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The existence of periodic solutions for the third-order differential equation % +
w?x = puF(x,x,%) is studied. We give some conditions for this equation in order
to reduce it to a second-order nonlinear differential equation. We show that the
existence of periodic solutions for the second-order equation implies the existence
of periodic solutions for the above equation. Then we use the Hopf bifurcation
theorem for the second-order equation and obtain many periodic solutions for it.
Also we show that the above equation has many homoclinic solutions if F(x,x,X)
has a quadratic form. Finally, we compare our result to that of Mehri and Niksirat
(2001).

2000 Mathematics Subject Classification: 65Lxx.

1. Introduction. There are many papers for the existence of periodic solu-
tions for nonlinear second-order differential equations (e.g., see [1, 2, 5]) but
there are few papers for nonlinear third-order differential equations. These
kind of equations arise in engineering, for example, in problems related to en-
ergy and acceleration. Because of the topological characteristics of the three-
dimensional space, the investigation of periodic solutions for the nonlinear
third-order differential equations is a difficult problem.

In [6], Mehri and Niksirat considered the nonlinear equation

X =F(X,X,X), XeR! (1.1)
and showed that, under some conditions, there exists w > 0 such that X(w) =
X (0). Then, Mehri and Niksirat [7] considered the nonlinear third-order differ-
ential equation

X+ w?x = puF(x,%,%) (1.2)
and obtained some conditions for the existence of a periodic for it. We will

write their result in the following form: consider (1.2), where F is assumed to
be smooth enough such that the existence and uniqueness of the solution are
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guaranteed. Let A = 21T ~! + uT and define

x(0)—x(A)
I(a,b,T) = | x(0)—x(A) |. (1.3)
x(0) —x(A)

Assume that there exist ag, by + 0 such that

2mw1

J F(ag+bgcoswt,—bgsinwt,—bycoswt)dt =0,
0

2mw1

F(ag+bocos wt,—bgsinwt,—bycoswt) coswtdt =0, (1.4)

1 1

21w 2mw™

J I [h(t)Fx(u) —Fy(t)h(u)]coswtdtdu =0,
0 0

where

F,(s) = 2—5(a0+bocosws,—bo sinws,—bgcosws), v E {x,x,x}, (1.5)

h(s) =cosSwsFy(s)—sinwsFi(s) —coswsF;(s).

Then there exists po > 0 such that for all |u| < po, (1.2) has a nonconstant
A-periodic solution. Also, they proved that if all the stationary points of (1.2)
are nonperiodic and Iy(a,b,T) has odd signed periodic orbits, then (1.2) has
at least one signed periodic solution for 0 < u < 1.

In what follows, we consider the third-order differential equation (1.2) and
obtain some conditions for the existence of periodic solutions for it. These con-
ditions are applicable to many third-order differential equations. Let f(x,xX)
be C" (» = 3) and

F(x,%,%) = fx(x, X)X+ fx(x,%)X. (1.6)

We show that if fy+(0,0) # 0, then (1.2) has many periodic solutions. The
conditions for the existence of the homoclinic orbits are also studied. For ex-
ample, if f(x,X) consists of some quadratic terms, then (1.2) has many ho-
moclinic orbits which are filled up with periodic solutions. In Section 2, we
present some mathematical preliminaries and show that the existence of peri-
odic solutions for the second-order differential equation implies the existence
of periodic solutions for the third-order differential equation. The existence
of the fixed points for the second-order differential equation is discussed in
Section 3. Section 4 is devoted to the existence of periodic solutions for the
second-order differential equation. In Section 5, we give a few examples, and
finally, we compare our results to that of [7].
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2. Preliminaries. Our main tool in the development of this paper is the
Poincaré-Andronove-Hopf’s bifurcation theorem which is usually called Hopf
bifurcation theorem. There are several versions of this theorem but we give
the version mentioned in [4]; the interested reader can find other versions of
this theorem in [3, 8].

THEOREM 2.1 (Poincaré-Andronove-Hopf). Let X = A(A)X +F(X,A) be a C*
with v > 3, planar vector field depending on a scalar parameter A such that
F(0,A) = 0 and DxF(0,A) = 0 for all sufficiently small |A|. Assume that the
linear part A(A) at the origin has the eigenvalues x(A) +iB(A) with x(0) =0
and B(0) = 0. Furthermore, suppose that the eigenvalues cross the imaginary
axis with nonzero speed, that is, &' (0) = 0. Then, in any neighborhood U of
the origin in R? and for any given Ao > 0, there is a A with |A| < Ag such that
X = A(AM)X +F(x,A) has a nontrivial periodic orbit in U.

We rewrite this theorem by the following proposition.

PROPOSITION 2.2. Consider the C* (v = 3) planar vector field

X =F(X,A), AeR. (2.1)

Assume that there exists an open interval I and a C' map x : I — R such that
F(x(A),A) = 0. Also, assume that the linear part of (2.1) has the eigenvalues
x(A) £iB(A) with x(Ag) = 0 and B(Ag) + 0. If 0(’()\0) + 0, then in any given
neighborhood U of x(\o) and for any given € > 0, there exists A € I with |A —
Aol < € such that X = F(X,A) has a nontrivial periodic orbit in U.

PROOF. Without loss of generality, we can assume that (x(Ag),Aq) = (0,0).
Let A € I, by the Taylor expansion of F(X,A), we have

X =DxF(x(A),A)(X—x(A)) +G(X,A), (2.2)

where G(x(A),A) = 0 and DxG(x(A),A) = 0. If we put DxF(x(A),A) = A(A),
Y=X-x(A),and H(Y,A) = G(Y +x(A),A), then we have

Y=AQA)Y+H(Y,A). (2.3)

Equation (2.3) is a C” vector field satisfying the conditions of the Hopf bifur-
cation theorem. |

DEFINITION 2.3. Consider (2.1) and suppose that Proposition 2.2 (Hopf bi-
furcation theorem) holds for it. We say that for A = Ay, a Hopf bifurcation
occurs at x(Ag) for (2.1).
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Now we reduce the third-order differential equation to a second-order dif-
ferential equation. We have

x=y,

y =2z (2.4)
zZ=—-w’y+uF(x,y,z).

We consider (1.2) where F:R3 — Ris a C” ( = 2) map such that F(0,0,0) =0
and DF(0,0,0) = 0. Suppose that there is a C"*! map f: R> — R such that

F(x,%,%) = fx(x, X)X+ fx(x,%)X. (2.5)

Substituting (2.5) in (1.2), we obtain

%(5&+w2x—uf(x,5c)) = 5&+wZX—u(fX(x,x)X+fx(x,5c)5'c’) =0. (2.6)

Flx, %)
Therefore,
X+ w’x —pf(x,x) =k, (2.7)
where k is a real constant. If we put k = w?A and X = x — A, then we get
X+ W% = uf(X+A,%). (2.8)
Dropping the bars, we obtain

X=y,
2.9
V= —w’x+uf(x+A,y). 29
LEMMA 2.4. The curve (x(t),x(t)) is a solution of (2.9) if and only if (x (t) +
A, x(t),X%(t)) is a solution of (2.4). Furthermore, if (x(t),x(t)) is a periodic (ho-
moclinic) solution, then (x(t) + A,x(t),X(t)) is a periodic (homoclinic) solution.

PROOF. It is obvious that if (x(t),x(t)) is a solution for (2.9), then (x(t) +
A, x(t),X(t)) is a solution for (2.4). Let (x(t),x(t)) be a periodic solution with
period T. For each t € R, we have

(4 T) :hm)'c(t+T+h)—5c(t+T)

h—h h

:hm)'c(t+h)—)'c(t) (2.10)
h—h h

=x(t).
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Therefore, (x(t) + A,x(t),X(t)) is a periodic solution with period T. If
(x(t),x(t)) is a homoclinic solution with lim; ... (x(t),x(t)) = (x0,0), then

tlim X(t) = —w?xo + uf(x0+A,0) =0. (2.11)

Since (x,0) is a fixed point for (2.9), then (xo+A,0,0) is a fixed point for (2.4).
Hence, (x(t) +A,x(t),X(t)) is a homoclinic solution. O

REMARK 2.5. Since F(0,0,0) =0 and DF(0,0,0) = 0 and since

DF = (fxxY + vz fxydy + fx +fyyzsfy)y (2.12)

then we will have DF(0,0,0) = (0, fx(0,0), f,,(0,0)) = 0. Also, we can assume
that £(0,0) = 0; otherwise, we put g(x,y) = f(x,y)—f(0,0). Themap g(x,y)
satisfies (2.5). Moreover, g(0,0) =0 and Dg(0,0) = 0.

3. Fixed points. If A = 0, then the origin is a fixed point for (2.9). If A = 0,
then it is important to know fixed points of (2.9).

THEOREM 3.1. For each 0 < M € R, there exists an open rectangle  C R?
containing [-M,M]x {0} and a C' map x : R — R such that (x(u,A),0) is a fixed
point for (2.9). Furthermore, the real part of the eigenvalues of the linear part of
(2.9) is pfy (x(u,A) +A,0), also for each (u,0),(0,A) € R, x(u,0) = x(0,A) = 0.

PROOF. Consider the map

B:R3 — R,
(3.1)
(x,1,A) — —w?x +pf(x+2,0).

Since for each p € R, B(0,4,0) = 0, and By (0,1,0) = —w? # 0, then, by the im-
plicit function theorem, there exist an open neighborhood U, containing (u,0)
and a C! map x, : U, — R such that for each (v,A) € U, B(x,(v,A)) = 0. There-
fore, (x,(v,A),0) is a fixed point for (2.9). Since [-M,M]x {0} is compact, so
we can find —M < po,...,ux < M such that [-M,M] x {0} C U’i‘ZOU,,L.. Let R
be an open rectangle with [-M,M] x {0} C R C U’f:o Uy If (v,A) € Uy, U Uy
(i #+ j), then, by the uniqueness of the solution for the implicit function theo-
rem, xy, (v,A) = Xy; (v,A). This shows that we can define the C! map

xR — R,

3.2
(b, A) — xp (U, A) - (p,A) € Uy, 5:2)

The linear part of (2.9) at (x(u,A),0) is

0 1
AGHA) = (—w2+ufx ufy>’ (3:3)
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where all partial derivatives are computed at (x(u,A) +A,0). The eigenvalues
of A(u,A) are

Ilfyi\/(lvlfy)2+4(ﬂfx*w2).

Lp=Tp(uA) = >

(3.4)

If (ufy)?+4(ufx —w?) <0, then the real part of Ty is pf,. By Remark 2.5,
Df(0,0) =0, so forall y e [-M,M], we have

}\ir%(ufy)2+4(ufx—w2) <0. (3.5)

Hence, we can shrink & such that [-M,M] x {0} ¢ &% and ([,lfy)2 +4(ufy —
w?) < 0. O

LEMMA 3.2. Suppose that R is as in Theorem 3.1 and (u,\) € R. Then the
fixed point (x(u,A),0) is isolated.

PROOF. Consider the map

Q:R—R,

X — —w?x +uf(x+A,0). (3.6)

We have Q(x(u,A)) = 0 and Qy(x(u,A)) = pfyx — w? < 0. Therefore, Q is de-
creasing in a neighborhood of x(u,A); hence, (x(u,A),0) is isolated. O

REMARK 3.3. Assume that we have the system

X =Y,

3.7
yv=9x,y), 8-7)

where g is a C! function. Let y = (x(t),y(t)) be a solution of this system
and let I = (a,b) be the interval of y(t) > 0 (y(t) < 0). If t € I, then x(t)
is increasing (decreasing), so we can consider y(t) as a C! function of x(t).
Indeed, if we define the map Y: (x(a),x (b)) — R with Y(x(t)) = y(t) (t € 1),
then Y (t) is a well-defined C' map satisfying (x,Y (x)) € {y(t):t €I}.

4. Periodic solutions. In this section, we obtain some conditions for (2.9) in
order to have periodic solutions. We consider the set ? and the map x : % — R
defined in Section 3.

LEMMA 4.1. Let (u,A) € R. Then (0x/0A) (u,A) = —1.

PROOF. We have

—w?x (U, A) +uf (x(u,A) +4,0) =0, (u,A) € R. 4.1)
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Computing the derivative with respect to A, we get

of

20X of
ox

a)\(“')‘)“‘

- (x(u,)\)+)\,0)<g—§(u,/\)+1> =0. (4.2)

If (0x/0A)(u,A) = —1, then —w?(0x/0A)(u,A) = 0. This is a contradiction, so
(0x/0A)(u,A) = —1. |

THEOREM 4.2. Let (up,Ag) € R, o = 0, and
(Hy) fy (x(ko,A0) +2A0,0) =0,
(H2) fxy (x(Ho,A0) +20,0) = 0.

Then,

(i) for u = o and for A = Ay, a Hopf bifurcation occurs at (x(uo,Ao),0) for
(2.9),

(ii) there exist an interval I containing py and a C' map A : I — R such
that 0 ¢ I and A(ug) = Ag. Moreover, for each u € I, H; and H, hold for
(1, A (),

(iii) for each u € I, the system

x=y,

y =z, (4.3)
z2=—w*y+u(fx(x, )y +fy(x,7)z)

has many periodic solutions.

PROOF. (i) We have shown that the eigenvalues of the matrix A(u,A) are
I 2. (H;) implies that Re(T2) = 0. On the other hand,

dRe (1"1,2)

0
an (Ho,A0) = Hofxy (X (Ho,A0) +A0,0) (%(HOJ\O) + 1)- (4.4)

By (Hz) and Lemma 4.1, we have (dRe(I12))/(dA)(uo,Ao) # 0. Therefore, for
A = Ap, a Hopf bifurcation occurs at (x(uo,Aq),0) for (2.9).

(ii) Since x (u,A) is a C! map, there exists a neighborhood W of (L, () with
W c R, such that, for each (u,A) e W,

fxy(x(u,z\)m,o)(%(H,A)H) #0. (4.5)

Now, we consider the map

Y:wW—R,

4.6
(1, A) — fy (x(1,A) +1,0). (4.6)
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By (Hy), ¥ (uo,Ag) = 0. Also, we have

oY 0
I (H0,A0) = frxy (x(p0,A0) +A0,0) (% (Mo, Ao) + 1) + 0. 4.7)

By the implicit function theorem, there exists an interval I containing po and a
C!' map A: 1 — R such that A(ug) = Ag. Moreover, for each u €I, (u,A(u)) € W
and Y (u,A(u)) = 0. We can shrink I such that 0 ¢ I and so, for each u € I, (Hy),
and (Hy) hold for (u,A(u)).

(iii) Let py; € I. By (i), for A = A(uy), a Hopf bifurcation occurs at (x(uq,
A(t1)),0) for (2.9). Therefore, for each €; > 0, we can find A, with [A; —A(u;) ] <
&1, such that

x=y,

i 4.8
Y =-wx+uf(x+A1,y) “9

has a nontrivial periodic solution y; in the open disk D (x (u1,A1), €1). Consider
€> > 0 such that y; N D (x (i1, A1), €2) = ¢p. We can find A, with |A2 —A ()| < &,
such that

X =y,

, - (4.9)
Y =—w?x+uf(x+22,)

has a nontrivial periodic solution y, in the open disk D (x(u1,A»),€2). Using
this method, we can find many nontrivial periodic solutions (depending on
A) for (2.9). Hence, by Lemma 2.4, (4.3) has many nontrivial periodic solutions.

O

If Ag = 0, then (H;) holds automatically. Indeed x(L,0) = 0 hence, f (x(uo,
0),0) = 0. In this case, if
Sxy(0,0) = fxy (x(p0,0) +0,0) = 0, (4.10)
then (H») holds too. Therefore, by Theorem 4.2, for A = 0, a Hopf bifurcation
occurs at the origin for (2.9).
COROLLARY 4.3. Let f:R% — R be a C3 function such that f(0,0) = 0 and
D f(0,0) = 0. If fxy(0) =0, then, for each (u,0) € R, the equation

X+ 2% — p (X fr(x,%) + X fy(x,%)) =0 (4.11)

has many periodic solutions.

COROLLARY 4.4. Let g : R? — R be a C?® map such that g(0,0) = 0 and
Dg(0,0) = 0. Moreover, suppose that gx(0,0) # —a where a € R is constant.
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Then, for each (u,0) € R, the equation
X+ 2% —p(ax +gx(x,%))x —p(ax +gy(x,x))% =0 (4.12)

has many periodic solutions.

PROOF. Consider (2.9) with f(x,y) =axy +g(x,y). We have

X =y,
_ , (4.13)
Y =—w’x+u(alx+A)y+g(x+2A,y)).
For A = 0 and each y € R, (0,0) is a fixed point for (4.13). Since
2
0 (axy-i-g(X,y)) (0’0) _ a+gxy(0’0) + 0’ (414)

0x0y

then by Theorem 4.2 and Corollary 4.3, for A = 0, a Hopf bifurcation occurs at
the origin for (4.13). Therefore, (4.12) has many periodic solutions. |

COROLLARY 4.5. Let f:R — R be a C3 function and f£(0) = Df(0) = 0. For
each (u,0) € R, the equations

X+ wx —p(x2+xX+XDf(x)) =0,
) . . ) (4.15)
X+ w2x —p(x2+xDf(x)+x%) =0

have many periodic solutions.

PROOF. By Theorem 4.2 and Corollary 4.3, for A = 0, a Hopf bifurcation
occurs at the origin for the following equations:

y=-wx+u((x+)y+f(), x=y,

_ , _ (4.16)
y=-wx+u((x+A)y+f(x+A)), x=y.
Hence,
X+ w?x —p(x?+xx+xDf(x)) =0,
5. o ; (4.17)
X+wx—pu(x +xDf(x)+xx)=0
have many periodic solutions. O

THEOREM 4.6. Let f:R? — R be a C" map which satisfies the condition
(H1) f(x,y) is symmetric with respect to y-axis, that is, x,y € R, f(x,y) =
f(x,—y). Also, let y(t) = (x(t),y(t)) be a solution of the equation

X =Y,

V= —w’x+f(x,y). (4.18)
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Suppose that y intersects the x-axis at distinct points (x1,0) and (x;,0). Then,

(i) ifboth (x1,0) and (x»,0) are regular points, theny is a periodic solution;

(ii) if (x1,0) is a fixed point and (x»,0) is a regular point, then y is a homo-
clinic;

(iii) if both (x1,0) and (x»,0) are fixed points, then y is a part of a hetero-
clinic.

PROOF. (i) We can assume that (x;,0) and (x»,0) are such that y does not
intersect the x-axis between (x,0) and (x2,0). We define the part of y which
lies between (x1,0) and (x»2,0) by

«:[0,T] — R?, €19
t— (x(t),»(1)), '
where T > 0, x(0) = (x1,0) and «(T) = (x»,0). If we define
B1:[-T,0] — R?,
(4.20)

t— (x(=t),-y(-1)),

then B, (t) is a solution of the equation such that its graph is symmetric with «,
with respect to the x-axis. Furthermore, B;(0) = (x1,0) and B1(-T) = (x>,0).
So, B, lies along « and hence, y is periodic.

(i) Without loss of generality, we can suppose that y(0) = (x2,0) and
lims o y(t) = (x1,0). Then the curve

B2 :[0,00] — RZ,

(4.21)
t— (x(=1),-y(-t))
is a solution of the equation such that its graph is symmetric with y, with
respect to the x-axis. Furthermore, lim;_. 2 (t) = (x1,0) and B2(0) = (x2,0).
Hence, 3, lies along y and so y is a homoclinic.
(iii) The proof is similar to the proof of (ii). O

5. Application. In this section, we present a few examples of the applica-
tions of Theorem 4.2 and other results of this paper. We are going to study the
effect of some second-order terms on (2.4). For this purpose, we put g(x, y,A)=
f(x+A,y). We know that g(0,0,0) =0 and Dg(0,0,0) = 0. By the Taylor ex-
pansion of g, we obtain

g%, 7,A) =(gxx(0,0,0)x% + gy, (0,0,0) >
+911(0,0,0)A% +2gx,(0,0,0)xy (5.1)
+29x2(0,0,0)xA +2g,1(0,0,0)yA) +0(3).
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By definition of g, we have gy (0,0,0) = gx1(0,0,0) = gar(0,0,0) = fxx(0,0),
9x»(0,0,0) = g,1(0,0,0) = fx,(0,0), and g,,(0,0,0) = f,,(0,0). Putting
fxx(0,0) = a, fxy(0,0) = b, fy,(0,0) = ¢ and truncatting the Taylor expan-
sion at 0(2), we get

x‘ = y!
5.2
¥ =apA’+ (2apd — w?)x +2budy + p(ax? +2bxy +cy?). (5-2)
Hence, (5.2) can be considered as
X=y,
. (5.3)

Y =—w x+uf(x+2a,y),

where f(x,v) = ax?+2bxy +cy?.

If b + 0, then fx,(0,0) = b # 0, hence by Corollary 4.3, for A = 0, a Hopf
bifurcation occurs for (5.2) at the origin. By Theorem 4.2, we have the following
corollary.

COROLLARY 5.1. If'b # 0, then the equation
X+ w?x = plax +bx)x +u(bx +cx)x (5.4)

has many periodic solutions.

EXAMPLE 5.2. We consider (5.2) with a = b = 0 and ¢ # 0. In this case, (5.2)
has the following form:

xX=y,
. ) ) (5.5
Y =—WX+UCY*©.
Putting v = uc, we obtain
xX=y,
(5.6)

V= —w’x+vy’

We consider (5.6) where v > 0 (the case v < 0 is similar). The equation has (0,0)
as the only fixed point. On the curve x = (v/w?)y?2, we have y = 0, in addition,
the sign of y is shown in Figure 5.1. Therefore, a solution y = (x(t),y(t))
of (5.6), which intersects the positive x-axis, is as shown in Figure 5.2. Since
in region (I) of Figure 5.1, ¥ < 0, so y(t) intersects the curve x = (v/w?)y?
transversally. After passing through x = (v/w?)y?, y(t) increases, hence y (t)
intersects the x-axis or converges to the origin. In the first case, by Theorem
4.6, y(t) is a periodic solution. In the second case, since y(t) in region (II)
of Figure 5.1 is increasing, therefore y cannot intersect the negative y-axis.
On the other hand, the slope of the curve x = (v/w?)y? where x — 0* is
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y-axis

x-axis

@

I o

FIGURE 5.1. The sign of y.

y-axis

\\ X-axis
7

Y

FIGURE 5.2. The local behavior of y.

unbounded. Hence, we have

lim

t—oo

X

= o0, (5.7)

q

After passing through x = (v/w?)y?2, ¥ > 0, so for sufficiently large ¢, we have
|y(t)| < 1. Hence,

% %
X(1) < 520 < 5 |y 0)]. (5.8)

Therefore, we have

g _ 2 2
2] < =il ), .9
x %
which shows that
lim Z_‘ <v. (5.10)
t—oo | X

This is a contradiction. Consequently, y is a periodic solution and so, (0,0) is
a center for (5.6).
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COROLLARY 5.3. For each u € R, the equation
X+w?x—pc(xx)=0, (c€R) (5.11)

has many periodic solutions.

EXAMPLE 5.4. We consider (5.2) with b = ¢ = 0 and a # 0. In this case, (5.2)
is

xX=y,
5.12
¥ =auA®+ (2aud — w?)x +aux?. (5.12)
Setting v = au, we get
xX=y,
(5.13)

¥ =vAZ+ (2vA —w?)x + vx2.

If v #0and (v,A) € {(v,A) : VA < w?/4}, then (5.13) has two different
fixed points (x(v,A) =B(v,A),0) where x(v,A) = (w2 —-2vA)/2v and B(v,A) =
Vw* —4vAw?/2v. For convenience, we put &« = x(v,A) and 8 = S(v,A). It can
be easily checked that (x+ 8,0) is a saddle point and the corresponding eigen-
values of (x—,0) are purely imaginary. Also (5.13) is a Hamiltonian system
with Hamiltonian function

P , , 2 X3
H(x,y)=7fv2\ x+(w 72v2\)77v?. (5.14)
The trajectories of (5.13) are obtained by H(x,y) = h where h € R. We put
f(x) = 2vA%x + (2vA — w?)x? + (2vx?)/3 and gp(x) = f(x) + h. Then the
trajectories of (5.13) are

y?=gn(x), (heR), gn(x)=0. (5.15)

Letv 0, (v,A) € ®, and hp = —f(«+B). Then g, (x+B) =0 and g, (x+
B) = g;p (x—pB) = 0. Also & — B is the maximal point and « + 8 is the min-
imal point for g, (x). Hence, considering the graph of gy, (x), (5.13) has a
homoclinic for the saddle point (x+ 3,0) (see Figures 5.3 and 5.4).

Nowleth = — f(x—p).Foreach 6 = 0,wepuths = h+06.Then gps (x—B) = 6.
On the other hand, g;Lﬁ (x—p) = g, (x+B) = 0.Moreover, x— B is the maximal
point and « + f is the minimal point for gy (x). Since gy, (x—p) = 0 and the
roots of gps(x) = 0 varies continuously with respect to 6, so for § sufficiently
small, y? = gy, s (x) indicates a nontrivial periodic solution. Hence, (x—,0) is
a center and the homoclinic is filled up with the periodic solutions. We apply
these results to (2.4).
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FIGURE 5.3. The graph of gy, (x).
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FIGURE 5.4. The phase space of equation (5.13).

COROLLARY 5.5. For each u € R, the equation

x=y,

Yy =2z (5.16)
Z=—w’x+auxy

has many homoclinic orbits and periodic solutions. The homoclinic orbits make
a two-dimensional C' surface. In addition, each homoclinic orbit lies on a C*
two-dimensional orientable manifold and inside it is filled up with the periodic
solutions (see Figure 5.5).

PROOF. By Lemma 2.4, there exist many homoclinic orbits and periodic so-
lutions. It can be easily checked that, the graph of gp, varies C! with respect
to (v,A). So, by Lemma 2.4, we conclude that the homoclinic orbits make a
two-dimensional C! surface. Finally, since the solutions of (5.15) are distinct
and varies C! with respect to the initial conditions, so for each (v,A) € R,
the solutions of (5.15) make a C! two-dimensional orientable manifold in the
phase space of the third-order equation. ]
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v>0

FIGURE 5.5. The two-dimensional manifold according to equation (5.13).

EXAMPLE 5.6. Consider (5.2) with b = 0 and a,c # 0. In this case, (5.2) is
reduced to

X=y,
. 5.17
Y =apr®+ (2apud — w?)x + aux® + cuy?. .17)
Setting v = pa and d = c/a, we get
X =Y,
. (5.18)

Yy =—w’x+Vvf(x+A,y),

where f(x,y) = x2+dy?. For each v # 0 and (v,A) € {(v,A) : VA < w?/4},
(5.18) has two fixed points (x+ 3,0) where « and 8 are as in Example 5.4. It is
easy to check that («x+,0) is a hyperbolic saddle point and the corresponding
eigenvalues of (x— f,0) are purely imaginary. Putting X = x — (x + 8,0) and
¥y =y, we obtain

i = .)_/!
. (5.19)
¥ = Vw4 —4vAw2x +vx2 +dvy>.
For convenience, we drop the bars and obtain
X =y,
(5.20)

¥ =vVw* —4vAw?x +vx? +dvy?’.

This system has two fixed points (0,0) and (x,0) = (=vVw*—4vAw?/v,0).
We consider two cases.

CASE 1 (d > 0). In this case, the local phase space of (5.20) is shown in
Figure 5.6. We consider v < 0 (v > 0 is similar). Let W% (0) be the trajectory of
a solution y(t) = (x(t),y(t)) of (5.20). If y(t) is unbounded in the first region
of the plan, then y (t) — —oo. Hence, for t > 0 sufficiently large, v (t) decreases.
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FIGURE 5.6. The local phase space of (5.18).

So, y (t) crosses the positive x-axis or converges to (x¢,0). In the first case, by
Theorem 4.6, y(t) is a homoclinic. The second case shows that y(t) is a part
of a heteroclinic. If the second case occurs, then each solution of (5.20), which
lies in heteroclinic, is bounded. By the Poincaré-Bendixon theorem about two
dimensional flows, the solutions (as t — +o0) tend to a cycle or a fixed point.
Since each closed orbit in the plane has a fixed point in it and there is no fixed
point in the inner region of the heteroclinic, so this heteroclinic is filled up
with homoclinics emerged from (x(,0) (see Figure 5.7). We claim that it is a
contradiction. If y is a heteroclinic, then there exists T > 0 such that for each
t>T,y<0and so

h(x) = \/—Vl—d(\/aﬂ —4v?\w2x+vx2) <y. (5.21)

By Remark 3.3, we can consider y(t) as a function of x(t). For x(T) < x <
Xo, we have h(x) < ¥ (x) and lim, ., ¥ (x) = lim,_; h(x) = 0. Furthermore,
since y(x) and h(x) are decreasing, then

y(x)-y(x0) h(x)—h(xo)
X xo < X xo (x(T) < x < xp). (5.22)

Hence, by the mean value theorem,

d dh
(8 < (1) (x <Ex, mx<xo). (5.23)
Now if x — xg, then &.,nx — xo. But hmxaxa dh/dx = —o, and then

limxax(; dy/dx = —o. On the other hand, from (5.20), we have

dy Jwi-4vAw?x +vx?
dx v

+dvy. (5.24)



EXISTENCE OF PERIODIC SOLUTIONS AND HOMOCLINIC ORBITS ... 225
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FIGURE 5.7. The heteroclinic orbit filled by homoclinic orbits.

For x(T) < x < xo, (Vw?*—4vAw2x +vx?)/y > 0 and lim, - dvy(x) = 0.
This result shows that dy/dx does not converge to —oo, which is a contradic-
tion. Hence, y(t) is a homoclinic. Similarly, a solution of (5.20), which lies in
the homoclinic, does not converge to (x,0), hence, it crosses x-axis at two dif-
ferent points. By Theorem 4.6, this solution is a periodic solution. Therefore,
the homoclinic is filled up with the periodic solutions.

CASE 2 (d < 0). In this case, the phase space of (5.20) is as in Figure 5.6.
We consider v < 0 (v > 0 is similar). For p € R, let y, (t) = (x,(t),y,(t)) be a
solution of (5.20) such that y, (0) = (p,0). If 0 < p < xp, then y,(0) > 0 and
if p > xo, then ¥(0) < 0. Now let 0 < p < x¢ < q, then y,(t) and y,(f) are
as shown in Figure 5.8. The orbits of y, and y, will be similar to the ones in
Figures 5.8(a), 5.8(b) or 5.8(c). Figure 5.8(a) shows that y,, is a periodic solution.
If Figure 5.8(b) occurs (Figure 5.8(c) is similar), then y, (t) crosses the x-axis at
two different points or converges to (x,0). Similar to the case d > 0, we can
show that y, (t) does not converge to (xo,0), hence by Theorem 4.6, y, (t) is
a periodic solution. Also for each p < & < xo, yg(t) is a periodic solution and
S0 (xg,0) is a center.

COROLLARY 5.7. For each u € R, the system

x=y,

Yy =2z, (5.25)
z=—-w’y+ulax+cz)y (a,ceR)

has many periodic solutions. In addition, if ac > 0, then the system has many
homoclinic orbits which make a C' two-dimensional surface. In this case, each
homoclinic orbit lies on a C' orientable two-dimensional manifold and inside it
is filled up with the periodic solutions.

PROOF. By Lemma 2.4 and similar proof as Corollary 5.5, it is obvious. O
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FIGURE 5.8. The local behaviour of y; and yp.

Corollary 5.1 shows application of Theorem 4.2, where the Hopf bifurcation
occurs for A = 0. Now we give an example of the application of Theorem 4.2
with A = 0.

EXAMPLE 5.8. Consider (2.9) with p =1, w = 3, and f(x,y) = x2+x3y —
((7—-3+/5)/2)x?y. Then we have the following equation:

X=y,
- (5.26)
¥ =A2—(9—2A)x+x2+y((x+;\)3—9TM§(X+A)2).
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Since fx, (0,0) = 0, we cannot apply Corollary 4.3. But for each A close to
1, we have (x3,0) = ((9—2A—+/81-36A)/2,0) as a fixed point for (5.26). For
A=1,x; = (7-3+/5)/2 with corresponding eigenvalues +i+/3+/5. Furthermore,
Sy (x1+1,0) =0 and fyy(x1+1,0) = (9-3+/5)/2 # 0. Hence, for A = 1, a Hopf
bifurcation occurs for (5.26) at (x1,0) and we have the following corollary.

COROLLARY 5.9. The following system has many periodic solutions:

X+ wix = u[(2x+3x2y+ (7+35)xx)x + <x3 + #xﬁx} (5.27)

COMPARISON. In Section 2, we explained the result of [7] briefly. Now we
compare our results to that of [7].

(1) As arestriction, [7] guarantees only one periodic solution, also the value
of |u| may be very small; but by Theorem 4.2, we obtain many periodic so-
lutions. Moreover, we have no restriction for |u|. This is due to the fact that
the constant M (see Theorem 3.1) can be arbitrary large, so by Corollary 4.3, if
Jx»(0,0) # 0, then for each u € [-M,M], (2.4) has many periodic solutions.

(2) It also seems that the conditions (H;), (H2), and (2.5) are more applicable
than that of [7].

(3) We studied the effect of some quadratic terms for (2.4) and obtained
many homoclinic orbits and periodic solutions. Also, we explained that the
homoclinic orbits make two-dimensional manifolds. Furthermore, we saw that
the homoclinic orbits are filled up with the periodic solutions.

(4) By Lemma 2.4, if (x,0) is a fixed point for (2.9), then (xo+ A, 0,0) is a fixed
point for (2.4). Since the periodic solutions obtained by the Hopf bifurcation
lie in a neighborhood of (x(u,A),0), so the periodic solutions for (2.4) make a
cylinder around the x-axis.
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