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This paper is concerned with the influence of frequency modulation on the semi-
Fredholm properties of Toeplitz operators with oscillating matrix symbols. The
main results give conditions on an orientation-preserving homeomorphism « of
the real line that ensure the following: if b belongs to a certain class of oscillat-
ing matrix functions (periodic, almost periodic, or semi-almost periodic matrix
functions) and the Toeplitz operator generated by the matrix function b(x) is
semi-Fredholm, then the Toeplitz operator with the matrix symbol b (x(x)) is also
semi-Fredholm.

2000 Mathematics Subject Classification: 47B35, 42A75, 46]J15, 47A53, 47A68,
47B33.

1. Introduction. Let H2(R) be the usual Hardy space of the real line, that is,
the Hilbert space of all functions in L2(R) that can be represented in the form

fx)= J:g(t)e”"dt, x €R, (1.1)

with g € L2(0, o), and let P be the orthogonal projection of L2(R) onto H?(R).
For a function a € L*(R), the Toeplitz operator T(a) is the bounded linear
operator on H?(R) that acts by the rule f — P(af). The function a is in this
context referred to as the symbol of the operator T'(a).

The algebra AP(R) of almost periodic functions is defined as the smallest
closed subalgebra of L (R) that contains the set {e) : A € R}, where e)(x) =
e™X_ We denote by Pr(R) the set of all T-periodic functions in AP(R) and by
C(R) the set of all continuous functions f on R that have finite one-side limits
f(—o0) and f(+o0) at infinity. Finally, the smallest closed subalgebra of L> (R)
that contains AP(R) U C(R) is denoted by SAP(R) and is called the algebra of
semi-almost periodic functions.

For each class of functions X introduced above we denote by X, and X,
the sets of all n xn and n x 1 matrix functions with entries in X, respectively.
We also write LS., (R) := [L® (R) Iyxn, H3(R) := [H?>(R)],, and so on. For a €
L%, (R), block Toeplitz operator T(a) is defined by T(a) : H2(R) — H2(R),
f ~ P(af), where P is the orthogonal projection of L2 (R) onto H2(R).
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A bounded linear operator A on a Hilbert space H is said to be normally solv-
able if its range im A is closed. We put kerA = {f € H: Af = 0} and coker A :=
H/imA. If A is normally solvable and dimkerA < oo, then A is called a ®,-
operator, and if A is normally solvable and dimcoker A < o, then A is called a
&_-operator. A Fredholm operator is an operator that is both ®_ and ®.. The
index of a Fredholm operator A is the integer ind A := dimker A — dim coker A.
The operator A is right (left) invertible if there is a bounded linear operator
B on H such that AB = I (BA = I), where I is identity operator on H, and
the operator A is invertible if there is a bounded operator B on H such that
AB = BA =I. Finally the operator A is said to be generalized invertible if there
is a bounded operator B such that ABA = A. It is easy to see that if A is left
(right) invertible, then A is a ®, (®_)-operator. Moreover, it is well known that
generalized invertibility is equivalent to normal solvability.

Let «: R — R be an orientation-preserving homeomorphism. In this paper,
we study the following problem: if b is in one of the classes of oscillating matrix
functions introduced above and T (b) is ®.., Fredholm, or normally solvable, is
the operator T (yyb) with the symbol (y«b)(x) := b(x(x)) also ®., Fredholm,
or normally solvable?

If b is in Cpxn(R), then the answer to the above question is known to be
positive. However, the symbols b currently emerging are often oscillating,
that is, they belong to AP, «, (R) or even SAP,x, (R). For example, in [1, 13],
it is shown that the inverse scattering method for the modified Korteweg-de
Vries equation leads to a Riemann-Hilbert factorization problem and thus to
a Toeplitz operator whose symbol is of the form y,b with b € SAP»4>(R) and
& (x) = c1x3 + cox. Although equations with such symbols can be tackled suc-
cessfully (see, e.g., [5, 6, 7]), the semi-Fredholm properties of the operators
involved are not yet understood sufficiently well. This paper is a first attempt
of systematically exploring the change of the semi-Fredholm properties of
Toeplitz operators with oscillating symbols caused by frequency modulation.

In connection with the problem studied here, we want to mention the pro-
found investigations by Muhly and Xia [19, 20, 21]. Their context is the complex
unit circle T, and to translate their results to the real line, we have to employ
the substitutions

x—1 1+t
m, Y:T—R, )= lﬁ. (1.2)

@:R—T, @)=
If ocis a homeomorphism of R onto itself, then the map o givenby 0 = ooy
is @ homeomorphism of T onto itself such that o (1) = 1. The result of [20]
implies that if o is a bi-Lipschitz homeomorphism and o’ belongs to VMO,
then T (y«b) — T (b) is compact for every b € Ly, ,,(R). In particular, for such
homeomorphisms «, passage from T (b) to T(ysb) preserves Fredholmness
for every b € L, ,,(R). We here admit only semi-almost periodic matrix sym-
bols b, which, however, allows us to consider homeomorphisms « that are far
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beyond those covered by Muhly and Xia’s result. To see this, note that if o is bi-
Lipschitz and o (1) = 1, then the function u defined by u(t) = (o (t)—1)/(t—1)
satisfies

0 <inf |u(t)| <sup|u(t)| < co. (1.3)
teT teT

An elementary computation shows that

1+0(p(x)) xX+i )
= = — 1.4
) = o)~ alex) " (4
and hence
0<1}nllinf %‘ < limsup L (1.5)
X[=o0 [P

The homeomorphisms « considered in this paper include those with logarith-
mic, polynomial, or exponential behavior at infinity (see Section 3), and it is
clear that such homeomorphisms in general do not satisfy (1.5).

In the scalar case, that is, for n = 1, Toeplitz operators with strongly fre-
quency-modulated symbols, that is, with frequency modulations caused by
homeomorphisms that do not necessarily satisfy (1.5), were studied in [2]. The
first main result of [2] states that frequency modulation can destroy Fredholm-
ness: there exists b € AP(R) such that T (b) is invertible but T (y,b) is not even
normally solvable. The second main result of [2] provides us with conditions
on the homeomorphism «: R — R that ensure that T (y«b) is Fredholm when-
ever b € SAP(R) and T (b) is Fredholm. In the present paper, we will establish
analogues of these conditions in the matrix case.

2. Factorization of u-periodic matrix functions. Let H*(R) be the algebra
of all functions f € L*(R) that can be analytically extended to the upper half-
plane such that supyy, ..o |f(z)| < co. A function u € H*(R) is called an inner
function if |u(x)| = 1 for almost all x € R.

We denote by L2(T) and H%(T), respectively, the usual Lebesgue and Hardy
spaces of the unit circle T. If u is an inner function, then the composition
operator y, given by (y,f) = f(u(x)) sends functions defined on T to func-
tions living on R. A function on R of the form f(u(x)) is called a u-periodic
function. Note that if u(x) = ¥ (A > 0), then f(u(x)) is simply a periodic
function with the period 27r/A. Important examples of inner functions are
Blaschke products, that is, functions of the form

u(x) = ]‘[ 12’ _j 2.1)

JEI J

where Imz; > 0 and Zje[Iij/ |z + i|2 < 0. The set I is finite or countable. In
the former case u is called a finite Blaschke product.
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The following result can be easily derived from well-known results on com-
position operators on the unit circle (see [22, 25]) by conformally mapping the
unit disk onto the upper half-plane.

THEOREM 2.1. Let u(x) be an inner function. If f(t) is a function in L>(T),
then (y.f)(x)/|x +1i| is a function in L?(R). Moreover, if f(t) is a function in
H?2(T), then (y.f)(x)/(x +1) is a function belonging to H?>(R) and if f(t) is
a function in H2(T), then (y,f)(x)/(x —1) is a function in H2(R). Finally, if
f(t) is a function in H®(T) or H®(T), then (y,.f)(x) is a function in H* (R) or
H>(R), respectively.

We denote by Py the orthogonal projection of L2 (T) onto H2(T), and for
g €L, (T), we let T(g) stand for the Toeplitz operator on HZ(T) : T(g) f =
Py(gf). Amatrix function g € L2, ,,(T) is said to admit an L2-factorization (see
[4, 18]) if it can be represented in the form

gt)=g-(t)d(t)g+ (1), (2.2)

where d(t) = diag(t¥1,...,t"n) with integers k; > k» > - - - > Ky, (the so-called
partial indices) and where the matrix functions g. satisfy the following condi-
tions:

g7 €Hpn(T),  g=' € Hipxn (), (2.3)
the operator K, := g_Pog~'I is bounded on the space L? (T). (2.4)

An L2-factorization of the matrix function g exists if and only if the Toeplitz
operator T(g) is Fredholm (see [4, 18, 26]).

Let now u(x) be an inner function. We say that a matrix function a €
L., (R) has an L2-u-factorization if it is representable in the form

a(x) =a-_(x)dy(x)a;(x), (2.5)

where d,, = diag(u”1,...,u*n) with integers k; > k» > - - - > Kk, and the matrix
functions a- (x) are such that

+1
Lixi) is a function in H2,,,(R),
(2.6)

arl(x) . =
- ( i) is a function in Haxn (—R),

and
the operator K, := a_Pa~'I is bounded on the space L2 (R). (2.7)

The following result, which is in principle already in [10, 11], forms the
foundation of our investigation.
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THEOREM 2.2. Let u(x) be an inner function. If the matrix function g(t)
admits an L?-factorization, then the matrix function a(x) := g(u(x)) has an
L?-u-factorization and the operator T(a) is generalized invertible on H2(R).
Furthermore, if k; = 0 for j = 1,...,n, then T(a) is left-invertible, if k; < 0O for
Jj=1,...,n,thenT(a) is right-invertible, and if k; = O for j = 1,...,n, then T (a)
is invertible. In all cases a generalized inverse is given by

T"Y(a) = Pa;'d;'Pa~'P. (2.8)

Moreover, if k, <0 andu(x) is not a finite Blaschke product, thendimker T (a) =
o0, if k1 > 0 and u(x) is not a finite Blaschke product, then dimcoker T (a) = oo,
and if u(x) is a finite Blaschke product, then T (a) is a Fredholm operator and

9]

2m Jj=l+1

dimkerT(a) = —1( > KJ') argu(x)

—00

00

) (2.9

— o0

l
dimcokerT (a) = € ( Z K,') argu(x)
21T a :

00

indT(a) = —% ( > KJ') argu(x)
-1

where k; =0 for j=1,2,...,land k; <0 for j=1+1,...,n,l <n.

PROOF. Let g(t) admit an L?-factorization (2.2), (2.3), and (2.4). Then the
matrix function a(x) = g(u(x)) has the representation

a(x)=g_(u(x))d(u(x))g: (u(x)), (2.10)
where d(u(x)) = dy (x) = diag(u*1 (x),...,u*n(x)). According to Theorem 2.1,

atl(x) a*l(x)
x+i '’ x—1i

) (2.11)

where a,(x) := g+ (u(x)) and a-(x) := g-(u(x)), are matrix functions in
H2., (R) and H32.n (R), respectively. We show that condition (2.7) is satisfied.
By [18, Lemma 2.1], d(t)g. (t) = g.(t)r(t), where r(t) is a rational matrix
function with detr invertible in L*(R) and g*'(t) are functions in H2,, (T).
Consider the matrix function

go(t):=g-()F+(t) = gt)r 1(t). (2.12)

Clearly, go € L3, (T). Since the factorization go(t) = g-(t)g- (t) satisfies con-
ditions (2.2), (2.3), and (2.4) with d(t) = I,, (notice that condition (2.4) contains
the matrix function g_ (t) only), the operator T(go) is invertible (see, e.g., [18,
page 117]). This in turn implies a representation

go(t) =s(t)h(t), (2.13)
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where s(t) is a sectorial matrix function and h*' € HZ,, (T) (see [18, page
307]). Put ap(x) = go(u(x)) = s(u(x))h(u(x)). Obviously, s(u(x)) is a sec-
torial function and h*!(u(x)) are functions in HZ,,, (R). Thus (see [18, page
307]) the operator T (ag) is invertible. Consequently, the matrix function a (x)
has a factorization

ap(x) =b_(x)b,(x), (2.14)

where b. (x) satisfy conditions (2.6) and (2.7). On the other hand, it is well
known (see, e.g., [18, page 60]) that a factorization of the form

ao(x) =g-(u(x))g. (u(x)), (2.15)

which satisfies only condition (2.6), is unique up to a constant matrix factor.
It follows that the matrix function a_ (x) := g_ (u(x)) satisfies condition (2.7),
and therefore representation (2.10) is really an L2-u-factorization of the forms
(2.5), (2.6), and (2.7).

Let now k; = 0 for j = 1,...,n. In this case d,, € Hy,,,(R) and the operator
TV (a) is bounded on the space H2,,, (R) due to (2.7). Hence

T"Y(a)T(a) = Pa;'d,;'Pa-'Pa_d,a.P = Pa;'d,'Pd,a,P=1. (2.16)
Here we used the identities
Pa_'Pa_P=P, Pa;'d;'Pdya.P=P, (2.17)

which can be easily verified taking into account that the functions a_(x)/
(x —1) and dy (x)a. (x)/(x +1i) belong to Hax» (R) and H2.., (R), respectively.
Using the property d,! € HS”" (R), one can consider the case kj < 0
(j =1,...,n) analogously.
We now pass to the general case. Thus, let k; = 0 for j =1,...,l and k; <0
for j =1+1,...,n. We want to show that T~V (a) is a generalized inverse of
T(a). We put

Zi={f € Ha(R): f(x) = a;' ()1 (x),
@1(x) = (Y1(x),...,¥1(x),0,...,0),
W;(x)(x+1) is a function in H*(R)},

Zy = {f € H}(R): f(x) = ai' (xX) @2 (x),
@2(x) = (0,...,0,111(X),..., Yn(x)),
Wj(x)(x+1) is a function in H* (R)}.

(2.18)
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We claim that T(a)T"Y(a)T(a)|Z; = T(a)|Z;. Indeed, we have

T@T"Y(a)T(a)(a;'p1) = T(a)Pa.'d,'Pa-'Pa_d,p;
=T(a)Pa;'d;'Pd,p; (2.19)
=T(a)a;'@;.

Here we used equalities (2.17) and the inclusion d,, @, € HZ (R).
Analogously, as d,_ := diag(0,...,u“+1,...,u"") € Hpxn(R) and d;! €
Hy ,(R), we get
T@T"Y(a)T(a)(a:'p>)
=T(a)Pa;'d,;'Pa-'Pa_d, @>
=Pa dya,Pa;'d,' Pd, @ (2.20)
=Pa_Pd,_@>=Pa_-d,_ @
=T(a)(a;'p2).
Thus, T(a)T"V(a)T(a)|Z> = T(a)|Z.. Since, by (2.7), T~V (a) is bounded and
the closure of Z; ® Z» is all of H2 (R), it follows that T(a) TV (a)T(a)|H2(R) =
T(a)|H2(R), which implies that T~ (a) is a generalized inverse of T(a).

Suppose now that k;,, < 0 and that u is not a finite Blaschke product. Consider
the following infinite set of functions:
urn(x)—un(z;)

gj(x) = x—z, , Imz;>0, (2.21)

where j =1,2,... and zx # z; for k # j. It is easy to see that an arbitrary finite
subset of this set is linearly independent. Put fj(x) = a;l(x)(O,...,O,gj(x)).
Since ung; is in H*(R) N H?(R), we have

T(a)f;=Pa-(0,...,0,u*ng;) = 0. (2.22)

Thus, f; € kerT(a), and it results that dimkerT(a) = oo, as desired.
The case k; > 0 can be disposed of by passage to adjoint operators.
Finally, let u be a finite Blaschke product. Then u is continuous on R, the
one-point compactification of the real line. This implies that a(x) admits an
L2-factorization (2.5), (2.6), and (2.7) with d, (x) replaced by

. x—1\" x—i\"
o550 (559))
and hence the last assertion of our theorem is a consequence of well-known
results (see [4, 18, 26]). O

For periodic matrix functions a(x), Theorem 2.2 yields the following theo-
rem.



2164 A. BOTTCHER ET AL.

THEOREM 2.3. Let the matrix function a(x) be in [Pr(R)],xn and suppose
that deta(x) # 0 for x € R. Then a(x) admits an L?®-ur-factorization with
ur(x) = e!@m/Nx gnd the operator T(a) is generalized invertible. In addition,
ifkj=0forj=1,...,n,thenT(a) is left-invertible, if kj < 0 for j = 1,...,n, then
T (a) is right-invertible, and if k; = 0 for j = 1,...,n, then T (a) is invertible.

PROOF. Consider the matrix function
iT
= - —1 eT 2.24
g =a(-5 mnt), teT, (2.24)

where i~!Int is taken in [0, 277). Since g is continuous on T and detg(t) # 0 for
t € T, it follows that g(t) admits an L2-factorization (2.2), (2.3), and (2.4) (again
see, e.g., [4, 18]). As a(x) = g(e!@™/T)x) we therefore infer from Theorem 2.2
that a(x) has an L2-ur-factorization, which gives all the assertions of the the-
orem. O

3. «-periodic matrix functions. Let «:R — R be an orientation-preserving
homeomorphism. Let further H* (R) + C(R) be the Banach algebra of all func-
tions of the form h + f with h € H*(R) and f € C(R).

The main condition we impose on the homeomorphism « is that

e e H*(R)+C(R) VA>DO0. (3.1)

We remark that (3.1) holds if « satisfies the following four conditions:

liminf X ) o o (3.2)
x—+0 ' (x)
lim %)
Xt oo (o(/(x))z
) (3.3)
im xl2 &%) ) _
X—+o0 (ar(x))3/2 ’
Xlirym(a(x) +x(—x)) =0. (3.4)

Clearly, condition (3.2) is equivalent to saying that the function x?«’(x) is
strictly monotonically increasing.

The sufficiency of (3.2), (3.3), and (3.4) for (3.1) follows from [12, Theorems
2.2 and 2.3] (see also [2]). Conditions (3.2), (3.3), and (3.4) are in fact true for
large classes of functions. Here are some examples:

x(x)=cx¥, y>0,
x(x) = cln‘s(x+1), o>1,
s (3.5)
x(x)=cx¥In°(x+1), y>0,06€ (-0, ),

x(x) =crexp (c2xY), y>0.
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Here we cite the functions x(x) for x > 0 only, and the constants c, ¢, and ¢;
are supposed to be positive.

It is known that every function in H*(R) + C(R) that is invertible in L* (R)
can be written as the product of an H* (R) function and an invertible function
in C(R). Indeed, every such f is a product of an outer function f, with | f,| =
|f| a.e. on R by a unimodular function in H*(R) + C(R). According to [28],
this unimodular function is a product of an inner function and yet another
unimodular function w, belonging to QC(= (H®(R) + C(R)) nH*(R) + C(R)).
Due to [23], w is a product of ((x —i)/(x +1))" and exp(i(u + 7)), for some
integer n and real-valued functions u,v € C(R); here~denotes the harmonic
conjugate. It remains to observe thatexp(i(u+7)) = exp(—v +iu) -exp(v +i?v)
with the first multiple on the right-hand side being invertible in C(R) and the
second in H® (R).

In [12], an explicit construction of the representation

e = 5 (x)ea (x), 50

where A > 0, u, is an inner function, and cy € C(R), was given under the
assumption that « is subject to conditions (3.2), (3.3), and (3.4).

A bounded linear operator A acting on a Hilbert space H is said to admit
a right (left) regularization if there exists a bounded linear operator R on H
such that AR =1+ K (RA =1+ N), where K and N are compact operators. The
operator R is called a right (left) regularizer. The following facts are well known
(see, e.g., [8, 9)]).

THEOREM 3.1. (1) An operator admits a right (left) regularization if and only
ifitis a ®, (®_)-operator. It admits both a right and a left regularization if and
only if it is a ®-operator.

)IfAisa®,,d_, or ®-operator and B is a ®-operator, then AB and BA are
®., d_, or D-operators, respectively. In the last case,

ind AB =indBA = ind A +ind B. 3.7)

(3) IfAisa ®, (®_)-operator, then every right (left) regularizer is a ®_ (¥ )-
operator. If A is a ®-operator, then every right (left) regularizer R is also a left
(right) regularizer and R is a ®-operator.

@ IfAisad., d_, or d-operator and K is a compact operator, then A+K is
ad,, d_, or d-operator, respectively.

We say that a matrix function a(x) is «-periodical (and we write a €
[Pr,&(R)]nxn), &-almost periodical (a € [AP«(R)]nxn), and x-semi-almost pe-
riodical (a € [SAP«(R) ],,x1) if @ has the form

a(x) = b(ax(x)) (3.8)

with b € [P1(R) lyxn, b € APy (R), and b € SAP,,«, (R), respectively.
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Here is the main result of this section.

THEOREM 3.2. Assume that e*T* ¢ H®(R) + C(R) for At = 21t/T. Let a €
[Pr,&(R) ]nxn and suppose that infycr |deta(x)| > 0. Then the matrix function
b given by a(x) = b(x(x)) admits an L?-ur-factorization with ur(x) = e!Arx
and

(i) ifky =---=kKyu =0, then the operator T (a) is a ®-operator on the space
HZ(R);

(i) if k1 > 0, k2 = 0,...,k, = 0, then the operator T (a) is a ®.-operator on
the space H2(R) and dimcoker T (a) = oo;

(iii) if k1 <0,...,Kkn-1 <0, Ky, <0, then T(a) is a ®_-operator on the space
H2(R) and dimker T (a) = ;

@iv) if k1 >0, kK2 2 0,...,k1 =2 0, Kj+1 <0,...,Kkp-1 < 0, Kk, <0, then the op-
erator T(a) is neither a ®_-operator nor a ®.-operator on the space
H2(R).

PROOF. Since b € [Pr(R)]uxn and detb(x) # 0 for x € R, Theorem 2.3
shows that the matrix function b admits an L2-uy-factorization. It is easy to
see that there exists a continuous matrix function g on T such that b(x) =
g(er1X) As detg(t) # 0 for t € T, the matrix function g possesses an L2-
factorization with the same numbers «; as in the L2-u-factorization of the
matrix function b. Using (3.6) for A7, we get the representation

a(x) =b(a(x)) = g(e”‘T"‘(")), (3.9)
whence
a(x) = g(ua, (x)cap (x)), (3.10)
where u,, is an inner function and ¢, € C (R). Define a., by
Ao (X) = g (U (X)), (3.11)

where 1, is the inner function 1. (x) 1= ux, (X)ca, (). The matrix function
Ao 1S U-periodic and Theorem 2.2 can be applied to the operator T (A« ).
From (3.10) and (3.11) we get the representation

a(x) = a«(x)c(x), (3.12)

where c(x) = I, +az!(x)(a(x) —a«(x)) is a continuous matrix function be-
cause limy_(a(x) — ae(x)) = O,. (Here I, is the identity matrix and O,, is
the zero matrix of order n.)
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Thus, in view of the classical theorem on the compactness of the so-called
Hankel operator (I — P)cP for continuous matrix functions c (see, e.g., [18,
page 172]),

T(a) = T(as)T(c) +K, (3.13)

where K is a compact operator.

We now prove (i). In this case, by (3.11) and Theorem 2.2, the operator T (d«)
is invertible. Since detc(x) # 0 for x € R (recall (3.12)), the operator T(c) is a ®-
operator (see, e.g., [18, page 176]). By Theorem 3.1(3) and (4), we can therefore
conclude from (3.13) that the operator T (a) is also a ®-operator.

Analogously, we can tackle (ii) and (iii): according to Theorem 2.2, T(a) is a
®, (®_)-operator, and from the representation (3.13) and Theorem 3.1(2) and
(4) we see that T(a) is also a ®, (¥_)-operator.

Now assume that dimcokerT(a) < o in the case (ii). Then T(a) is a ®-
operator. Since T (c) is a ®-operator, it admits a right regularization T(c)R =
I+ Ky, where K; is compact (Theorem 3.1(1)). Thus, from (3.13) we get

T(aw) =T(a)R-Ka, (3.14)

where K> = T(a«)K; + K1 R is compact. Equality (3.14) shows that the operator
T(a«) is a d-operator. But ur cannot be a finite Blaschke product because

XLHP argur(x) = +oo (3.15)

due to (3.6). Hence, dimcokerT(a) = oo by Theorem 2.2. This contradiction
proves that dimcokerT (a) = o. Having recourse to left regularization, one
can analogously show that dimkerT (a) = oo in case (iii).

We finally turn to the case (iv). Assume first that T(a) is a ®,-operator.
Multiplying equality (3.13) from the right by the operator R we get again (3.14),
and by Theorem 3.1(2) and (3) the operator T(a.) must be a ®,-operator,
which contradicts Theorem 2.2 (note that dimker T (a) = o). Analogously, one
can show that T'(a) is not a ®_-operator. O

4. x-almost periodic matrix functions. Let APW(R) be the collection of all
f € AP(R) that can be written in the form

fx)=> cje™, 4.1)

jez

where A; € R, ¢; € C, and X ez |cj| < oo.

The set APW(R) is a subalgebra of AP(R) and the closure of APW(R) in the
norm of L*(R) is AP(R). If, in (4.1), A; = 0 (A; < 0) for all j, we will write
f € APWT(R) (f € APW™(R)). It is easy to see that

APW™ (R) = APW(R) nH*(R), APW™ (R) = APW(R) nH*(R). (4.2)
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Given some class X of matrix functions, we write f € GX if f € X and
f~1 € X. The following two results will be needed later.

THEOREM 4.1 (see [27]). Let the matrix function b € GAPWy,x, (R) be positive
definite for almost all x € R. Then
(i) T(b) is invertible on H2(R),
(ii) there is an h € GAPW,,,,,(R) such thatb = h*h.

A full proof is given in [3, Corollary 9.15].
A matrix function u € L3, ,,(R) is called unitary valued if u*(x)u(x) =
u(x)u*(x) = I, for almost all x € R.

THEOREM 4.2 (see [14]). Let u € APW,,x»(R) be unitary valued and let the
operator T(u) be left-invertible. Then there exists a matrix function w €
APW,, ... (R) such that

lu—wleo <1-—¢ for somee > 0. (4.3)

A full proof can be found in [3, Theorem 20.4]. A check of the proof shows
that we can choose

e=|T @y’ (4.4)

where T; ' (u) is a left inverse of T (u).
A matrix function s € L3, (R) is called strongly sectorial if [|I), — sl < 1.

LEMMA 4.3. Let b € APW,,«,(R) and suppose that the operator T (b) is left-
invertible. Then there exists a representation

b=(w*)"sh, (4.5)

wherew € APW,,,, (R), h € GAPW,,.,,(R), and s is strongly sectorial, and where

lwile <2, 4.6)
o = 1B '
lIn—s|lo <1—g0 witheo = IDIZ|T ()], (4.7)

Here || - ||« denotes the norm of the operator of multiplication by a matrix func-
tion on the space L% (R) and || - ||» is the operator norm on L2 (R).

PROOF. Consider the positive definite matrix function b*b. According to
Theorem 4.1, there exists a matrix function h € GAPW;,,,,(R) such that b*b =
h*h. The matrix function

u=>bh! 4.8)
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is unitary valued and the operator T (u) is left-invertible, a left inverse being
T (w) =TT (b). (4.9)

Hence,
1T @)l < 1Rl [T D)l = 161 |T (D], 4.10)

By virtue of Theorem 4.2, there exists a matrix function w € APWj,,,(R) such
that

lu-wlle <1-g, (4.11)
where, by (4.4),
e= T @z = IBILMIT ()] = €. 4.12)
The matrix function
si=w*u (4.13)

is strongly sectorial, and from (4.11), (4.12) we obtain inequality (4.7). But (4.8)
and (4.13) give (4.5) since b = uh = (w*) " 'sh. Now (4.6) are implications of
(4.11) and (4.8). O

LEMMA 4.4. Let b € APW,,«,,(R) and suppose that the operator T (b) is left-
invertible on H2 (R). Let further condition (3.1) be satisfied. Put a(x) = b(o(x)).
Then the operator T (a) is a ® . -operator on H2(R) and there exists a left regu-
larizer R;(a) such that

Re@l, = 20b 1ol |17 ()], (4.14)
PROOF. From Lemma 4.3 we obtain (4.5), and it is easy to see that
') =T(h )T )T (w*), (4.15)

where h=! € APW, ., (R) and w* € APW,,,,(R). Therefore condition (3.1) im-
plies that

Yoah ' € Hy ) (R) + Crxen (R),

__ . (4.16)
YoaW™* € Hpxn(R) +Cn><n([R)-

Further, condition (4.7) gives ||I;, — y«S|l < 1—¢&o, and hence the operator T (yyS)
is invertible and

T~ (yas)|l, < & 4.17)
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We claim that the operator
Ri(@) = T(yah™) T (yas) T (yoaw™) (4.18)
is a left regularizer of the operator T (a). Indeed, we have

Ri(@)T(a) = Ri(@) T ((va(w™) ™) (yas) (vah))
=P(yuh )T (yaS)P(yas) (Yah)P - K1,

(4.19)

where K := P(yoh ™ )T N (yss)P(yqw*)(I — P)T(a) is compact (notice that
the Hankel operator Pc(I — P) is compact for every ¢ € Hyxn(R) + Cpxn (R)).
Further,

Ri(a)T(a) =P(yuh™ T N yas)P(yas)P(yah)P + K> — K,

. (4.20)
=P(yuh ")P(yuh)P+K2-Ki,

where
K> = P(leh)Til(YaS)P(YuS)(I_P)(Yah)P (4.21)

is compact (because the Hankel operator (I — P)dP is compact for arbitrary
d € HY, ,(R) + Cpuxn (R)). Finally,

Ri(a)T(a) =1-K3K; —K;, (4.22)

where K3 := P(yqh™')(I — P)(y«h)P is compact since yoh € HY,,,(R) +
Cnxn(R). Thus, R;(a) is really a left regularizer of T(a), and the estimate (4.14)
follows from (4.6) and (4.17). O

We are now in a position to prove the main result of this section.

THEOREM 4.5. Let b € AP, «,, (R) and suppose that condition (3.1) holds. Put
a(x)=b(x(x)). Then
(i) if T(b) is invertible, then T (a) is a ®-operator;
(i) if T(b) is left-invertible, then T (a) is a ® . -operator;
(iii) if T(b) is right-invertible, then T (a) is a ®_-operator.

PROOF. We begin with the proof of (ii). Let {bj}f;-‘;l C APW,,»» (R) be a se-
quence such that

lim||b; —b||., = 0. (4.23)
J—

Then, obviously,

Jlligl.o||y¢,(bj—yo(lo||00 =0. (4.24)
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By virtue of (4.23), the operators T(bj) are left-invertible for all sufficiently
large j and

1T ()l < 2[IT7 (D), (4.25)
For these j’s we infer from Lemma 4.4 that

IR (yabj)llo = 2Ibjll 107 1T (B))

o o (4.26)
< Clbll|lb ML NT B,
where C is some constant independent of j. We have
Rl(Yabj)T(a) = Rl(thbj)T(YO(bj) ""Rl(yabj)T(leh - lehj)
(4.27)

:I+Rl(}/abj)T(}’otb_}’otbj) +Kj,

where K are compact operators. By virtue of (4.24) and (4.26), the norm of the
operator

Ei:=Ri(yab;)T(yab—yu«b;) (4.28)

can be made as small as desired by choosing j large enough. Thus, for suffi-
ciently large j, the operator I + E; is invertible. From equality (4.27) we deduce
that

(I+E;) 'Ri(yab;)T(a) =1+ (I+E;)'K;. (4.29)

Consequently, T(a) has a left regularizer and hence T (a) is a ®,-operator.
Assertion (iii) follows from (ii) by passage to adjoints, and (i) obviously re-
sults from (ii) and (iii). O

It should be noted that if b € AP;,«»(R) and T(b) is a ®_, ., or $-operator,
then T (b) is right-invertible, left-invertible, or invertible, respectively (see [16]).
Thus, both Fredholmness and semi-Fredholmness of Toeplitz operators with
symbols AP, (R) are preserved after the change of variables x — x(x) in the
symbol provided (3.1) holds.

5. «-semi-almost periodic matrix functions. From [24] we know that every
matrix function b € SAP, «, (R) can be represented in the form

b(x)=v(x)bi(x)+ (1-v(x))be(x)+co(x), (5.1)

where by, by € APixn (R), ¢o € Cpxn (R) with ¢g() = 0, and v is a scalar func-
tion from C(R) such that

V(-00) =1, V(+00) = 0. (5.2)
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The matrix functions b; and b, are determined uniquely and are called, respec-
tively, the left and right almost periodic representatives of b.
In this section we change condition (3.1) to the conditions

ve™ e H*(R)+C(R) VA>0,
, _ 5.3
(1-v)e*®* e H*(R)+C(R) VA>0, :3)

where v € C(R) is a fixed function subject to (5.2). For a fixed number 6 > 1,
we introduce the functions

B (x):=ax(x)—(ogx)®, x>1,
(5.4)
B_(x):= x(—x) + (logx)°, x> 1.

We call a function B regular if it satisfies conditions (3.2), (3.3) with « replaced
by B.
Sufficient conditions for (5.3) are given by the following result of [2].

THEOREM 5.1. If the functions . and B_ are regular for some 6§ > 1, then
the homeomorphism o : R — R satisfies conditions (5.3).

Put
AP (R) := AP(R) nH®(R), AP (R) := AP(R) nH>*(R). (5.5)

We say that a matrix function b € AP, «, (R) admits a canonical AP-factor-
ization if it can be represented in the form

b(x) =b_(x)b, (x) (5.6)

with b. (x) € GAP,,.,,(R). The Bohr mean value of a matrix function f in
AP, (R) is defined by

1 (T
M(f) := %gl}oﬁj_Tf(x)dx. (5.7)
The matrix
d(p):=M(b_)M(b, ) e C" (5.8)

is called the geometric mean of the matrix function (5.6). It is well known (see,
e.g., [16] or [3, Section 8.2]) that d(B) is independent of the particular choice
of the canonical AP-factorization. Furthermore, it is easy to see that if we have
(5.6), then b can be written in the form

b(x) =b_(x)d(b)b,(x), (5.9)
where b.. € GAP,,,,,(R) and

M(b,) =M(b_) =1. (5.10)
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Here is the main result of this section.

THEOREM 5.2. Let & be a homeomorphism satisfying conditions (5.3) and let
b € GSAP,«, (R) be a matrix function whose left and right almost periodic rep-
resentatives by and b, admit canonical AP-factorizations. Put a(x) = b(x(x)).
Then the operator T (a) is a ®-operator if and only if

sp(d~! (by)d(b1)) N (-0,0] = @, (5.11)

where sp(-) denotes the spectrum (= set of eigenvalues) of matrices in C"**",

PROOF. We write the matrix functions b, and b, in the form (5.9), (5.10):
bi(x) = bi-(x)d(b) by (x),  be(x) = by_(x)d(br)byy (). (5.12)
Suppose first that
bi. € GAPW,,,,, (R), by. € GAPW,,,,, (R). (5.13)
Then we have the series representations
Dirys (X) =T+ e ™%, bl (x) =T+ diy, e in™,  (5.14)

where)\ )>0K >0, A%, <0, K,

1) <0,

Jl(r)

> | GGy | <00, > |5y | < oo (5.15)

By virtue of conditions (5.3),

Sr=v yubis +(1-v)-yabri € H Xn(R)+Cnxn R),
R),

(
g+ =V yabl+(1=v) - yabyl € Hy (R) + Crxen (
(5.16)
(
(

f— =V -Yubi- + (1-v) - yYubr- € Hixn(R) + Cpxn R),

g- =V -yab '+ (1-v) - yaby! € Hxn (R) + Cpscn (R).
Moreover, since b € GAP,,x» (R), there exist matrix functions c., ¢_ in Cyxn (R)
such that c_ (o) =0, ¢, () =

fii= fr e € G(HR o (R) + Csen (R)),

(5.17)
fo=f-+c € G(HFm(R) +Cnxn (R)).
Clearly, the matrix function a = y,b can be represented in the form
a(x) = f-(x)d(x) f (x), (5.18)

where d € Cpxn(R) and d(—o) = d(by), d(+o) = d(b,). Suppose that condi-
tion (5.11) is satisfied. Then T(d) is a ®-operator (see [18, page 196]) with a
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regularizer R(d). Proceeding as in the proof of Lemma 4.4, one can show that
R(a):=T(F)R@T(f) (5.19)

is aregularizer of T (a), which implies that T (a) is a ®-operator.
We now remove the extra assumption (5.13), that is, we merely assume that

bi. € GAP!. ,(R),  b,. € GAP:, . (R). (5.20)

Since the sets APW,,,,,(R) are dense in the spaces AP, (R), we obtain from
what has already been proved that the inclusions (5.16) and (5.17) are also true
in the general case, which implies that the operator (5.19) is a regularizer in

the general case, too. At this point we have proved the sufficiency of (5.11).
Finally, suppose that T (a) is a -operator and that R(a) is a regularizer. It is
easy to see that the operator R(d) := T(ﬂ)R(a)T(f,) is aregularizer of T(d).
Thus, T(d) is also a ®-operator, and the well-known Fredholm criterion for
Toeplitz operators with symbols in C(R) (see, e.g., [18, page 196]) gives (5.11).
O

Let SAPW™(R) be the set of all functions b € SAP,;»» (R) whose almost
periodic representatives by and b, are in APW,,»,, (R).

THEOREM 5.3. Let the homeomorphism « satisfy conditions (5.3) and let b be
a matrix function in SAPW,,«» (R). Put a(x) = b(x(x)). If T(b) is a ®-operator,
then T (a) is also a ®-operator.

PROOF. If T(b) with b € SAPW,,«, (R) is a ®-operator, then T (b;) and T (b;)
are invertible operators (see [14, 17], [3, Corollary 10.5]). Consequently, the
matrix functions b, and b, admit canonical AP-factorizations with factors in
APW,,..,, (R) (see [14, 15] and [3, Lemma 9.7]). By virtue of Theorem 5.2, T(a)
is therefore a ®-operator. O

ACKNOWLEDGMENTS. The work of Bottcher and Grudsky was supported
by DFG-Kooperationsprojekt 436 RUS 113/426 for German and Russian sci-
entists within the “Memorandum of Understanding” between DFG and RFFIL
The collaboration of Grudsky and Spitkovsky was supported by NRC COBASE
Grant. Grudsky was also partially supported by CONACYT grant, Catedra Pat-
rimonial, Nivel II, no. 010286, and Spitkovsky by NSF Grant DMS 9988579. We
are greatly indebted to Don Sarason for a valuable discussion in connection
with the factorization of H* (R) + C(R) functions. We also thank the referees
for their very competent remarks.

REFERENCES

[1]  R. Beals and R. R. Coifman, Scattering and inverse scattering for first order sys-
tems, Comm. Pure Appl. Math. 37 (1984), no. 1, 39-90.



[2]

(3]

[4]

[5]

[6]

[71

[8]

[l

(10]

(11]

[12]

(13]

(14]

[15]

[16]

(17]

(18]

(19]

[20]

BLOCK TOEPLITZ OPERATORS ... 2175

A.Bottcher, S. M. Grudsky, and I. M. Spitkovsky, Toeplitz operators with frequency
modulated semi-almost periodic symbols, J. Fourier Anal. Appl. 7 (2001),
no. 5, 523-535.

A. Bottcher, Yu. I. Karlovich, and I. M. Spitkovsky, Convolution Operators and Fac-
torization of Almost Periodic Matrix Functions, Operator Theory: Advances
and Applications, vol. 131, Birkhduser Verlag, Basel, 2002.

A. Bottcher and B. Silbermann, Analysis of Toeplitz Operators, Springer-Verlag,
Berlin, 1990.

P. Deift, Orthogonal Polynomials and Random Matrices: A Riemann-Hilbert Ap-
proach, Courant Lecture Notes in Mathematics, vol. 3, New York University
Courant Institute of Mathematical Sciences, New York, 1999.

P. Deift and X. Zhou, A steepest descent method for oscillatory Riemann-Hilbert

problems, Bull. Amer. Math. Soc. (N.S.) 26 (1992), no. 1, 119-123.

, A steepest descent method for oscillatory Riemann-Hilbert problems.

Asymptotics for the MKdV equation, Ann. of Math. (2) 137 (1993), no. 2,

295-368.

I. Gohberg and N. Ya. Krupnik, One-Dimensional Linear Singular Integral Equa-
tions. I, Operator Theory: Advances and Applications, vol. 53, Birkhduser
Verlag, Basel, 1992.

__, One-Dimensional Linear Singular Integral Equations. Vol. II, Operator The-
ory: Advances and Applications, vol. 54, Birkhduser Verlag, Basel, 1992.

S. M. Grudsky, Factorization of u-periodic matrix-valued functions and problems
with an infinite index, Soviet Math. Dokl. 36 (1988), no. 1, 180-184.

______, Matrix singular integral operators with infinite index. II, Soviet Math. (Iz.
VUZ) 35 (1991), no. 6, 70-72.

______, Toeplitz operators and the modelling of oscillating discontinuities with the
help of Blaschke products, Problems and Methods in Mathematical Physics
(Chemnitz, 1999), Oper. Theory Adv. Appl., vol. 121, Birkhéduser, Basel,
2001, pp. 162-193.

A. R. Its and V. Yu. Novokshenov, The Isomonodromic Deformation Method in
the Theory of Painlevé Equations, Lecture Notes in Mathematics, vol. 1191,
Springer-Verlag, Berlin, 1986.

Yu. L. Karlovich, Algebras of convolution type operators with discrete groups of
shifts and oscillating coefficients, Ph.D. thesis, Mathematical Institute, Geor-
gian Academy of Sciences, Thilisi, 1991, (Russian).

______, On the Haseman problem, Demonstratio Math. 26 (1993), no. 3-4, 581-
595.

Yu. I. Karlovich and I. M. Spitkovsky, Factorization of almost periodic matrix-
valued functions and the Noether theory for certain classes of equations of
convolution type, Math. USSR-1zv. 34 (1990), 281-316.

____, (Semi)-Fredholmness of convolution operators on the spaces of Bessel po-
tentials, Toeplitz Operators and Related Topics (Santa Cruz, Calif, 1992),
Oper. Theory Adv. Appl., vol. 71, Birkhéduser, Basel, 1994, pp. 122-152.

G. S. Litvinchuk and 1. M. Spitkovsky, Factorization of Measurable Matrix Func-
tions, Operator Theory: Advances and Applications, vol. 25, Birkhduser
Verlag, Basel, 1987.

P. S. Muhly and J. Xia, Automorphisms of the Toeplitz algebra, Proc. Amer. Math.
Soc. 116 (1992), no. 4, 1067-1076.

__, Calderon-Zygmund operators, local mean oscillation and certain auto-
morphisms of the Toeplitz algebra, Amer. J. Math. 117 (1995), no. 5, 1157-
1201.




2176 A. BOTTCHER ET AL.

[21] , On automorphisms of the Toeplitz algebra, Amer. J. Math. 122 (2000),

no. 6, 1121-1138.

[22] E. A. Nordgren, Composition operators, Canad. J. Math. 20 (1968), 442-449.

[23] D. Sarason, Algebras of functions on the unit circle, Bull. Amer. Math. Soc. 79

(1973), 286-299.

, Toeplitz operators with semi-almost periodic symbols, Duke Math. J. 44

(1977), no. 2, 357-364.

[25]  J. H. Shapiro, Composition Operators and Classical Function Theory, Universitext:
Tracts in Mathematics, Springer-Verlag, New York, 1993.

[26] I B. Simonenko, Some general questions of the theory of the Riemann boundary
value problem, Math. USSR-1zv. 2 (1968), 1091-1099.

[27] I M. Spitkovsky, Factorization of almost-periodic matrix functions, Math. Notes
45 (1989), 482-488.

[28] T. H. Wolff, Two algebras of bounded functions, Duke Math. J. 49 (1982), no. 2,
321-328.

[24]

A. Bottcher: Fakultat fiir Mathematik, TU Chemnitz, 09107 Chemnitz, Germany
E-mail address: aboettch@mathematik.tu-chemnitz.de

S. Grudsky: Departamento de Matematicas, CINVESTAV del IPN, Aportado Postal 14-
740, 07360 México, DF, Mexico
E-mail address: grudsky@math.cinvestav.mx

I. Spitkovsky: Department of Mathematics, The College of William and Mary,
Williamsburg, VA 23187-8795, USA
E-mail address: ilya@math.wm.edu


mailto:aboettch@mathematik.tu-chemnitz.de
mailto:grudsky@math.cinvestav.mx
mailto:ilya@math.wm.edu

