems can exhibit a very important and still
unexplained phenomenon, called as the Fermi acceleration
phenomenon. Basically, the phenomenon of Fermi accelera-
tion (FA) is a process in which a classical particle can acquire
unbounded energy from collisions with a heavy moving wall.
This phenomenon was originally proposed by Enrico Fermi
in 1949 as a possible explanation of the origin of the large
energies of the cosmic particles. His original model was
then modified and considered under different approaches
and using many versions. Moreover, applications of FA
have been of a large broad interest in many different fields
of science including plasma physics, astrophysics, atomic
physics, optics, and time-dependent billiard problems and
they are useful for controlling chaos in Engineering and
dynamical systems exhibiting chaos (both conservative and
dissipative chaos).

We intend to publish in this special issue papers reporting
research on time-dependent billiards. The topic includes
both conservative and dissipative dynamics. Papers dis-
cussing dynamical properties, statistical and mathematical
results, stability investigation of the phase space structure,
the phenomenon of Fermi acceleration, conditions for
having suppression of Fermi acceleration, and computational
and numerical methods for exploring these structures and
applications are welcome.

To be acceptable for publication in the special issue of
Mathematical Problems in Engineering, papers must make
significant, original, and correct contributions to one or
more of the topics above mentioned. Mathematical papers
regarding the topics above are also welcome.

Authors should follow the Mathematical Problems in
Engineering manuscript format described at http://www
.hindawi.com/journals/mpe/. Prospective authors should
submit an electronic copy of their complete manuscript
through the journal Manuscript Tracking System at http://
mts.hindawi.com/ according to the following timetable:

Manuscript Due March 1, 2009

First Round of Reviews June 1, 2009

Publication Date September 1, 2009

Guest Editors

Edson Denis Leonel, Department of Statistics, Applied
Mathematics and Computing, Institute of Geosciences and
Exact Sciences, State University of São Paulo at Rio Claro,
Avenida 24A, 1515 Bela Vista, 13506-700 Rio Claro, SP,
Brazil; edleonel@rc.unesp.br

Alexander Loskutov, Physics Faculty, Moscow State
University, Vorob’evy Gory, Moscow 119992, Russia;
loskutov@chaos.phys.msu.ru

Hindawi Publishing Corporation
http://www.hindawi.com

http://www.hindawi.com/journals/mpe/
http://www.hindawi.com/journals/mpe/
http://mts.hindawi.com/
http://mts.hindawi.com/

	1Call for Papers-4pt
	Guest Editors

