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A kth-order linear difference equation with constant coefficients subject to bound-
ary conditions is considered. A necessary and sufficient condition for the existence
of a unique solution for such a boundary value problem is established. The con-
dition established answers a fundamental question for well-posedness and can be
easily applied using a simple and computationally tractable algorithm that does
not require finding the roots of the associated characteristic equation.
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1. Introduction. The present paper is motivated by the fact that, in general,
the theory and the construction of solutions of boundary value problems are
more difficult than those of initial value problems [4, page 629], and by the
need for a simple criterion to determine whether a boundary value problem is
well posed [5, page 43].

Our main objective in this research is to establish an easy-to-apply crite-
rion for the fundamental question of existence and uniqueness of solutions
of a discrete boundary value problem (DBVP). For definiteness, we consider a
general kth-order linear difference equation with constant coefficients given
as

k
>ajyn+j) =0 n=0,12,.., aoax#0, (1.1)
j=0

subject to separable boundary conditions of the form
y(i)=yi, i=0,...,k1—1, y(j)=_’)/j, j=N,...,N+k2—1, 1.2)

where kq,k, > 1, k; + ko = k, and N > k;. We establish a criterion based upon
the parameters of the given boundary value problem, namely, the coefficients,
k, k1, and N.

In the literature, in general, existence and uniqueness theorems for DBVPs
provide sufficient conditions in which a Green’s function plays an essential role
[6, pages 243-250]. Furthermore, unlike the results established in [1, 2, 3] and
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conjectured in [7] (despite their applicability), the result established here does
not require finding the zeros of the corresponding characteristic polynomial

k
p(A)=> ajN (1.3)
j=0

which may be a difficult task for higher-degree polynomials. Similar deter-
minants (see Theorem 2.1) were used to characterize disconjugacy of linear
second-order selfadjoint difference equations in [6, page 251].

This paper is organized as follows. In Section 2, the main result, Theorem
2.1, is presented along with several preliminary results that will be needed for
the lengthy proof of the result. In Section 3, a simple algorithm for applying
the criterion is presented. In Section 4, an illustrative example is given. Finally,
in Section 5, we conclude our research with an important remark that illus-
trates the applicability of the main result to a more general type of boundary
conditions.

2. Existence and uniqueness criterion. Our main result in this research is
the following theorem.

THEOREM 2.1. DBVP (1.1) and (1.2) has a unique solution if and only if the
following (N — ki X N — k1) determinant

Ak, Akq+1 o AN-1

Akq-1 Ak, o AN-2
+0, (2.1)

A2k -N+1 A2k -N+2 = ** Ak,

wherea; =01ifj<0orj>k.

To prove Theorem 2.1, we need to recall the following two results which
were established in [1].

THEOREM 2.2. If k, my,...,m, and n,,...,ny are positive integers such
thatk =mi+---+my, 0<ny < --- < nyg, 6(z) = (1,z,....,.zxHt, and A =
(Ay---Ay), where

Aj=(L*L(Zj),...,a(mjil)(zj')) (2.2)

and i is the sth componentwise derivative of the vector i, then

r mj—-1 j-1
Al = (ﬂ [T J'i!) [TIT(z—z)™™. (2.3)

i=1 j;=0 j=2i=1
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m, and ni,...,ny are positive integers such that

m +m2 +ebmy =k, 0<ny < - <N, U(2) = (2M,2"2,..., 2% Ti(z) =
(mi-lzm ni 1z nitzm)t and B = (B; - - - By) such that

Bj = (V1(z)) - - - Um, (2)), (2.4)
then

1Bl = (sz“"m“”‘z) Al 2.5)

j=1
where A = (A;---A,) and
Aj = (1i(z)),..., 0™V (z;)). (2.6)

Also, we need to establish the following two lemmas. The first lemma estab-

lishes a formula for higher-order derivatives of determinants. The second one
plays the major role in the proof of Theorem 2.1.

LEMMA 2.4. IfF(z) = |Ci(2)---Cx(2)] such that Cj(z) : C — Ck are suffi-
ciently differentiable functions, then

F(T)(Z) _

where «; € {0,1,...,

i (2) - (2.7)

S %

!
X1+ X =T X

r}.

PROOF. C(learly, the result is true for » = 1. Furthermore, if it holds for 7,

then
e S ol e el
Qp+-top=r T !
+ ‘Cl(o‘l)(z) C(ak+1) H
r!
= [31+'“+Z|ﬁ'2:r+1 [m—‘,— P
r! (B1) B) 2.8)
+W]’C ! (z)---Cy k (Z)‘
Bit: - +Bi)r!
_[; ZB: 1[(1131!,8]'(]’C(51 (Z)"'C}((Bk)(z)’
14t B2=r+
(T+l) ) "
_ 5 ’C ()G (z)‘.
Bi+---+B2=r+1 Bl

Hence, by the principle of mathematical induction, the result is true for all 7.

d
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LEMMA 2.5. Suppose that the kth-degree polynomial with complex coeffi-
cients

pA) =A+a A v ad+ag, ap =0, (2.9)

has v distinct roots zi,...,z, with multiplicities m,,...,m,., respectively, such
thatm; +---+m, =k.
If

Ex(bm;zy,....2z0) = |tim(21) - - (z1) -+t (20) -0V (2,)

(2.10)
where tig (z) = (1,...,z071, ztm . Zktm=1yt = Ck gnd
ayp ap T Apym-1
ap-1 ayp T Apym-2
DE(,m) = : : . ) (2.11)
Ap-m+1 Ap-m+2 ayp
such thata; =0if j <0 orj>k, then
Ex(l,m;z1,...,2) = (=)™ *ODEL m)Vi(z1,...,2), (2.12)

where
Vi(z1,.oy2y) = Ex(£,0;21,...,2y)
r m;—1 ' r j-1 — (2_13)
= ([T IT 4| TTTT(z—z)™".
i=1 j;=0 j=2i=1

PROOF. The last part of the above result follows from Theorem 2.2.
First, since zy,..., z, are zeros of polynomial p with multiplicities m,,...,m,,
respectively, we have

(1) zt
L\ (mi-1) ao (my-1)
@)™z | (™
: = : . (2.14)
) |\, 2k
() ™" (2r) (z5)™ Y
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Therefore, by Cramer’s rule and the invariance under the transposition prop-
erty of the determinants, we have

Ex(0,1;21,...,z,) = (-1)*Da,vi(z1,...,2/), (2.15)

that is, the result holds for m = 1.
Now, if the result holds for m, then

Exai(0+1,m;5zy,...,2y,2)
(2.16)
= (71)M(k7€)D]l<7+] (€+ l,m)Vk+1(21,...,Zy,Z),

where bj = aj_1 —ajz are the coefficients of the (k + 1)-degree polynomial
q(A) = (A—2)p(A). But, by Leibnitz rule of differentiation,
(-1)* O PE (Lm+1;z1,...,2y)
Ea (P+1,m;zy,...,2y,2)
B oz?

t
_ (_1)m(k7{’) Z (

j=0

z=0
£\ /DL, (L+1,m)
J 0zJ

) aﬁ_jvk+l (le e !ZT!Z)
z=0 ozl-i 20
(2.17)

However,

ain+](Zl,...,Zy,Z)

o = (D" RIE(i, 521,00, 20)

20 (2.18)
ila;Vi (Zl, e ,ZY):

oiDb,  (L+1,m)
ozt

= (=D)'i'Mps1,me1-i, (2.19)
z=0
where M, is the  s-minor of D{ (¢,m~+1)ifr,s = 0and 0 otherwise. Therefore,
after some simplifications, we obtain

Ex(,m+1;z1,...,2y)

0
= (—1)m+D k=0 { Z (_l)jaﬂijJrl,erlj} Vi(z1,...,2y) (2.20)
j=0

= (=) mDEODaL M+ 1)Vi(z1,...02r).

and, hence, by the principle of mathematical induction, the result holds for all
m.

To complete the proof, we need to justify (2.18) and (2.19).

Equation (2.18) can be easily checked out by differentiating the last column
of Vixi1(21,...,2y,2) 1 times, substituting z = 0 and applying the Laplace ex-
pansion of determinants through the (k + 1)th column.
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As for (2.19), since b; are linear in z, by Lemma 2.4,

inb |
M - Z R C{(Xl)(z) .. .Cr(’;xm(z) .(2.21)
0zt m!

where o; € {0,1} and Cj(z) = (bysj- - -bpij-m+1)".Butatz=0and b; = a;_,

oDl (L+1,m)

. 1] C1(0) -+ - Con 4(0)C
0zt z=0

4
m—i+1(

0)---Chp(0)]. (2.22)

Finally, using the fact that h;- = —aj, the result follows. This completes the
proof. |

PROOF OF THEOREM 2.1. First, without loss of generality, we assume that
ag =1.

Now, it is not difficult to see that if the characteristic polynomial (1.3) has »
distinct characteristic roots denoted by z;, 2, ..., 2z, with corresponding mul-
tiplicities my,...,m, such that 1 <r <k, 1 <mj; <k, j=1,...,r, and m; +
-+ -+ m, =k, then the general solution of (1.1) is given by

y(n)=> qi(n)z}, (2.23)

i=1

where g;(n) is a polynomial in n of degree m; — 1. Therefore, the existence of a
unique solution of the DBVP (1.1) and (1.2) is equivalent to the nonsingularity
of the block matrix A defined by

A= (A~ A), (2.24)

where A; is a k X m; matrix given by

1 0 0
2! (-1)Z970 o (g -nmiTia
Aj= N N m;-1 N ’
z; sz N™i z;
2T (N ke -1) 2 (N ke -1 Y e

(2.25)
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Hence, by Theorem 2.3,
L mim-1))2
[A] = (HZJJ ! )Ek(klsN_klizl,---,ZV)- (2.26)
j=1

Therefore, by Lemma 2.5, A is nonsingular if and only if D{ (ki,N — k1) # 0,
and so the result follows. O

3. A computational algorithm. To determine the solvability of the DBVP
(1.1) and (1.2), we propose the following easy-to-apply algorithm.

ALGORITHM 3.1

Input. k (order of the difference equation), a;, i = 0,1, ..., k (coefficients), k;
(number of initial conditions), N (starting index of final conditions).

Step 1. Form the following table:

aj@6 a; a» --- ay 0 0
0 ap a1 --- ag- ay 0
0 0 ap -+ aro ar1 ar --- (3.1)

Step 2. Skip k; columns by starting from the left.

Step 3. Form a determinant of size (N —k;) x (N —k;) starting from the first
row.

Output. If the determinant calculated in Step 3 is not zero, then DBVP (1.1)
and (1.2) has a unique solution.

REMARK 3.2. It is worthwhile mentioning that the determinant needed in
the above algorithm corresponds to a banded matrix with constant diagonals.
In fact, there will be at most k + 1 diagonals. This will definitely minimize the
cost of computations as far as computer time is concerned.

4. Applications. To illustrate the applicability of Theorem 2.1 (and Algo-
rithm 3.1), we present the following example.

EXAMPLE 4.1. Consider the difference equation
yn+k)+ayn)=0, a=+0,n=0,1,2,... 4.1)
subject to the boundary conditions
y0)=y0, YN+1) =yn:1,., YIN+Kk=2) = YNik-2, N=1. (4.2)

By Theorem 2.1,if 1 < N < k—1, then a solution of the DBVP (4.1) and (4.2),
if it exists, is not unique. Furthermore, for N > k, it is not difficult to see that
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a unique solution exists if and only if the N X N determinant

0 1

a 0 1
Dy(a) = . . .| #0, (4.3)

where the missing elements are zeros.
But

Dy(a) = (—a)*'Dy_x(a), N=kk+1,..., (4.4)
where
Dy=1, Dy=---=Dy_=0. 4.5)

Therefore, one can see that D,, = 0 for all N except for N = 0, k, 2k, .... Hence,
the DBVP (4.1) and (4.2) has a unique solution if and only if N = 0,k, 2k,....
Otherwise, if there is a solution, it is not unique.

5. Conclusion. Finally, it is important to mention that Theorem 2.1 is also
applicable for a wider class of boundary conditions. Namely, the boundary
conditions are described as

¥(0)

ki—1 .
B y(y(lN)) =, 5.1)

_’)/(N-i-kz—l)

in which B is a k x k matrix of full rank.
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