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The aim of this paper is to describe the local Ricci and Bianchi identities of an h-
normal I-linear connection on the first-order jet fibre bundle J! (T, M). We present
the physical and geometrical motives that determined our study and introduce the
h-normal I'-linear connections on J1 (T, M), emphasizing their particular local fea-
tures. We describe the expressions of the local components of torsion and curva-
ture d-tensors produced by an h-normal I'-linear connection VT, and analyze the
local Ricci identities induced by VI, together with their derived local deflection
d-tensors identities. Finally, we expose the local expressions of Bianchi identities
which geometrically connect the local torsion and curvature d-tensors of connec-
tion VI.

2000 Mathematics Subject Classification: 53B05, 53B15, 53B21.

1. Introduction. From a physical point of view, it is well known that the jet
fibre bundle of order one J!(T,M) appears as a basic object in the study of
continuum mechanics [3], quantum field theories [11], or generalized multi-
time field theory [7]. At the same time, the geometrical studies of first-order
Lagrangians that govern several important branches of theoretical physics
(bosonic strings theory [6], electrodynamics [4, 6], elasticity [12], or magneto-
hydrodynamics [3]) required a profound analysis of the differential geome-
try of 1-jet spaces, in the sense of connections, torsions, and curvatures. In
this direction, [13] develops a contravariant geometry of jet fibre bundles of
arbitrary orders, whose main feature is the global approach of geometrical
objects involved. In the same way, but using as a pattern Riemannian geo-
metrical instruments from theory of Lagrange spaces, [4] studies the geom-
etry of particular 1-jet bundle J!(R,M) = R x TM over the base M, in the
sense of d-connections, d-torsions, and d-curvatures. Some interesting geo-
metrical aspects of the 1-jet bundle J'(R,M) = R x TM, regarded over the
base space R x M, are exposed in [14]. In contrast, using the Hamiltonian for-
malism (i.e., a covariant geometry on dual 1-jet spaces) in its polysymplec-
tic or multisymplectic versions, [2, 3] construct various geometrical objects
on 1-jet fibre bundles. In this geometrical context, extending by Riemannian
methods the geometrical results from [4, 14], our paper analyzes the particu-
lar local features of geometrical objects produced on J!(T,M) by a nonlinear
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connection I'. From our point of view, this geometrical study represents a very
fruitful domain of mathematics, because not only this differential provides
many new ideas, suitable for a geometrical theory of PDE systems [8], but also
it offers the geometrical background for a multitime field theory [7], whose
construction on J!(T,M) was imposed of certain famous relativistic invariant
equations involving many time variables (chiral fields, sine-Gordon, etc.) and
of KP-hierarchy of integrable systems in which the arbitrary variables t* and
t# are quite equal in rights and there is no reason to prefer one to another
by choosing it as time [1]. At the same time, we believe that our geometrical
results may have interesting connections, via the Legendre transformations,
with results obtained in covariant Hamiltonian geometry of 1-jet spaces [2, 3].
Finally, it is very important to note that, in the context of generalized multitime
field theory described in [7], the expressions of local Ricci and Bianchi identi-
ties on 1-jet spaces are decisive for description of local generalized Einstein
and Maxwell equations that govern the multitime gravitational electromagnetic
fields from [7]. This is because [7] follows the same geometrical ideas as in [4].

2. Components of h-normal T-linear connections on first jet bundle
JY(T,M). Let T (resp., M) be a temporal (resp., spatial) real, smooth manifold
of dimension p (resp., n), whose coordinates are (t*) q—1p (resp., (xi)i:rn).
Note that, throughout this paper, the indices «, ,y,... run from 1 to p while
the indices i, j, k,... run from 1 to n. We consider the 1-jet fibre bundle J! (T, M)
— T x M, whose coordinates (t"‘,xi,x},‘) are produced by T and M. We point
out that the coordinate transformations on the product manifold T x M induce
on J1(T,M) the following geometrical invariance group:

P fe(eh),  mioxi(xd),  xh - OO

x = ax ﬁxﬁ (21)

DEFINITION 2.1. Apairl = (M((;))B,N((;))j) of local functionson E = J1(T,M),

whose transformation rules are given by

- iy oy
) O 9% oty 0Xp
B — T Wayxk 3fB ot (2.2)
g 9% _ o 0% 01 0%
Bk gxi — TWigxk 3fB  oxi’
is called a nonlinear connection on E. The components M, ((3) p (resp., N (%()) ;) are

called the temporal (resp., spatial) components of the nonlinear connection I'.

EXAMPLE 2.2. Let hyg(t¥) (resp., @;j(x™)) be a semi-Riemannian metric
on the temporal manifold T (resp., the spatial manifold M). Taking into ac-
count the local transformation rules of the Christoffel symbols H zﬁ(t“) (resp.,
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yfj(xm)) of these semi-Riemannian metrics, we deduce that the pair Iy =

0.
(M Eé)) Ei;))l) where

(J) i () ik
M(é)lx = Hyﬁxy’ NJ }’kal;, (2.3)

represents a nonlinear connection on E. This is called the canonical nonlin-
ear connection attached to the semi-Riemannian metrics hyg and @;;. In what

follows, we fix I' = (M ((3) 8 <<¢lx)> ;) anonlinear connection on E, and we consider

SL 6 o6 0

« i i *
St 5xi” ax“}’ CA(E),  {dt*,dx',6xqy} %™ (E), (2.4)
the adapted bases of the nonlinear connection I', where

6 _ 0 ¢ 9 6 0 () 0

Stx  otx By g Sxi oxi By 7
ax axﬁ (2.5)
i i (i) B (i)
8xt, = dxl+ M) gdtF + N dx.

PROPOSITION 2.3. The transformation rules of the elements of the adapted
bases (2.4) are tensorial ones:

5 _of s 6 _ox) s o _axIa o
Stx " otx 5B’ Sxi oxi xS’ dxl  0xi oiB 5%i°
| X« o 8xB (2.6)
ot« . oxt ; . 0x' ot
x_ i_ _dxd i_ il .
dt 3iF tP, dx 3% ax/, ox§ 3% 310 Xpg

PROOF. After local computations, the geometrical invariance transforma-
tions (2.1), together with the local transformations rules (2.2), imply relations
(2.6). O

REMARK 2.4. The simple tensorial transformations rules (2.6) of adapted
bases (2.4) confirm our choice to describe the geometrical objects of J1(T,M)
in local adapted components. In order to develop the theory of I'-linear con-
nections on the 1-jet space E, we need the following proposition.

PROPOSITION 2.5. (i) The Lie algebra ¥ (E) of vector fields decomposes as
A(E) =% (¥Hr) @ X (%r) @K (V), (2.7)

where

X (%) =Span{%}, X (Hnr) =Span{5ii}, X(7) =Span{ai}.x}.
(2.8)

(ii) The Lie algebra ¥* (E) of covector fields decomposes as

XE*(E) = %% (%r) @ X* (Jrr) @ %X* (V), (2.9)
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where

%*(%r) = Span {dt®},  X* (%) =Span{dx'},  X*(V)=Span{dxi}.
(2.10)

Consider hr, hy (horizontal), and v (vertical) as the canonical projections
of the above decompositions. In this context, we introduce Definition 2.6.

DEFINITION 2.6. A linear connection V : ¥(E) X ¥(E) — ¥(E) is called aT-
linear connection on E if and only if Vit =0, Vhy = 0, and Vv = 0. Obviously,
the local description of a I'-linear connection V on E is given by nine unique
adapted components

_(~ k @H;B) 7 k 1B A J(y) ~@)(B)(y)
= (G Gh Gl L L L (i G Gl Clanin ) (2.11)

which are locally defined by the relations:

B § . 6
Vsisty <z 5t Gﬁy St V/sty Sxl Gly Sxk’
_ ke 0 5 -4 6
Vﬁ/ﬁty axk —G(u)(i)yax]&; V(;/(;ij _LgJW'
6 K O 0 *)p) O
Veisxis = ij Sak’ \ j - =L i)j ’ -
8/8x1 5y T Hij gk 8/8x7 ox} (000 5k (2.12)
5 _ ~ay) O J ky) O
va/axiﬁ = Csii St Va/axg,' Sxi i) Sxk’
0wy 9
3/axy, axli; ~ S @) axloc('

REMARK 2.7. The transformation rules of the preceding I'-linear connection
components are completely described in [10].

EXAMPLE 2.8. LetIy= (M(o() B (” ) be the canonical nonlinear connection
of semi-Riemannian metrics pair (h,,(,;, ®ij). Takmg into account the transfor-
mation rules of Christoffel symbols H” op and y,k, by local computations, we
can show that the local components

By = (G§,.0,G g, 0,LK, L) ,0,0,0), (2.13)
)(B) (k)(B) :
where Gl = HY, GO0 = —6¥HE,, L¥ = vk, and L{))E), = shyk, verify

the transformation rules of components of a Iy-linear connection [10]. Con-
sequently, BIy is a [y-linear connection on E, which is called the Berwald con-
nection of the metrics pair (hyg, ®i;j). Now, let VI be a I'-linear connection on
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E, locally defined by (2.11). The linear connection VT induces a linear connec-
tion on the d-tensors set of the jet fibre bundle E = J1(T,M), in a natural way.
Thus, starting with a d-vector field X and a d-tensor field D, locally expressed

by

X = X”‘% +Xmé.xim +X§;ﬁ)ﬁ,
(2.14)
D =Dy 5i ® 5‘; ® % ®dtY ®@dx*®sxk- -
we can define the covariant derivative
VxD = X* V5/5teD+XpV5/5XnD+X Va/aXvD
{XEDM(J) (‘R XPDS%))((S +X<e> Dg,i(d;)((‘;)_’_'_’ |E;))} (2.15)
x%@(sil ®aiﬁ®dty®dx ®5xk- -
where
D@ _ Dk +DHDO G
YkB)(D)---/€ Ste yk(B)(D)-
+ DY) Gine + DYty Gpyime -
—Daliijé))(ng CGye- ;’(Vlr(lj()ﬁ(f;) Gl ;(li(JB))((%) G<m)(6) ,
D@ _ DGR 1) L pHIGO)
yk(B)Y(D)---1p SxP yk(B)(D)---
DI Linp + Dyt L mp +
=Dy Lp =Dty iy = D3ty Lty =+
DX k |(£) aDmmgi::: L pH (5) Cu(E)
Y (B)(l) (p) — axg yk(B) u(p)
DT i DS e
DB - Coio Dyt by Chtps ~Dyr(imr---Clrtisee) —
(2.16)

DEFINITION 2.9. The local derivative operators “,.”, “,”, and “|<,,) are

called the T-horizontal covariant derivative, M -horizontal covariant derivative,
and vertical covariant derivative of the I'-linear connection VT.
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REMARK 2.10. (i) In the particular case when the d-tensor D is a function
f(ty,xk,x§) on E = J1(T,M), the preceding covariant derivatives reduce to

6f _of o Of

Sre= Ste 5“_M(’/)fa—x§’
of _af w Of

Jiv = SxP _ oxr N(y)v@’ (2.17)
af

fl(,,)

(ii) Considering the d-tensor D =Y like a d-tensor on E, locally expressed
by
5 5 i 0

Y=Y*_——+Y! -,
Sto T Sxi TN g

(2.18)

the following expressions of local covariant derivatives of VI hold good:

oy« ;. oY!

Y= T YHGE, Y= 53 +Y™GE
(i)
y@o 6Y(0() G(l)(ﬂ
(x)/€ St () (m)er
oYy« . SY?
Yy = SxP + Y“Lﬁn' Y, = Sx p T YmL;nn’
sy® (2.19)
i _ () (m) 7 (1) (1)
Ywin = 5xr T Y Liwmp
(&) oy« a(e) i (&) oY! i(e)
(xl(p) = 75 7 +Y“Cu(lﬂ Yl|(p) = 76 7 +YmCm(p);

(i)
|(e) aYo() Y(m)C i) () ()
0() (p) — ax (1) ~()(m)(p)*

Because the number of components which characterize a I'-linear connection
on E is big (nine local components), we are constrained to study only a par-
ticular class of I'-linear connections on E, which have to be characterized by a
reduced number of components. In this direction, fix hyg a semi-Riemannian
metric on the temporal manifold T, together with its Christoffel symbols Hzﬁ
Consider the d-tensor field J on E, locally expressed by

d
J= J%ﬂja -odtfodx/, (2.20)

where J ((;)) Bj = hag6§, which is called the h-normalization d-tensor [9]. In this
context, we introduce the following definition.
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DEFINITION 2.11. A T-linear connection VI on E, whose local components
(2.11) verify the relations

ol g joo ~a(y) _ _
Gg, =HF,, Lg; =0, Cg)' =0, VJ=0, (2.21)

is called an h-normal T -linear connection on the 1-jet fibre bundle E.

THEOREM 2.12. The adapted components of an h-normal T-linear connec-
tion VT verify the following identities:

Glg=Hls L§=0, Co =0,
(2.22)
G( (.3) _5BGk 61;Hgy, L(k)(B-) _6 C(LC(; (}’) 6ﬁC

(00) (1) tJ’ l(J)

PROOF. It is obvious that the first three relations come immediately from
the definition of an h-normal I'-linear connection. To prove the other three
ones, we emphasize that, taking into account the local T-horizontal “;,”, M-
horizontal “\;”, and vertical “\2{)) ” covariant derivatives produced by VT, the

condition VJ = 0 is equivalent to

g
J(a)BJ/y 0, J(Dlﬁj\k 0, ;m,l(k) (2.23)

Consequently, the condition VJ = 0 provides the local identities

m ; [ Ohag
hBUG(llX (um/ haBG3'y+5§[_ oty +Hﬁya]’ (2.0
(@) (1) i @) (y) i(y)
hBHLl = hapLjy, hBuCulxﬂle) y) h“BC;(i)'

where Hgyn = H Ey hu« represent the Christoffel symbols of first kind attached
to the semi-Riemannian metric hyg. Contracting now the above relations by
hP¢, we obtain the last required identities. O

REMARK 2.13. (i) The preceding theorem implies that an h-normal T'-linear
on E is aI-linear connection determined by four effective components (instead
of nine in the general case), namely,

_ k 1k ~k(y)
VI = (HY. G LK L) (2.25)
The other five components either vanish or are provided by relations (2.22). As
a consequence, we can assert that the Berwald Iy-linear connection associated
to the pair of metrics (hqg, @) is an h-normal Iy-linear connection on E, whose
four effective components are

BTy = (Hg,0,¥5;,0). (2.26)
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(ii) Considering the particular case (T,h) = (R,d), we emphasize that the
&-normal T-linear connections on J'(R,M) = R x TM represent natural gen-
eralizations for the normal N-linear connections on TM, used in Lagrangian
geometry [4].

3. Components of torsion and curvature d-tensors. The study of adapted
components of the torsion T and curvature R d-tensors of an arbitrary I'-linear
connection VI on E = J1(T,M) was done in [10]. In that context, we proved that
the torsion d-tensor is determined by twelve effective local d-tensors, while the
curvature d-tensor of VT is determined by eighteen local d-tensors. In what
follows, we study the components of torsion and curvature d-tensors for an
h-normal I'-linear connection VT.

THEOREM 3.1. The torsion d-tensor T of an h-normal T-linear connection
VT is determined by nine effective adapted local d-tensors (instead of twelve in
the general case):

TABLE 3.1
hr hm v
hrhy 0 0 R g
m
hyhr 0 Tyj R(mou
m (m)
haha 0 T R
(m)(B)
vhr 0 0 Piyadi)
m(B) (m)(B)
vhy 0 Pijy Piwic)
(m)(x)(B)
v 0 0 S (0 ()
where
m(p) m(pB)
=-Gl T =LTE-LE, Py =Cigy s
oM™
((;V)l‘)x((l;)) — (IJ)D‘ 6BGm +6mHuo<|
XB
pB) ONG) _ofLm
(Wi = 2 Jji?
XB
(m)
o OMGTL M 3.1)
Wap = 6tﬁ Stx
(m) (m)
R(m OMy, M
R T TR
(m) (M)
R(m) _ 6N (pi _ 6N
Wij = §xi 6x1 ’
(m)(x)(B) o ~m(B) B ~m(x)
SwnGy =0uCiy —0uCja)
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PROOF. Particularizing the general local expressions from [10], which give
those twelve components of torsion d-tensor of a I'-linear connection, in the
large, for an h-normal I'-linear connection VI, we deduce that the adapted
components T“ , TH »and Pg((f)) vanish, while the other nine ones are expressed
exactly by forrnulas (3.1). O

REMARK 3.2. All torsion d-tensors of the Berwald Iy-linear connection Bl
associated to the metrics hyp and @;; vanish, except

(m)

Y 1
R = ~Hiapy's RO = riixi, (3.2)

y b
where H, yaﬁ (resp., 7; ﬂ) are the curvature tensors of the metric hyg (resp., @;;).

THEOREM 3.3. The curvature d-tensor R of an h-normal T-linear connec-
tion VI is characterized by seven effective adapted local d-tensors (instead of
eighteen in the general case):

TABLE 3.2
hr hy v
o 1 ) (e0)
hrhr Hypgy Rigy Rinpyipy =00 RlBy+6 HnBy
1 (D (e
hyhr 0 Rigx R(n)(l)Bk o R'
() (ex
harha 0 Rle R(n) l)Jk ‘wRUk
ly) W ()(y) Iy)
vhr 0 Pig(x) Piyiigk) = 9 Pigix)
L(y) ) () (y) )
vhy 0 Pijk) Py = O5PiitR)
1B () W (B (y )y
v 0 Si(j) (k) S = S5Sihm
where
28 o4
o — aHUB _ aHU HU H HIJ HD(
nBy oty oth nB ny*tup»
5Gly  6G)
I _ iB iy l m ol L(y) 1 (m)
Rlgy = S = T3+ Gl Gy = Gl Gl + Clli Ry
5G SL
1 _ iB ik m m ol L) pp(m)
Rigi = 5k ~ 56 * CitLmk = LikGmp + Ciom R
SLL. s1t
I _ i Yk myl L) p(m)
Rijk= 53k = 5xs  LisLmk LixLinj + Ciom R jio (3.3)
1
pion _ 9Cip o el pomi)
B0 = Gk~ CitorpF Cim) Punpixs
1
Pl aLij_Cuy) + ol pm)
ik = Gk i1yt Ciom P jo»
) 1(y)
gby _ 9Cio)  Citky () ) mi) B
L T i) Cmw ~Ciky Cmijy-
Xp
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PROOF. The general formulas that express the local curvature d-tensors
of an arbitrary I'-linear connection [10], applied to the particular case of an
h-normal T-linear connection VI, imply formulas (3.3) and the relations in
Table 3.2. O

REMARK 3.4. In the case of the Berwald I)-linear connection BI associated
to the pair of metrics (hqg, @ij), all curvature d-tensors vanish, except H®
and R! where rlJ « are the curvature tensors of the metric @;;.

By
ijk = le’

4. Local Ricci identities. Nonmetrical deflection d-tensors identities. The
local Ricci identities for a general I'-linear connection on E = J'(T,M) are com-
pletely described in [10]. In the particular case of an h-normal I'-linear connec-
tion, these simplify because the number of torsion and curvature d-tensors
reduced and their local expressions simplified. A meaningful reduction of the
local Ricci identities can be obtained, considering the following particular ge-
ometrical concept.

DEFINITION 4.1. An h-normal I'-linear connection, whose local components,

k 1k ki)
CVT = (H}g, GK, L, C), (4.1)
verify the relations LJk = LL and C' (k) Clm is called an h-normal I-linear
connection of Cartan type.

REMARK 4.2. (i) Because the Christoffel symbols y}k of the metric @;; are
symmetric, it follows that the Berwald h-normal Iy-linear connection BIj is of
Cartan type.

(ii) The torsion d-tensor T of an h-normal I'-linear connection of Cartan
type CVT is characterized only by eight adapted local d-tensors because the
torsion components T,k = Ll ik ~LL ; vanish from Table 3.1.

THEOREM 4.3. The following local Ricci identities for an h-normal T-linear
connection of Cartan type CVT are true:

o m)
X/B/y X/y/B_X uBy -X |(m> (H)By>

_ (H) p(m)
X = Xxsp = —Xim Tgr =X R

(1) Bk
Xl =X = =X R
X100 =X 100 = =X i Pipiho
XE10 = X100 = =X Ci) =X im Pinich
XH1E =X DG = =X Saninie »
Xigry = Xlyip = X" Ringy =X |y Ry

. o . -
X/lmk—ka/B—XmRinﬁk—Xstk e R
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_Xll(,u) (m)

Xl— X|ku—X R; m Rjks

mjk
xi | y) Xll XmPl(y —X‘\ () P(m)<y
/B( (k) /B () B(k)

(y> iy _ ympiy) i ~my) l(u) (m)(y)
Gl = X015 = X" P = X i) =X 1 P it s

BN D x| D)) _ gmgi B i) gm B
XG5 o =X w1 G = X" Smyw =X TamSw (i s

(1) _ yim)
Xy =X ryip = Xio Ringy = X Heagy = X (ool omy R iy
W W pmpi m i) (W) pm
Xk = Xieh ks = Xioo Ring = X(am Tt = X (e | (o RS B

(1) (i) _ yvim)pi (l)
Xyt =X ekt = Xty Rijic = X (o | omy Rty i

(t) ) (y> _ y(m) i(y (1> (1) (m>(y)
(tx)/ﬂ|(k) (o<)| X(a)P |(m) (W) B(k)?
) ) _ m (1) m(y) (i) (m)(y)
a)u|<k> (a)'(km X Pratir =X im G =Xl Pl
(B)1) _ 50 1)) (B) _ xm) Gl (W) m)(B)(y)
Xl =X = X Sminitr = Xl e St

(4.2)

where X = X"‘(é/ét"‘)+X1(6/6x‘)+X (a/ax‘)lsanarbltraryd vector field
on JX(T,M).

PROOF. Using the local Ricci identities, described in the large context of
a I'-linear connection [10], together with particular features of an h-normal T-
linear connection of Cartan type C VI described in Table 3.1 and Remark 4.2(ii)
(i.e., the torsion d-components Tj;, Ty, Pﬁ;f ). and T}, vanish), we obtain what
we were looking for. |
In order to find an interesting application of preceding Ricci identities, consider
C = x}(0/0x},) the canonical Liouville d-vector field on E = J' (T, M), together
with an h-normal I'-linear connection of Cartan type CVT. In this context, we
construct the nonmetrical deflection d-tensors associated to CVT, setting

50 _ i i) _ i @) _ iy
Diwp=Xapr Dok =Xeger Aty = Xal iz (4.3)
where “/g”, “|”, and “| E{; ” are the local covariant derivatives produced by CVT.

By direct local computations, we deduce that the nonmetrical deflection d-
tensors of CVI have the expressions:

@) ) i oom g i
Digyp = Mg+ GpXa' —HupXps

D(O()J = _N((;))j +LL, X, (4.4)
OB _ sish | ~iB) m

A (j) = 0500+ Cry(j) Xy

Applying now the (v)-set of Ricci identities to the components of Liouville
vector field C, we obtain the following important result.
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COROLLARY 4.4. The nonmetrical deflection d-tensors attached to the CVT
verify the following local identities:

5 (1) (1) (u)
D(tx)B/y D(tx)y/ﬁ X Rmﬁy XHaBy d R

() (m) u)B}“
(l) i (l) @) pim
Do = Dicorsp = X Riypre =D —d (oo (o Ri1 e
(i) (i) _ (1) () (m>
D1k = Dokt = Xa R jic = Ao omy Ryt o ws
p |(y _dDw _mpi) 06 pm)y) '
(ex)B (ex)(k)/ mB(k) (o) (m) (u)ﬁ(k)’
(1) y D (y) i(y) m(y) J()  pm)(y)
D | d(a)(k xo( mj(k) D(a)mCJ(k) _d(a)(m)Py)j(k)’
(l) |(y) (i) |(ﬁ) XM i(B)(y) _d(i)(w S(M) )(Y)
(tx)(l) (k) o<) k) ) « “m(j) (k) () (m)= (1) (j) (k)

REMARK 4.5. The importance of nonmetrical deflection d-tensors identi-
ties comes from their using in the description of generalized Maxwell equa-
tions which govern the multitime electromagnetism constructed by Riemann-
Lagrange geometrical instruments on the jet fibre bundle J!(T,M). For more
details, please consult [7].

5. Local Bianchi identities for C VI connections on first jet bundle ! (T, M).
From the general theory of linear connections on a vector bundle E, it is known
that the torsions T and the curvature R of a linear connection V are not inde-
pendent. In other words, they are connected by the general Bianchi identities:

> {(VxT)(Y,2) -R(X,Y)Z+T(T(X,Y),Z)} =0, VX,Y,Ze%(E),
{X,Y,Z}

> {(VxR)(U,Y,Z)+R(T(X,Y),Z)U} =0, VX,Y,Z,U € %(E),
XY, Z}
(5.1)

where {X,Y,Z} means cyclic sum. Obviously, using a nonlinear connection I’
on a general vector bundle E, together with its local adapted basis of d-vector
fields (X4) C Z(E), the Bianchi identities attached to a I'-linear connection V
(i.e., a d-connection) on E can be locally described by the relations:

Z {Rhpc—Thg.c — T TEG) =0, Z {Rbagc+TisRbac) =0, (5.2)
{A,B,C} {A,B,C}

where R(X4, Xg) Xc = R2p 4 Xp, T(Xa,Xp) = T2, Xp, and “.¢” represent the hori-
zontal or vertical local covariant derivatives produced by the d-connection V.
For more details, see [4]. Applying these results to our particular 1-jet vector
bundle E = J1(T,M), endowed with an h-normal I'-linear connection of Cartan
type CVTI, we find the next important local Bianchi identities.



RICCI AND BIANCHI IDENTITIES FOR h-NORMAL T-LINEAR ... 2189

THEOREM 5.1. The following thirty effective local Bianchi identities for an
h-normal T-linear connection of Cartan type CVT on first jet bundle J' (T,M)
are true:

Z erBy ’

{oB,y}
1 l L(p) ( )
A, ﬁ}{ m T gk — To(k/B} = Riag = Cilm Ry

(5.3)
L(p) (m) l
‘ﬂ{Jk}{Ck(m) weaj T Rk Tj\k} 0,
)
> {Ck<m> (wij R”k} 0,
i,k
W WE  m
{R(ﬁ)o(ﬁ/y +P(6>y m)R u)aﬁ} 0,
{o,B,y}
0w W W OW  m)
&g{“'ﬂ}{ (akip + Po)pom Rish ok + R()pm :ﬁ}:Ra)amHP(a yke(m) Ry aps (5.4)
, OW  m) W am] _ O W@ pm) :
Ay, k}{R(a)aj|k+P(5 kR ¥ R(s)km aj} “Ris)wjik = Pig)eccm) Ry jio
RO P
{ ik + Pio)om Rijh U} 0,
{i,j,k}
L (@ _ e POl l pmi(e) _
Tl tp) = Conip) Tk + Preap) = Cictoy 1 = Cieomy Py = 0 55)

) I(e) L(p) m) (&) (e
Lﬁ{Jvk}{CﬂanCk(m) H)J(p)+PJk(P)} 0,

(D)(e) (D (p) (m) (&) (l) (€) (l)(E) (D (&) (p) (m)
oy {P(é)o((p)/B"'P(é)B(m)P } | S R

(W a(p) (6)0(13 (p) — (6)(17)0(3 (8)(p) (m) " () o
(D) (&) (l) () (&) (u) (m)
Aok {P«s Ja(p) \k+P(6)k(m)P(u)0<(n)} R(3) el (5) =R (&) mack + S(3)cp om Rijoy ok
W me W)
+ R amChip) ~ TakPsymip):
) (D () (m) (&) (1) m(e)
stk 1P ok P6>k<m>P<u T+ RigumClisy |
(l) (l) £) ) (&) (1)
= R ik (5) = R(3) (o ik S (3o iy Reip o
(5.6)
UB) | (y)  ~my) ~L(B) LB(Y) L) (m)(B)(
o, E{;}{C |k + Ciky Cm(j)} =St ~ CiomSunH (5.7)
) pMB) (D) D))
by m, [P <u)u(1)5<6)<k><m> + P3G}
B M B ) D ()
Sé)(] S(u)(]) P o)x(m)’
O ) () DB (y) (5:8)
Y ) (1) Y
shym (y>}{P(5)l(J)| )+ PG SEim + P it |
BB B D
S@ (ol ~Sw (k) Ps)itm)
5 { SW@B) ) ) (0(B) gD 75”)("‘)(‘”(”} _0
@0 Lo FSwn o S rm ~Semmn § =0 5.9)

(@ &) )
Ly (oo ?
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5
Z HEO(B/y 7 HEO(BIk = 0;
{oB,y}
(m) p&) () _
2. RiiPioktm =0,
{i,j,k}
w ) _
{ paBly — u)aBvam)} =0,
{8y} (5.10)

l L(w)
oy {R ok/B +R(u)o<kPnB(m) T, kRan} Ryap +R(u aBPnk(m)'

m plw
+RyoaPpj

L(p) m
‘ﬂ{J k}{R a]\k+R u)ogPpk(m T Rpkm} - Rp]k/lx pjim)»

m) pl(u) _
> AR = RO Pokiom } = 0,
{ijok}

(m)(e) pllp) L(e) (1)
Hiopy {Pux(n)/ﬁ P(u)mmplﬁ(m)} uxB'(p) +R u)aﬁSl(n)(m)’

l I( L(e) (1)
ﬂ{uk}{P (E) P(m)(s p! ) }lel'rxk|<E) E:ly)lkas &) (u

(W x(p)™ ik(m) (p) i(p)(m)
m(e) pl I(e) (.11)
_Ck Ruxm+T PLm(p)’
(m)(e) plip) m( (m L(e) (1)
&ﬂ{zk}{ Lok =Pt Py = Ciioy lem} il (o) T RGD ik Sicp) (my»
B (y) (m> (y) (1) LB)( (m)(B )(y) l(u
sy oy {Ppatn | = PanainSptoim } = Sptrtora* St k) Potmy»
) m) B) cly) (1) m(B) pl(y) L(B)(y) (m)(B)(y) pl(p)
‘%{Ef;g; { m(ﬁ'(k) Piyich) Sv<k>(m) Cigj) Pvm(k>} Spi)k +Su><J ) Ppitm)»
(5.12)
z { l((X (B)l(y) (m)(x)(B) S L(y) (p) }_ 0,
p(i)(j) u)(l)(J) pk)y(m)§ — (5.13)
{(m B o)y :
() (k)

where, if {A,B,C} are indices of type {«, 1, Ef;) }, then 3 (4 p ¢y represents a cyclic
sum, and s 4 p; represents an alternate sum.

PROOF. Let (X4) = (8/5t%, 6/5xi a/axi) be the adapted basis associated
to the nonlinear connection I' = (M((X 5, (l) ) on the 1-jet vector bundle E =
JY(T,M). Taking into account, on the one hand, that the indices A,B,... a
of type {«,1i, Efé) }, and, on the other hand, that the torsion TXB and curvature
RZ, - adapted components are given by Tables 3.1 and 3.2, after laborious local
computations, formulas (5.2) imply the required Bianchi identities. O

REMARK 5.2. (i) Although the author hopes that there is no mistakes in the
preceding local expressions of Bianchi identities, he thanks in advance for any
correction coming from readers. However, we should like to point out that, in
the particular case (T,h) = (R, ), the last identity of each set of local Bianchi
identities reduces to one of classical eleven Bianchi identities that character-
ize the N-linear connections from Lagrangian geometry [4]. (ii) The importance
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of local Bianchi identities of an h-normal I'-linear connection of Cartan type
CVT on 1-jet bundles comes from their use in the description of generalized
Maxwell equations of the multitime electromagnetic field, and the description
of generalized conservation laws of the multitime stress-energy d-tensor from
the Riemann-Lagrange geometry of multitime physical fields on J' (T,M), de-
veloped in [5, 7].
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