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NETTED MATRICES

PANTELIMON STANICA

Received 11 January 2002

We prove that powers of 4-netted matrices (the entries satisfy a four-term re-
currence éa;j = xa;_1,j +pai_1j-1+ya;j_1) preserve the property of netted-

(e) e)

ness: the entries of the eth power satisfy 6ea;ej) = dea;”) j+ 36355)1,1'-1 + yeaE’j_l,

where the coefficients are all instances of the same sequence x,4+1 = (B+ )X, —
(BO+ xxy)xe—1.Also, we find a matrix Q4 (a, b) and a vector v such that Qy (a,b)® -
v acts as a shifting on the general second-order recurrence sequence with pa-
rameters a, b. The shifting action of Qy(a,b) generalizes the known property

(? %)e -(1,0)t = (F,_1,F,)". Finally, we prove some results about congruences sat-
isfied by the matrix Q(a,b).

2000 Mathematics Subject Classification: 05A10, 11B39, 11B65, 11C20, 15A36.

1. Introduction. In [4], Peele and Stanica studied n x n matrices with the
(i,j) entry the binomial coefficients (J’j) (matrix L) and (1‘[_1]) (matrix Ry),
respectively, and derived many interesting results on powers of these matrices.
The matrix L, was easily subdued, but curiously enough, closed forms for
entries of powers of R, say R¢, were not found. However, recurrences among
various entries of R¢ were proved and precise results on congruences modulo
any prime p were found. To accomplish that, the authors of [4] proved that
the entries afj) of the eth power of R,, satisfy

FeoralS = Feal?) j+Fenial) ;| —Faf) |, (1.1)
where F, is the Fibonacci sequence, F,.; = F, +F,_1, Fp =0, and F; = 1. As we
will see in our first result, this is not a singular phenomenon. The goal of this
note is two-fold: we prove the results of [4] for a class of matrices, containing
R, where the entries satisfy any four-term recurrence (we call these 4-netted
matrices), and we find a possible generalization of the Q-matrix, namely a
matrix Q, (a, b), with the property that any power multiplied by a fixed vector
gives an n-tuple of consecutive terms of the general Pell or Fibonacci sequence.
It generalizes the known property (? {)e - (é) = (F ;;1>. We also find the gen-
erating function for the entries of powers of these matrices. As applications,
we find some interesting identities for general Fibonacci (or Pell) numbers. In
Section 5, we provide a few results on the order of these matrices modulo a
prime.
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2. Matrices with entries satisfying a general four-term recurrence. Define
a tableau with elements a; j, i = 0, j = 0, which satisfy (fori>1, j = 1)

daij = &ai-1,j+PBai-1,j-1+yaij-1 (2.1)
with the boundary conditions

Bai,o+yai+1_o=0 Vi<izn-1,
. (2.2)
6ai+1,n+1—aai_n+1 =0 Vl<izn-1.

We remark that if the Oth and (n + 1)th columns are made up of zeros, then
conditions (2.2) are fulfilled.

In our main result of this section we prove that (2.1) is preserved for higher
powers of the n x n matrix (a; ;)i j-1,.n. Precisely, we prove the following
theorem.

THEOREM 2.1. The entries of the eth power of the matrix

R=(aij);- (2.3)

satisfy the recurrence

Seal) = xea(® ;+Peal’y i +yeal)  , ij=mn, (2.4)

where the sequences ., Be, Ye, and 6, are all instances of the sequence x,
satisfying

Xes1 = (B+0)xe— (BO+ Xy)Xe—1 (2.5)
with initial conditions (51 = §; 82 = §° —«xy), (o1 = &; ox = x(5+B)), (B1 =
B; B> =PB*>—way), and (y1 = y; yo = y(B+5)).

PROOF. We prove by induction on e that there exists a relation among the
entries of any 2 x 2 cell, namely

(e) () (e)
8. = xea flj+33 llj L Yeadi - (2.6)

The above relation is certainly true for e = 1. We evaluate, for i > 2,

n

1

8o 1al’ )11 = > aSe-1ai- lga(e )
s=1

Il
M=

(e—1) (e-1) (e—1)
aa#l,s(“eflas 1,j +Be 15 151t Ye-1a5 1)

[
Il
—

(e-1) (e—1)
(5@15 Baifl,sfl - yai,sfl) (fxeflage it Be- 10156 1’J'_1)

M:

[
Il
—

(e-1)
+ Z KYe-1Ai-1,5A; j 1

s=1
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n

= Z 5611‘,5(0(371&23 11J +Be- lase 11J) 1)
—Y&e- la - BB.- lal >1J 1= YBe- 1a£ej> 1 3%4@5?1]
+ oy 1ay )1J = yoer (aipal; ! —aimal ;")
—BBeq(a: 100l(()eJ 1 ai—l,naﬁf;'})l)

1) (e—1)
_YBefl(aloa()J 1_a1nan€, 1)

(e-1) (e—1)
—BXe—1 (ai—l,anJ —Ai-1nAy j )

(2.7)

Using the boundary conditions (2.2), we obtain, for i > 2,

X la, )11 (XYe-1—BBe- 1) a;_ lJ 1~ ¥Y&e- la ~YBe- la” 1

1 1
~Be1al® +26a15(6e 12" = ye1alY)

1) -1)
+(ctemray "V + Beflaif,‘,,l) (Bai-1n+yain)

(O(e la(()ejl +Be—1a(()ej 11)(.8011 10+}’a10)
(2.8)
((x}/e 1= BBe- 1) a; )11 1~ Y &Xe- la —YBe1a iej),l

— Bcxe- 1ai 1J+66@ 1a —(Sye 1“11) "

(e 1) (e—1)
+((Xe 14y, +.Befl Anj- 1)(6a1n+1 aai—l,nJrl)

= (Yo I*BBe 1)a a;” )]J 1*(5513 1—-Y®e1)a ie‘])

(}/Be 1+6Ye 1) B(Xe 1a£E)lj

Thus,

(88e-1—YXe-1)al) = (atSe—1 +Boxe-1)a’),

+ (BBe-1— Xye- 1) a; )1J 1 (2.9)
+(YBe-1+0ye-1)a U)l

Therefore, we obtain the system of sequences

O =000-1—YXe_1, (2.10)
Ko = X1+ PXe_1, (2.11)
Be =BBe-1—ye-1,
Ye=YBe-1+0Ye-1.

(2.12)
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From (2.10) we get &e—1 = (6/y)0e-1 — (1/y) 0., which when replaced in (2.11)
gives the recurrence

Oe+1=(B+0)0e— (BO+yx)Oe-1. (2.13)
Similarly,

Ker1 = (B+0)Xe— (BO+y ) Xe—1,
Ber1=(B+8)Be—(BO+yct)Be-1, (2.14)
Ye+r1=(B+0)ye—(BO+YX)Ye-1.
The initial conditions are (§; = §; 82 = 62 — ay), (&1 = & o = x(6 + B)),
(B1=8B; B2=B>—ay),and (y1 =y; y2 = y(B+6)). 0

EXAMPLE 2.2. As examples of tableaux satisfying our conditions, we have

“3126—1) G=1,0=1,8=1,y=0),
2 (1 (60 a1 Bo1,y—-1) (2.15)
W \n—j v a=Lp=LYy= ’ '

n-i
al;= (n_j) (6=1, a=0,f=-1,y=1).

Other examples are given by the alternating matrices (—1)+/ ak (or (=1)i-1 f g

or (-1)/1a ’fJ, etc.), k = 1,2,3. In the next section, we present more examples.

3. Higher-order Fibonacci matrices. In this section, we uncover a very in-
teresting side of our previous results. A matrix of the form M = ((1) ,ln) is called
a Fibonacci or Q-matrix. It is known that if the sequence U, = mU, + U,_1,
Uy =0, Uy =1, then M¢ = (U{};l U[e]il> and M¢ - ((1)) = (Ufj 1) Next, we find a
matrix Q,(a,b) such that Q,(a,b)® - v is a vector of n consecutive terms of
the sequence U, for any power e and any vector v of alternating consecutive
terms in the sequence U, = aU, + bU,_;. Let I, be the identity matrix of
dimension n and let M! be the transpose of a matrix M.

Let a;; = a(l) =qiti-n-1pn- ’(‘ 1) and Qy(a,b) = (ai )i j. We use our pre-
vious results to show the following theorem.

THEOREM 3.1. Letw = ((=1)"Up_1,(=1)" U, _»,...,—Uy)t. Then
Qn(a, b)e+1 W= (U(nfl e:U(nfl)e+1,---:U(nfl)(eJrl))t, (3.1)
Uera) +Ueal) y = Uea(®, ;+Ueraf® ;. (3.2)
where a(e) are the entries of Q, (a,b)¢ and U, is the sequence satisfying U,+1 =

aU, + bUe 1, Up =0, Uy = 1. Moreover, Q,(a,b) is unique with the properties
ay;j=0,j<n,ain=a"',anda;;=aai_1;+bai1 ;.
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PROOF. First, the ith entry of Q,(a,b)¢*! - w is

n n n

+1-j ,(e+1) _ +1-j (e )
D =DM al Uy = Y (D) Y aaiUn
j=1 j=1 k=1

~
I

Il
M=

Aik (_1)n+17‘ja1(5}Un—j (3.3)

=
Il
—_

I
M=
-

aixUn-1)(e-1)+k-1-

(.
Il
—

The initial condition and the step of induction (on e) will both follow if we
can prove that the matrix Q, acts as an index-translation on our sequence Uj,
namely

n
>, aikUpik = Upsnsio1, =1 (3.4)
k=1

Let W; = > ¢_; aix Uik (t is assumed fixed). First,

n
Wi = > aixUisk = a1,nUten = Upin. (3.5)
k=1
Then,
n
Wr = Z a2 kUtik = a2 n-1Utsn—1+a2,0Utin = bUrin-1 +aUpsn = Urina.
k=1
(3.6)

Now, forl1 <i<n-1,

n

n
Wiir = Z Ai1 k Uk = Z (aaix+baiie1)Ursk
k=1 k=1

n
=aWi+ > aix+1bUpik

k=1
n-l (3.7)
=aW;+ 2 Aik+1 (Upsks2 — aUpers1)
k=1
n n
=aWi+ > ainUpius1—a . @inUpsu since u =k+1
u=2 u=2

=bV; —bai,l Uiyo+aaigUp =V with aj) = Oifi<n-1,
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where

n

n
V= z AiuwUtsus1 = 2 (aai—l,u +bai—1,u+1)Ut+u+1

u=1 u=1
n-1
=aVi1+b z ai-1ur1Upyus1 SiNCE Ajr1041 =0
u=1
n (3.8)
=aVi1+b > ai-15Ups sinceu+1l=s
u=2

=aVi.1+bWi_1-bai-11Ur 11

=aVi_1+bW;_; witha;—1,=0 ifi<n-1.

Using V; = W, in the previous recurrence, we get Wi,1 = aW; + bW;_;. There-
fore, Wi = Utynyi-1 since Wy = Upyn, W2 = Urini.
Using Theorem 2.1, with 6 = 0, x = b, B = a, and y = —1, we get the re-

e)

currence between the entries of the higher power of Q,, namely Ue,lal(.yj +
Ueafj)_1 = Ueaﬁe_)L it Ueﬂaﬁf)l’ -1, with the appropriate initial conditions. The

fact that Q,, is the unique matrix with the given properties follows easily ob-
serving that such a matrix could be defined inductively as follows. Let Q; = 1.
Assume that Qn-1 = (aij)ij=1,2,.,n-1 and construct Q, by bordering Q1
with the first column and the last row (left and bottom). The first column is
(0,0,...,0,1)" and the last row is given by a,, = a® ! and a,; = adan-1,j +
ban—l,j+1- O

DEFINITION 3.2. We call such a matrix Q,(a,b) a generalized Fibonacci or
Q-matrix of dimension n and parameters a, b.

ExXAMPLE 3.3. We give here the first few powers of Qs (a,b):

0 0 1
Qs(a,b)={0 b a |,

b? 2ab a?

b? 2ab a?
Qs(a,b)?=| ab®> b(2a’+b) a(a’+Db) |, (3.9)

a’b?® 2ab(a’+b) (a®+Db)°

a’b? 2ab(a®+Db) (a%+b)°

Qs(a,b)® = | ab?(a®+b) b(2a*+4a’b+b?) a®+3a’b+2ab?

b*(a?+b)* 2ab(a*+3a’b+2b?) (a’+2ab)*

4. Some generating functions and an inverse. Although we cannot find
simple closed forms for all entries of Qy(a,b)¢, we prove the following theo-
rem.
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THEOREM 4.1. The generating function for a;' e) is

(Uet +Ue) (BUpy + yU)" ™"

Bl® _
n ) Ue—1+Uey_x(Ue+Ue+1y)

(4.1)

PROOF. Multiplying the recurrence (3.2) by xi~!y/~! and summing for i, j >
2, we get

Us_1 Za ) xi=lyi=1 41U,y zau (xiTlyi=2

i,j=2 i,j=2
© L 4.2)
=Ux > af 1 X2yl Upxy D0 a®  xT2yI 2
i,j=2 i,j=2
Thus,
Ue- 1(B<e)(x y) =Y alflxt=t -3 al¥y  +aj ))
i>1 Jj=1
+Uey (B“)(x )= ayis ‘) (4.3)
Jj=1
=U,x <B<e x,y) Zaiel)x‘ 1)+Ue+1xyB§f)(x,y).
i=1
Solving for B (x,y), we get
B&e)(x,y)(Ue—l +Uey —x(Ue + Ues1Y))
(Ue-1 = Uex zla”xl 1 (4.4)
i>
+ (Ue-1 +Uey) Za(e}yj - U, la(e)
J=1
We need to find a(E) and a(e) As in [4], we prove that
age) b Iut Ul (7.1_1),
J-1 (4.5)

(E) = pn lU Ul 1
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There is no difficulty to show the relations for e = 1,2. Assume that e > 3. First
we deal with the elements in the first row:

(e+1)

(e)
ap

aj sAs,j

Il
M=

“
I
—

Il
M=

“
Il
—

1
s

Il
M=

srrse P o (m=1\[]j
U‘;nilsUg 1aS+J n len Jj 5(j_1><n

i(bUe71>n_5 J 1

aU, n-s
j—1

_pnigi-igm-1 (M1 ( bUe—1>J

b"Jal" U, (j—l) 1 al,

= iUl (" B 1) .

“
Il
—

. (m—1\(s-1
prn-syn—s s—1 S+]71’L71b‘n7] n
U, 7U; " a (s—l n-j
- (4.6)

+

Jj-1

Now we find the elements in the first column:

(e)

(e+1)
= AjsAg

a1

M=

s=1

i-1
n-s

M=

ai+s—n—1 pns ( ) bn—l Uen:ls Ug—l

s=1

n — .
. _ _ bU,_1 nSli-1
=at 1bn lUn 1 E ( e )
€ S\ ale n-s

4.7)

bUefl
aU,

i-1
=a'pup! <1 + ) =b" U UL

Using (4.5), we get

) R o -1
> ayy’ = Y Ul Ul Iy (’?_ 1)
j=1 j=1 J

—pnt Y Ue(nll)s()’;fe)s(n—1> (4.8)

5=0 S

= (bUefl +yUe)"_1.

Using (4.4), (Ue—1 — UpxX) S0y UUS b1 x1 = pn-1yl |, and Up_qalf] =
b"-1U |, we deduce the result. O

The inverse of Q,(a,b) is not difficult to find. We have the following theo-
rem.
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THEOREM 4.2. The inverse of Q,(a,b) is
Qnla,b)™! = ((—1)"+i+i+1a"+1-i-~fbi-" (’_1”)) : (4.9)
J— 1 i,j
PROOF. The proof is straightforward. O

In general, finding simple closed forms for the entries of powers of Q, (a,b)
seems to be a very difficult matter. We can derive (after some work) simple
formulas for the entries of the second row and column of Q,(a,b)®.

PROPOSITION 4.3. The entries of the second row and column of Q,(a,b)
are given by

1 n-2 i —jrrj-2 n-2
ay; =" Ue<j_1)+b"JUZ‘1]é’ Ueﬂ(j_z),

aiy = m—Db" UM U+ (i— D)D" 2UR U 2 Ui -

o (4.10)

REMARK 4.4. Since b~ Ja(e b a(e) and a(e b _ aiej), we get closed forms

for the last row and column of Qnl(a, b)e as well

By taking some particular cases of our previous results we get some very
interesting binomial sums. For instance, we have the following corollary.

COROLLARY 4.5. The following identities are true:

n

z 1)n+1 JaH—J n-— lhn J(l )Un J_Ul 1,
Jj=1 n- J

n n k-1
Z Z( 1)n+1 Jal+]+2k 2n— 2b2n J— k(n k)( )Un _; —Un+1 5,

Jj=1k=1 -J

n
_ n-1 4.11)
> UM U T Uy jor b (J_1> =Umn-11+p), foranyl,p,
j=1
n n-1 n-2
> Un-vypsjr Uy U7 2 J[Ul +(-1)! ]
i J-1 J-2

=Umn-1)a+p)+1, foranyl,p.

PROOF. Using Theorem 3.1, with e = 1,2, we obtain the first two identi-
ties. Now, with the help of Theorem 3.1 and the trivial identity Q, (a,b)!*? =
Qn(a,b)'Qn(a,b)?, we get

(Qn(a,b)'Qu(a,b)?) v
= Qn(a,b)l . (U(nfl)p, U(nfl)rprl, veny U(n,l)(rprl))t (4.12)

= (Umn=1)t+p)» Un-1)t+p)+15-- - Umn=1)(1+p+1)) -

Since a\’; = U/ U] ' b7 J(’? 1) we obtain the third identity.
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Using

) g —j=17.j n-2 i i i-2 n-2
ads =iyt Ull(j_l)ern ol Ul“(j—Z)' (4.13)

Cassini’s identity (see [2, page 292]) (usually given for the Fibonacci numbers,
but certainly true for the sequence Uj, as well, as the reader can check easily),
and U;_1 U1 — Uf = (-1)!, we get the fourth identity. O

COROLLARY 4.6. In general,

n

!
Z U(n—l)erjflaEJ)' =Um-1)1p)+i-1 (4.14)

forany i, l, and p.

5. Order of Qy(a,b) modulo p. Let a,b € Z and p € Z prime. Using the
recurrence among the entries of Q,(a,b) and reasoning as in [4], we prove the
following theorem.

THEOREM 5.1. If e is the least positive integer (entry point) such that U, =
O(modp), then

Qi (a,b)® = (-1)**Vey, Iy (modp),
(5.1)
Qak+1(a,b)® = (=1)*Lrii1 (mod p).
Moreover, Q,(a,b)* = I, (modp). Furthermore, considering the parity of e,

Qn(a,b)* =I,(modp) ife iseven,
Qn(a,b)** =r" 'I,(modp) ife=3(mod4), (5.2)
Qn(a,b)* = (-r)" 'I,(modp) ife=1(mod4),
where v = (Ue1y2/Ue-1),2) (mod p), sor?> = —1(mod p).
PROOF. Using (3.2), if U, = 0(mod p), then
Ueraf) =Uenal®y ;. (5.3)

Since p divides neither U,_; nor U,,; (otherwise it would divide U; = 1), we
get

aif =0(modp) ifi#j,
al®) = gl _ n-1 d G4)
Aii =aiq,i- 1_"'—a11—Ue 1(1110 p)

Therefore

Qn(a,b)¢ = U 'I,,(modp). (5.5)
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Using Cassini’s identity U;_1 U1 — Ul2 = (=1}, for L = e, we get, if n = 2k,

U = U = (U2 U = CDRU,

(5.6)
= (-1)**Dey, ) (modp)
since U2, = U2, = (-1)¢(modp). If n = 2k + 1, then
Urt = U = (U2 )" = (-1 (modp). (5.7)

The previous two congruences, replaced in Q, (a,b)¢ = Ue"_‘l1 I,(modp), prove
the first claim.
By [3, Lemma 3.4],

U,_1 = (-1)€2/2 if ¢ is even,

(5.8)
Uor =7(=1)€ 32 2= _1(modp), ifeisodd.

The residue » in the previous relation is just ¥ = (Ue+1)/2/Ute-1),2) (mod p).
Thus, if e is even, then Uez_] = 1(modp), so Q(a,b)?® = I, (modp) for any n.
The remaining cases are similar. |

Similarly, we can prove the following theorem.

THEOREM 5.2. (1) If p|U,_1, then Qy(a,b)P~! = I,,(mod p).
(2) If plUp+1, then

Qok+1(a,b)P™! = Iy (modp), Qo (a,b)P* = —Ix(modp). (5.9

A consequence of [1, Theorem 1] is the following lemma.

LEMMA 5.3. For a prime p which divides f(x) = x?—ax —1 for some integer
X, the sequence {U, },, satisfying the recurrence U, = aU,_1 + U,_», has a period
p —1(modp) provided p is not a divisor of D = a® +4.

Our final result is the following theorem.

THEOREM 5.4. Let p be a prime divisor of x> —ax — 1 for some integer x
and gcd(p,a®+4) = 1. Then, Q. (a,1)?~! = I, (mod p).

PROOF. The proof is straightforward, using Lemma 5.3 and Theorem 3.1 or
Theorem 5.1. O

6. Further comments. We observed that netted matrices defined using
three-term or four-term recurrences with constant coefficients (we call these
3- or 4-netted matrices) preserve a four-term recurrence among the entries
of their powers. We ask the question: what is the order of the recurrence for
higher powers of a 5-netted, and so forth, matrices?

We might attempt to prove that a k-netted matrix will preserve a k-term
recurrence. However, that is not true, and it can be seen from our work since
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a two-term recurrence is not preserved (see Theorem 2.1). Our guess is that a
k?-netted matrix preserves a k2-term recurrence among the entries of its higher
powers. Our guess is based on work already done and on many computer hours
running examples. However, it is too early to promote it to a conjecture.

ACKNOWLEDGMENT. The author is on leave from the Institute of Mathe-
matics of Romanian Academy, Bucharest, Romania.

REFERENCES

[1] S. Ando, On the period of sequences modulo a prime satisfying a second order
recurrence, Applications of Fibonacci Numbers, Vol. 7 (Graz, 1996), Kluwer
Academic, Dordrecht, 1998, pp. 17-22.

[2] R. L. Graham, D. E. Knuth, and O. Patashnik, Concrete Mathematics, Addison-
Wesley, Massachusetts, 1989.

[3] H.-C. Li, On second-order linear recurrence sequences: Wall and Wyler revisited,
Fibonacci Quart. 37 (1999), no. 4, 342-349.

[4]  R. Peele and P. Stanica, Matrix powers of column-justified Pascal triangles and Fi-
bonacci sequences, Fibonacci Quart. 40 (2002), no. 2, 146-152.

Pantelimon Stanica: Department of Mathematics, Auburn University Montgomery,
Montgomery, AL 36124-4023, USA
E-mail address: pstanica@mail.aum.edu


mailto:pstanica@mail.aum.edu

