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For a class of uncertain nonlinear systems (UNSs), the flow-invariance of a time-
dependent rectangular set (TDRS) defines individual constraints for each compo-
nent of the state-space trajectories. It is shown that the existence of the flow-
invariance property is equivalent to the existence of positive solutions for some
differential inequalities with constant coefficients (derived from the state-space
equation of the UNS). Flow-invariance also provides basic tools for dealing with the
componentwise asymptotic stability as a special type of asymptotic stability, where
the evolution of the state variables approaching the equilibrium point (EP){0} is
separately monitored (unlike the standard asymptotic stability, which relies on
global information about the state variables, formulated in terms of norms). The
EP{0} of a given UNS is proved to be componentwise asymptotically stable if and
only if the EP{0} of a differential equation with constant coefficients is asymptot-
ically stable in the standard sense. Supplementary requirements for the individ-
ual evolution of the state variables approaching the EP{0} allow introducing the
stronger concept of componentwise exponential asymptotic stability, which can be
characterized by algebraic conditions. Connections with the componentwise as-
ymptotic stability of an uncertain linear system resulting from the linearization
of a given UNS are also discussed.

2000 Mathematics Subject Classification: 34C11, 34D05, 93D20, 93C10, 93C41.

1. Introduction. Flow-invariance theory emerged from the pioneering re-
search developed by Nagumo [8] and Hukuhara [4] at the middle of the pre-
ceding century, and further significant contributions have been brought by
many well-known mathematicians, among which are Brezis [1], Crandall [2],
and Martin [5]. Two remarkable monographs on this field are due to Pavel
[11] and Motreanu and Pavel [7]. Voicu, in [12, 13], proposes the use of flow-
invariant hyperrectangles for continuous-time linear systems, resulting in the
definition and analysis of a special type of (exponential) asymptotic stabil-
ity, namely, the componentwise (exponential) asymptotic stability. Later on, an
overview on the applications of the flow-invariance method in control theory
and design was presented in [14]. Recent results have extended these new con-
cepts for linear systems with time-delay [3] and for linear systems with interval
matrix [9]. Robustness problems for componentwise asymptotic stability have
been addressed in [10].
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The current paper focuses on a class of nonlinear systems with uncertain-
ties and uses the powerful tool offered by the flow-invariance theory to reveal
some important properties of state trajectories around the equilibrium points,
which remain unexplored within the standard framework of stability analysis.
These properties allow a componentwise refinement of the dynamics, and, con-
sequently, they present a particular interest for real-life engineering problems,
where individual information about the evolution of each state variable is more
valuable than a global characterization of trajectories (expressed in terms of
a certain norm). Moreover, our results are able to cover a whole family of non-
linear systems, corresponding to the uncertainties that can affect the model
construction.

The exposition gradually displaces its gravity center from the qualitative
analysis of the time-dependent rectangular sets which are flow invariant with
respect to the nonlinear uncertain system towards the componentwise (expo-
nential) asymptotic stability of the equilibrium point according to the following
plan. Section 2 deals with the existence of flow-invariant time-dependent rect-
angular sets constraining the state trajectories and prepares the background
for a detailed exploration of the whole family of such hyperrectangles that are
flow-invariant with respect to a given nonlinear uncertain system (Section 3).
Componentwise asymptotic stability and componentwise exponential asymp-
totic stability are addressed in Sections 4 and 5, respectively. In Section 6, the
componentwise asymptotic stability for linear approximation is discussed, and
Section 7 illustrates the overall approach by two examples commented ade-
quately.

Taking into consideration the mathematical nature of the problems raised
by the flow-invariance method, we are going to use componentwise (element-
by-element) matrix inequalities P < Q and P < Q, P,Q € R™™ meaning for all
i=1,...,n,foral j=1,..,m, (P); < (Q)i, and (P);; < (Q);j, respectively.
These notations preserve their signification when handling vectors or vector
functions.

2. Flow-invariance property of the free response. Consider the class of
uncertain nonlinear systems (UNSs) defined as

x=f(x), xeR", x(tg) =Xo, t=to;
n
y ) (2.1)
fi(X) = Zaijxfj, pPij € N,i=1,...,n,
j=1
where the interval-type coefficients
a;; <aij <aj; (2.2)

are chosen to cover the inherent errors which frequently affect the accuracy of
model construction. For any concrete value of the coefficients a;j, belonging
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to the intervals (2.2), the Cauchy problem associated to UNS (2.1) has a unique
local solution for any ty and x(ty) = X since the vector function f(x) fulfills
the local Lipschitz condition.

We also consider the n-valued vector function y(t), with differentiable and
positive components y;(t) > 0, i = 1,...,n. Using these y;(t) >0,i=1,...,n,
define a time-dependent rectangular set (TDRS)

Hy(t) = [=y1 (), y1(O)] X - - X[ =yn (), yn(t)], (2.3)

where [,] X[, ] denotes the Cartesian product.

We are now interested in exploring the free response of UNS (2.1) along
the lines of the componentwise constrained evolution of the state trajectories
induced by the concept of flow-invariance (FI) [7, 11].

DEFINITION 2.1. TDRS (2.3) is FI with respect to UNS (2.1) if there exists
T > to such that for any initial condition x(to) = X¢ € H,, (to), the correspond-
ing state trajectory x(t) = x(t;to,xo) remains (for all possible values resulting
from the interval-type coefficients) inside Hy (¢), for t € [, T), that is,

AT >to, Vx(to)=%x0€ Hy(to), x(t)=x%(t;to,X0) €Hy(t), t<[to,T). (2.4)

THEOREM 2.2. TDRS (2.3) is FI with respect to UNS (2.1) if and only if the
following inequalities hold for t € [ty,T), T > ty:

n
Yy =gy) g:R"—R",  Gi(y)=>cyy,’, i=1..n, (25
j=1

3

YO =gy E:R"—R", Gy => &y, i=l..n, (26
j=1

where ¢;j and Cij have unique values derived from the interval-type coefficients
aij of UNS (2.1) as follows:

max {|a;;|,|af;|}, ifpij odd,

cij=ayj;, forpi oddoreven,  Cij= . (2.7)
ix) max{O,ai*j}, if pij even;

s af;,  ifpii odd, 5 max {|a;; |, |aj;|}, ifpi; odd, 2.8
Y —a;;, Iif pii even; li; max {0,-a;;}, if pij even.

PROOF. A necessary and sufficient condition for TDRS H,,(t) in (2.3) to be
FI with respect to UNS (2.1) can be formulated, according to [11, pages 74-75],
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as follows:
z ) Vl’j . Pii . .
Z j (t)+auyi (t) <yi(t), i=1,...,n,
j=1
J#i
n pii ..
—yi(t) < > agv; T () +ag(~1)Piyl(t), i=1,...n,
j=1
{j#i
for

—yi(t) =vi(t) <y;(t), te [to,T), i=1,..,n.

For i # j and p;; odd, we can write

-max{|a;|,|aj;|}y ”(t)<au J(t)<max{|a l, laf; |}yfij(t),

and, similarly, for i # j and p;; even,
_max{—a{j,O}y Y(t) < aijv; i) <maX{al,,0}y Y(t).

For i = j and p;; odd, we have

auy!(t) <aiyl (),  —alyl"(t) < —auyl(t) = ai (- yi(0)"".

For i = j and p;; even, we have

aiy!"(t) < afyl(t),
—(—ap)yli(t) = agyl(t) < auyli(t) = ai (- yi ()"

(2.9)

(2.10)

(2.11)

(2.12)

(2.13)

(2.14)

The fulfillment of the first set of differential inequalities formulated above

means

Z max {|aj;|,|a};|}y}" (1)
Jj=1
Jj#i
l)ij()dd

n
Z max{alJ,O}yplj(t)+a+ Py <yi(t), i=1,...,n,

S =

i#1
pij even

L~

which is identical to (2.5) with coefficients (2.7).

(2.15)
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The fulfillment of the second set of differential inequalities formulated above
means

> max{|agl,laj; |y} @)
j=1

j#1

J
;i odd
e (2.16)
+ > max{-ag;, 00y Y (t) +duyl () < yi(t), i=1,..n,
i
pij even
where
al, if p;; odd,
O (2.17)
—ay, if pi; even,
which is identical to (2.6) with coefficients (2.8). O

THEOREM 2.3. There exist TDRSs (2.3) which are FI with respect to UNS (2.1)
if and only if there exist common positive solutions (PSs) for the following dif-
ferential inequalities (DIs):

y=g(y), v=8y). (2.18)

PROOF. Itis a direct consequence of Definition 2.1 and Theorem 2.2. O

THEOREM 2.4. There exist TDRSs (2.3) which are FI with respect to UNS (2.1)
if and only if there exist PSs for the following DI:

v=>g(y); g:R" —R", gi(y)=£ré3§{gi(y),§i(y)}, i=1,...,n. (2.19)

PROOF. DI (2.19) replaces the two DIs (2.18) from Theorem 2.3 in an equiv-
alent manner. O

3. The family of flow-invariant TDRSs. In order to investigate the family
of TDRSs, which are FI with respect to a given UNS, we will first focus on some
relevant characteristics of the PSs of DI (2.19) since Theorem 2.4 emphasizes
a bijective link between the two types of mathematical objects. We start with
the qualitative exploration of the solution of the following differential equation
(DE):

z=g(z), (3.1)

which is obtained from DI (2.19) by replacing “>” with “=".

LEMMA 3.1. DE (3.1), with arbitrary to and arbitrary initial condition z(ty) =
Zo, has a unique solution z(t) = z(t;tg,zo) defined on [ty,T) for some T > tg.
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PROOF. We prove that g(z), defined according to (2.19), fulfills the Lipschitz
condition.

Both g; and gj, i = 1,...,n, can be written by separating the even and odd
powers as follows:

9i(2) = @i(2) +¥i(z),  Fi(z) = Pi(2) + Pi(2), (3.2)

where

n n
- - Pij ~ ~ Pij
Piz)= 3 Cuz;'i i@ = X Gz,
j1 i1

Pij odd Pij odd
(3.3)
n p.. n p..
7 . ij. > ~ Pij
Pi(z)= > Cijz; s Pi(z)= > Cijz; .
Jj=1 Jj=1
pij even pij even

Based on the expression derived in Theorem 2.2 for coefficients ¢;; (2.7) and
Cij (2.8), it results that @;(z) and @;(z) are identical, and, therefore, both of
them can be replaced by a unique function

@i(z) = Pi(z) =1 @i(z), i=1,...,n. (3.4)

Thus, we get

9i(2) = max {@i(2) + §i(2),@i(2) + i (D)} = @i(2) + max {i(2), Pi(2) }.

Denote by y;(z) the function defined as o
Yi(z) = max{(i(z), Pi(2)}. (3.6)
Hence, we can write
9i(z) =i(z)+yi(z), i=1,...,n, (3.7)
and, consequently, the vector function g is given by
g8(z) =@2)+y(z). (3.8)

Function @(z) satisfies the Lipschitz condition. In order to have the Lips-
chitz property for g(z), we have to show that @(z) also fulfills the Lipschitz
condition.

For arbitrary x,y € K (K ¢ R" a compact set), we have

lpx) -wwlls=> lwix) -wiy) | (3.9)

i=1
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where
lpi(x) - wi(y)| = glg]}{%(x),&i(x)}—rggg{tﬂi(y),@xy)} . (3.10)

Both ;(z) and (;(z) meet the Lipschitz condition on K. Hence, there exist
L;>0andL; > 0 such that
vx,yeK, |@i(x)-gi(y)| <Lillx-vl>,

~ ~ ~ (3.11)
vx,yeK, |@i(x)-@i(y)| <Lillx-yl>.

Thus, there exists a positive constant L; = max{ii,fi} such that

vxyeK, |¢ix) -@iy)] <Lilx-ylz2, |@:ix)-@i(y)| <Lilx-yl.
(3.12)
On the other hand, the compact set K can be regarded as a union of the
subsets

K =KUKUK, (3.13)
where
K={zeK|Pi(z)>Pi(2)},
K={zeK|¥i(z) < Pi(2)}, (3.14)
K={zeK|@i(z) = Pi(z)}.

Obviously, we are interested in exploring the general case when K, ﬁ, and K
are nonempty, which covers all other possible situations.

When x,y belong to the same subset, and ;(x) and ;(y) are defined by
the same function (i.e., either ; or ¢J;), we, therefore, can write

Wi —yi(y)| <Lilx=vl. (3.15)

We deal with the other cases when x and y belong to different subsets.
(1) For x €K, y € K, we have

lwix)—wi(y)| = |@ix) = Pi(y) |, (3.16)

which means one of the following two situations:
(1a) i(x) = @i(y) implies |yi (%) = yi(y) | = i (%) = Pi(y).
On the other hand, y e K = ¢J; (y) > @i (y).
Thus, we conclude that |¢;(x)-yi(y)| < ¢i(x)-i(y) < Lillx-yll.
(1b) Pi(x) < Py (y) implies |y (x) —@i(y)| = Pi(y) — Pi(x).
On the other hand, x €K = ;(x) > §; (x).
Thus, we conclude that | (x)—y;(y)| < @i (y)—- @i (x) < Lil|x—yll.
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(2) For x €K, y €K, we have
lpix) —wi(y)| = |@g:ix) - @i(y)] < Lillx—vll2. (3.17)

For the remaining cases (x €K, yeK; x €K, yeK; x €K, y € K), the
approach is similar, and, consequently, we get

vx,yeK, |pix)-yi(y)| <Lillx-vyl2, i=1,...,n. (3.18)

Thus, for the vector function g, we can write

n

Swi —wiy)|° <> (L x-ylI3)

i=1 i=1

n
- ZL%)nx—w%,
i=1

lwx) - gy}
(3.19)

which means

vx,yeK, |[g@-wWwl,= D LZIx-vlo, (3.20)
i=1

showing that @(z) satisfies the Lipschitz condition. Consequently, g(z) satis-
fies the Lipschitz condition.

This completes the proof for the existence and uniqueness of the solution
of the Cauchy problem. |

LEMMA 3.2. For any to and any positive initial condition z(ty) = zo > 0, the
unique solution z(t) = z(t;tg,zo) of DE (3.1) remains positive for its maximal
interval of existence [to, T).

PROOF. First, we prove that, for any t, and any nonnegative initial condi-
tion z(tg) = zg = 0, the unique solution z(t) = z(t;tg,zo) of DE (3.1) remains
nonnegative as long as it exists.

The uniqueness of z(t) is guaranteed by Lemma 3.1.

On the other hand, for any z > 0, the definition of g; in (2.19) ensures the
fulfillment of the inequality

0=<gi(z) withz;=0,z;=0,i+j, fori=1,...,n. (3.21)

This means that, for the vector function v(t) = [v;(t) - - - v, (t)] =[0---0],
where [- - -]" denotes transposition, the inequality

vi(t) < gi(z1,...,2i-1,Vi(t),Zis1,..,20), i=1,...m, (3.22)
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holds for arbitrary nonnegative z > 0, which is a necessary and sufficient con-
dition for the flow invariance of the set R with respect to DE (3.1), that is,

Vitg <t, VZ(tQ) =2zy =0, Z(t;to,Zo) > 0. (3.23)

Now, for any ty and any positive initial condition z(ty) = z¢p > 0, we can
write the following inequalities for the corresponding unique solution z(t) =
z(t;tg,zo) of DE (3.1):

Zi(t) > éiizf”(t), ¢i; = max {C_ii,Eii}, i=1,...,n, (3.24)

because, according to the definition of g; in (2.19), all the coefficients ¢;;, i,
Jj#1i,j=1,...,n, are nonnegative, and all z;(t) are also nonnegative (from the
first part of the current proof).

We start with the case when ¢;; = 0. As z;(t) > 0 (from the first part of the
current proof), we have

z;(t) =0, Zl'(t()) > 0, (3.25)
which shows that z;(t) is nondecreasing as long as it exists, yielding
zi(t) ZZi(to) >0 (3.26)

for its maximal interval of existence.
Now, we deal with the case when ¢;; < 0. Consider the differential equation

7 (t) = Cur! (D), (3.27)
with the initial condition
ri(to) = zi(to) > 0. (3.28)

According to a well-known property of the scalar differential inequalities
(e.g., [6, page 57]), we have

zi(t) = ri(t), te][ty,T), (3.29)

where [to, T) denotes the maximal interval of existence for both z; (t) and 7;(t).
For p;; = 1, 7;(t) is given by

ri(t) = zi(to)eiit=10) |t & [tg, ), (3.30)
and, therefore,
zi(t) = zi(ty)efiit=t0) > (3.31)

for the maximal interval of existence of z;(t).
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For py; > 2, r;(t) is given by

1
pii—l\/_éii(pii —1)(t—to) + 1/zfti—1 (to)

ri(t) = t € [to, ), (3.32)

and, therefore,

zi(t) = 1 >0 (3.33)

P\ =i (pii— 1) (t —to) +1/27 " (to)

for the maximal interval of existence of z;(t). The proof is completed since t,
and z(ty) = zg > 0 were arbitrarily taken. O

We can easily see that Lemma 3.2 guarantees the existence of PSs for DI
(2.19) in the particular case when “>" is replaced by “=.” However, DI (2.19)
might have PSs that do not satisfy DE (3.1), and, therefore, we further establish
a connection between the PSs of DI (2.19) and the PSs of DE (3.1).

LEMMA 3.3. Lety(t) > 0 be an arbitrary PS of DI (2.19) with the maximal
interval of existence [ty, T). Denote by z(t) an arbitrary PS of DE (3.1), corre-
sponding to an initial condition z(t,) that satisfies the componentwise inequality

0 <Z(t0) Sy(to). (3.34)

Denote by z* (t) the unique PS of DE (3.1) corresponding to the initial condition
taken by y(t), that is,

Z*(to) Ey(to). (3.35)

For t € [ty,T), the following inequalities hold:
0<z(t) <z*(t) <y(t). (3.36)
PrROOF. The fulfillment of the inequality 0 < z(t) for 0 < z(ty) is guaran-
teed by Lemma 3.2. Suppose that there exists a vector function h(t) € R",
which is differentiable and positive for t € [ty, T), with the following property:
any solution of DE (3.1) z(t) = z(t;to,Zo), whose initial condition satisfies the

inequality

0<Z(t0) =Zo£h(t0), (337)

satisfies the inequality

0<z(t) = Z(t;t(),Z()) <h(t), te [to,T). (3.38)
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According to [11, pages 74-75], a necessary and sufficient condition for such
a property to take place is that

gi(Zl,...,Zi_l,hi,Zi+1,...,Zn)Shi, iZl,...,TL, (339)

forallzwith0 <z <h.
Using the definition of g; in (2.19), we can write, for 0 < z < h(t),

gi(zly---yZi—lyhiyZHl;---:Zn)

n n
PN = Pii oy il P
= max <cih{"+> ¢iz; " Eihl "+ &z,

j=1 j=1
J#1 Jj*1
(3.40)
n B n
< max Eiihf” + Z Eijh?lj,cwiihf” + Z Cij
heR” : :
j=1 j=1
j=l j=l
Shi, i=1,...,n,
which actually means
gh) <h, telty,T). (3.41)

In other words, the vector function h(t), we have considered above, should
be an arbitrary PS y(t) > 0 of DI (2.19). Hence,

0<z(t) <y(t), te]ty,T), (3.42)

for all PSs z(t) = z(t;to,zo) of DE (3.1), corresponding to initial conditions that
satisfy the inequality

0 < z(tyg) =z <y(to). (3.43)

The PS solution z*(t) = z(t, to,y(to)) of DE (3.1), which corresponds to the
initial condition y(tp) > 0, satisfies the inequality

0<z*(t) <y(t), te]tyT), (3.44)

but, at the same time, it is one of the PSs of DI (2.19) with the initial condition
y(to) > 0, and, consequently, it is able to ensure

0<z(t) <z*(t), telt,T). (3.45)
O

THEOREM 3.4. IfHy(t), Hz (t), and H,(t) denote three TDRSs, which are FI
with respect to UNS (2.1), generated by the following three types of PSs of DI
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(2.19), y(t)-arbitrary PS of DI (2.19), z* (t)-unique PS of DE (3.1), with z* (ty) =
y(to), and z(t)-arbitrary PS of DE (3.1), with z(ty) <y(ty), then

H,(t) = Hz« (t) cHy(t) Vit € [to,T), (3.46)

where [to, T) denotes the maximal interval of existence for Hy ().
PROOF. The construction procedure of Hy (¢), H;« (t), and H, () guarantees,

according to Lemma 3.3, the following inclusions:

[—ziV),ziO)] s [-zF @), zF ()] = [-yi(t),yi(D)], te[to,T), i=1,...,n.
(3.47)

Now, taking the Cartesian product (2.3) that defines the TDRSs, we complete
the proof. 0O

Given a TDRS which is FI with respect to UNS (2.1), we can formulate a con-
dition for the existence of other TDRSs, strictly included in the former one,
which are FI with respect to UNS (2.1) too.

THEOREM 3.5. Denote by Hy (t) a TDRS, which is FI with respect to UNS (2.1)
for its maximal interval of existence [ty, T). If there exist n functions §;(t) € C,
which are nondecreasing, positive, and subunitary 0 < 6;(t) <1,i=1,...,n,
such that

g(A)y(t) =At)g(y(t)); A(t) =diag {5;(t),...,0n (D)}, (3.48)

then the TDRS Hay (t), generated by the vector function A(t)y(t), is also FI with
respect to UNS (2.1) and

Hay (t) CHy(t), te€[t,T). (3.49)

PROOF. As Hy () is FIwith respect to UNS (2.1), the vector function y(t) is a
PS of DI (2.19), and, consequently, the following inequality holds for t € [t(,T):

At)g(y(t)) = A(t)y(t), (3.50)
due to the positiveness of 6;(t),i=1,...,n.

Taking into account the monotonicity of 6;(t), i = 1,...,n, and the positive-
ness of y(t), we can also write

A)g(y(t) <AV +A)y(t) = %(A(t))’(t)), te(t,T), (.51

which is further exploited, together with inequality (3.48), to show that A(t)y(t)
is a PS of DI (2.19). Hence, TDRS Hay (t) is FI with respect to UNS (2.1).
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On the other hand, the conditions 6;(t) < 1, i = 1,...,n, imply the strict
inclusions

[=68:(t)yi(t),8;(t)yi(t)] C[-yi(t),yi(t)], i=1,...,n, t €[to,T), (3.52)

which, in accordance with the definition of TDRSs in (2.3), complete the proof.
O

REMARK 3.6. Functions 9;(t) can be chosen as positive, subunitary con-
stants, a case in which the resulting TDRS Hay(t) is homotetic with Hy(t),
taking different transformation factors for each component. When all §;, i =
1,...,m, are equal to the same positive, subunitary constant, the transforma-
tion factors are identical for all the components.

A great interest for practice presents those TDRSs, FI with respect to UNS
(2.1), which are defined on [fy, ) and remain bounded for any t € [tg, ).
Therefore, our next theorem deals with the case of infinite-time horizon, for
which it gives a necessary condition formulated directly in terms of interval-
type coefficients a;; and exponents p;; in UNS (2.1).

THEOREM 3.7. For the existence of TDRSs, FI with respect to UNS (2.1), which
are bounded on [ty, ), it is necessary (but not sufficient) that a;; and pi; of UNS
(2.1) meet the following requirement, fori=1,...,n:

(if pi; odd, then af; <0) or  (ifpii even, thena;=a;;=0). (3.53)

1 —

PROOF. The boundedness on [ty, o) of a TDRS Hy (t) which is FI with re-
spect to UNS (2.1) means, according to Theorem 2.4, the existence of PSs for DI
(2.19) which are bounded on [t(, «). Denote by y(t) such a solution of DI (2.19).
Denote by z*(t) the PS of DE (3.1) which corresponds to the initial condition
z*(tg) = y(to) > 0. From Lemma 3.3, it follows that z*(t) is also bounded.

On the other hand, the second part of the proof of Lemma 3.2 shows that
z(t), i=1,...,n, should satisfy the inequality

2X(t) = éu(zF ()P, éi = max {¢i,Ciil (3.54)
If, for arbitrary i, i = 1,...,n, we attach the differential equation
7i(t) = éar! (1) (3.55)
with the initial condition

ri(to) =z} (o), i=1,...,n, (3.56)
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we can use the link between z;*(t) and 7;(t) (e.g., [6, page 57]). Consequently,
for the maximal interval of existence of both z; (¢) and 7;(t), we get

zH (1) = ri(1), (3.57)

which, corroborated with the boundedness requirement for z; (t), implies the
boundedness of 7;(t) on [to, T).
For the solutions 7;(t), we have the following analytical expressions:
(i) if ¢;; = 0, ri(t) = 7i(to),
(ii) if é; # 0 and p;; = 1, 7;(t) = 7;(to)eCiit=to)
(iii) if ¢;; # 0 and py; = 2, ¥ (t) =1/ pir{/_éii(pii_ (t—to) + 1/1’ip”_l(to),
showing that, for the boundedness of 7;(t) on [tg, ), we need ¢;; < 0.

Now, taking into account formulation (2.7) and (2.8) of ¢;;, ¢;; in terms of the
interval type coefficients a;; of UNS (2.1), we see that there exist the following
possibilities:

@) if pi; odd, then, with necessity, aj; < 0,

(i) if py; even, then, with necessity, a; = a; = 0.
The proof is completed because the previous discussion is valid for any i,
i=1,...,n. O

The next step in refining the conditions imposed on the TDRS FI with respect
to UNS (2.1) aims at forcing the boundedness property by adding a supplemen-
tary request for the time-dependence of TDRS, namely, to approach {0} for
t — oco. Thus, the concept of FI induces a particular type of asymptotic stability
(AS) for the equilibrium point (EP){0} of UNS (2.1) (stronger than the standard
concept based on vector norms in R"), which is going to be separately studied
in the following section.

4. Componentwise asymptotic stability. Let y(t) : [tg, o) — R" be a differ-
entiable vector function with y;(t) > 0,i=1,...,n, (as considered in Definition
2.1, which introduces the FI concept), and suppose that y(t) also has the prop-
erty

}{my(t) =0. (4.1)

DEFINITION 4.1. EP{0} of UNS (2.1) is called componentwise asymptotically
stable with respect to y(t) (CWAS,) if, for any x(to) = xo with |x¢| < y (o), the
following inequality holds:

[x(t)| < y(t), te][ty,™). (4.2)
REMARK 4.2. Definition 4.1 can be restated in terms of FI by taking Definition

2.1 with T = oo in (2.4) supplemented with condition (4.1) for the behavior at
the infinity.
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In the light of the above remark, the results presented in Theorems 2.3 and
2.4 can be immediately transformed to characterize CWAS,, of EP{0} of UNS
(2.1), yielding the following two theorems.

THEOREM 4.3. P{0} of UNS (2.1) is CWAS,, if and only if there exist common
PSs y(t) >0 for DI (2.18), with lim;_., y(t) = 0.

PROOF. It is a direct consequence of Theorem 2.3 for the particular case of
TDRSs meeting condition (4.1). O

THEOREM 4.4. EP{0} of UNS (2.1) is CWAS,, if and only if there exist PSs
y(t) > 0 for DI (2.19), with lim;_. y(t) = 0.

PROOF. Itis a direct consequence of Theorem 2.4 for the particular case of
TDRSs meeting condition (4.1). O

As the boundedness of TDRSs on [ty, ) introduces some restrictions for
the exponents p;; and interval-type coefficients a;; of UNS (2.1) (formulated in
Theorem 3.7), more restrictive conditions are expected when replacing bound-
edness with the stronger requirement (4.1).

THEOREM 4.5. A necessary condition for EP{0} of UNS (2.1) to be CWAS,, is
that p;; odd and af; <0 foralli=1,...,n.

PROOF. From the fact that EP{0} of UNS (2.1) is CWAS,, it follows that, for
each i, i = 1,...,n, there exists a number of points where y;(t) is decreasing.
Let t* be one of them, meaning that y;(t*) < 0. Taking into account that y(t)

is a PS of DI (2.18), we get the inequalities
0> yi(t*) = gi(yi(t*)) = Cuiyi(t™),
o N (4.3)
0> yi(t*) = gi(yi(t*)) = Cuyi(t™),

which, because of the positiveness of y(t*), yield the necessary condition
¢ii = max {C_ii’éii} < 0. (4.4)

The proof continues along the lines of the proof of Theorem 3.7 in order
to restate this condition in terms of p;; and a;;, i = 1,...,n, of the considered
UNS (2.1). O

We now resume our qualitative analysis of the solutions of DI (2.19) and DE
(3.1) to develop a refined interpretation of the result stated in Theorem 4.4.

LEMMA 4.6. Let p;; odd and af; <0 for alli=1,...,n. Consider an arbitrary
PSy(t) > 0 of DI (2.19) with its maximal interval of existence [to,T). If z(t)
denotes an arbitrary solution of DE (3.1), corresponding to the initial condition
z(to), satisfying

-y (to) = z(to) < y(to), (4.5)
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then the following inequalities hold for t € [ty,T):
-y(t) <z(t) <y(t). (4.6)

PROOF. Suppose that there exists a vector function h(t) € R", differentiable
and positive for t € [ty, T), with the following property: any solution of DE (3.1)
z(t) =z(t;ty, z0), whose initial condition satisfies the inequality

—h(to) =< Z(to) =< h(to), 4.7)
satisfies the inequality
—h(t) <z(t) <h(t), te/(ty,T). (4.8)

According to [11, pages 74-75], anecessary and sufficient condition for such
a property to take place is that

gi(zla"',Zi—lahiizi+la"'1zn) = hi! l: 11"'7”;
. (4.9)
gi(zls---:zi—la_hi,ZHla---szn) = _hi’ 1= 1""!”!

for all z(t), with —h(t) < z(t) < h(t). Using the definition of g; in (2.19), we
can write

gi(z1,..,zi1, M4, Zis1, -, Z0)

n n

- i - Pij ~ . ~ Pij
= max qéihi '+ ¢ijz; " Cuh+ Y izt
hizj, j#i j=1 j=1
J#i J#i

1 (4.10)

~

n n
= Pii _ L Pij o~ o P ~ 1 Pij
< max Ciihf”+ E Cl'jhju,Ciihf”+ E Cijhjlj
heRn” : :

Jj=1 Jj=1

J#i J#i J

Shi, i=1,...,1’l,
which actually means DI (2.19) (written in h instead of y) and

gi(z1,..,zi-1,—hi, Zis1, ..., Zn)

) i (4.11)

where ¢;; = ¢;j = ¢;j because all p;;j are odd.
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The last set of inequalities means

n
hiZ Z Cij(hj)pij, i=1,...,n, 4.12)
1

j=
Pij odd

which is automatically satisfied whenever DI (2.19) is met because each inequal-
ity in DI (2.19) also includes a positive amount given by the sum corresponding
to the even py;.

Thus, we have shown that the vector function h(t), considered above, should
be a PS of DI (2.19), a fact that completes the proof. |

Lemma 4.6 creates a deeper insight into the topology of the solutions (not
only positive) of DE (3.1) in the vicinity of EP{0}, which permits revealing the
link between condition (4.1) and the nature of EP{0} for DE (3.1).

THEOREM 4.7. EP{0} of UNS (2.1) is CWAS,, if and only if EP{0} of DE (3.1)
is AS.

PROOF

SUFFICIENCY. The statement “EP{0} of DE (3.1) is AS” ensures the existence
of a vicinity of {0}, denoted by V(0), such that, for any z(ty) = zo € V(0), the
solution z(t) = z(t;tg,zo) of DE (3.1) has the property lim;_. z(t) = 0. If, in
V(0), we take a positive initial condition z* (ty) = z§ > 0, then, in accordance
with Lemma 3.2, the corresponding solution z*(t) of DE (3.1) will remain pos-
itive on [tg, o) with lim;_. . z*(t) = 0. Thus, we have found a PS for DI (2.19),
which also meets condition (4.1); from Theorem 4.4, it results that EP{0} of
UNS (2.1) is CWAS,, with y(t) = z*(¢).

NECESSITY. The statement “EP{0} of UNS (2.1) is CWAS,,” ensures the ex-
istence of a PS y(t) for DI (2.19), defined on [ty, o) and with lim;_. y(t) = 0.
According to Lemma 4.6, this means that, for any z(ty) = zo with —y(ty) <
z(ty) < y(t), the corresponding solution z(t) = z(t;to,zo) of DE (3.1) has the
property

—y(t) <z(t) < y(1), te [to,®), (4.13)

with lim; . y(t) = 0. It results that EP{0} of DE (3.1) is AS. O

REMARK 4.8. Clearly, the concept of CWAS,, for EP{0} of UNS (2.1) is not
equivalent to the standard AS. If EP{0} of UNS (2.1) is CWAS,, then it is AS,
but the converse statement is not true. However, Theorem 4.7 can be used as a
sufficient condition for approaching the standard problem of AS for UNS (2.1),
where the presence of uncertainties (expressed by interval-type coefficients)
makes rather difficult the usage of classical procedures.
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For practice, it is hard to handle DE (3.1) in order to check its AS analytically.
A more attractive approach is to find just a sufficient condition for CWAS,,,
based on an operator with a more tractable form than g in DE (3.1).

THEOREM 4.9. Consider the DE
n pii
z=8(z); Gi(z) =D ¢éjz;7, i=1,...,m, (4.14)
j=1

where the coefficients ¢;jare defined by
c“ij:max{c'ij,ﬁij}, i,j=1,...,n. (4.15)

(i) If EP{0} is AS for DE (4.14), then EP{0} is CWAS, for UNS (2.1).
(ii) In the particular case when the interval-type coefficients a;j of UNS (2.1)
satisfy the inequalities given below, for eachi,i=1,...,n,

if pij even then (a;; = —a;; Vjoraj; < —a;; vj), (4.16)
i+j ’ '

the sufficient condition stated at (i) is also necessary for EP{0} of UNS (2.1) to
be CWAS,,.

PROOF. (i) We can easily see that the techniques used in the proof of Lemma
3.2 can be immediately applied to show that, for any positive initial condition
y(to) = yo > 0, the corresponding solution y(t) of DE (4.14) remains positive
as long as it exists. Thus, from the AS of EP{0} of DE (4.14), it results that
DE (4.14) has PSs, generically denoted by y(t) defined on [ty, ) and meeting
condition (4.1).

On the other hand, the following inequality

g(y) =g(y) 4.17)

holds for all y € R”". Finally, we see that, for any PS of DE (4.14) with the
properties mentioned above, we can write

v=1(y) = g(y). (4.18)

This means that y(t) > 0 is a PS for DI (2.19), also meeting condition (4.1),
that is, UNS (2.1) is CWAS,,, with y(t) = y(f).

(ii) A quick exploration of the definition of g in (4.14) shows that the dif-
ference from g in (2.19) actually refers to the sums corresponding to p;; even,
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that is,

n
A Pij . . A~
Y. ¢ijz;"" which appears in g;;

—

+
pij even

(S

n

> C-ijzj"ij which appears in g;;

j=1 (4.19)
J#i

pij even

n
~ Pij . . ~ .
> &jz;" which appears in i; i=1,...,n.

Condition (4.16), expressed in terms of ¢;; and ¢;;, means, for each i =
1,...,n,
(@) ¢ij = Cyj for all j corresponding to p;; even, or
(b) Cij = ¢;j for all j corresponding to p;; even.
The inequalities in case (a) show that

gi(2) = gi(z), zeR", (4.20)
yielding the conclusion (because p;; are even)
9i(z) =max {gi(2),di(2)} = §i(z) = §i(z), z€R". (4.21)
The inequalities in case (b) show that
gi(z) = gi(z), zeR", (4.22)
yielding the conclusion (because p;; are even)
9i(z) = max{gi(2),di(z)} = §i(z) = §i(z), z€R". (4.23)
Thus, taking all i = 1,...,n, we can write
g(z)=g(z), zeR™ (4.24)

This equality allows the replacement of g(z) by g(z) in Theorem 4.7, which
is a necessary and sufficient condition. |

The advantage of Theorem 4.9 consists in dealing with a single DE (4.14)
whose coefficients have unique and constant values. Moreover, inequalities
(4.16) may be frequently fulfilled in practical studies, a fact that ensures a
complete answer to the CWAS,, investigation.
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5. Componentwise exponential asymptotic stability. Consider the vector
function

y(t) =xe™, «=[ai,...,0n] €R", & >0,i=1,...,n, ¥ <O0. (5.1)

DEFINITION 5.1. EP{O} of UNS (2.1) is called componentwise exponential
asymptotically stable (CWEAS) if there exist @ € R"™, & > 0, and v < 0 such that,
for any x(ty) = Xo with |Xg| < ate”?o, the following inequality holds

[x(t)| < ae™, te[ty,). (5.2)

REMARK 5.2. Definition 5.1 can be restated in terms of Definition 4.1 by
taking for y(t) the particular form given by (5.1).

It is natural to understand this particularization of the function y(t) as a
new restriction on the time-dependence of TDRS (2.3), which imposes a certain
decreasing rate that should be followed by the state trajectories of UNS (2.1).
Such a restriction is reflected by more severe conditions on the exponents p;;
and interval-type coefficients a;; of UNS (2.1) than stated in Theorem 4.5.

THEOREM 5.3. A necessary condition for the EP{0} of UNS (2.1) to be CWEAS
is that p;; =1 and aj; <0,i=1,...,n, in UNS (2.1).

PROOF. If EP{0} of UNS (2.1) is CWEAS, then, according to Theorem 4.3 and
Remark 5.2, there exist @ € R", & > 0, and r < 0 such that

n
- - i D Pij p..
0> aire’ = gi(ae™) = ¢ ePi™t Y o ePiint
i
Jj#i

> (fii()(fiiepiirt, te [to,oo), i=1,...,n,

(5.3)
0> aire’ = Gi(ae™) = T ePii™ + 3 ¢y ePi”t
j=1
Jj=i
> Eii()(fiiep”rt, te [to,oo), i=1,...,n.
It follows that we necessarily have
Cii <0, Cii <0, piiv =7, (5.4)

which, in terms of UNS (2.1), means a; < 0 and p;; = 1. O
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THEOREM 5.4. EP{0} of UNS (2.1) is CWEAS if and only if the following non-
linear algebraic inequalities are compatible (have solutions «; > 0,i=1,...,n,
r<0)

n C— pl]

Z <r; i=1,..,m, (5.5)
n 8"0(’{”"'

ST <y i=1,.,n (5.6)
: (6.6

PROOF. The statement “EP{0} of UNS (2.1) is CWEAS” is equivalent with the
existence of «; > 0,i=1,...,n, and » < 0 such that

- Pi .
ch'j(x Yelii™ < e, te[ty, ), i=1,...,n,

- (5.7)

n
> cNiA,-O(fije”U” <ogre’™, telty,®),i=1,...,n.
j=1
The necessity of (5.5) results from the above inequalities by taking t = 0. For
the sufficiency of (5.5), we take into account that p;; = 1,1 = 1,...,n, (according
to Theorem 5.3), and for arbitrary t € [tg, ), we can write
n

n

p pPi
Z Pt o = gie o+ Y cue”U”(x U< éie o+ Z cijet o i
Jj=1 Jj=1 Jj=1

J=i J=i
(5.8)
n )
= Zc’”(xf” e’ < (xir)e’t = x;re i=1,...,n,
j=1
Jj#i
and, similarly,
n .
Z ePif’t J<o<re” i=1,...,n. (5.9)
j=1 O

THEOREM 5.5. EP{0} of UNS (2.1) is CWEAS if and only if the following non-
linear algebraic inequalities are compatible (have solutions «; > 0,i=1,...,n):

n C_ pl]

Z i=1,..,n, (5.10)
Eij()(?j
———<0; i=1,...,n. (5.11)

PROOF. It is an immediate consequence of Theorem 5.4 due to negativity
of r. O
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Conditioning the existence of CWEAS to the values of p;; in UNS (2.1) (as
stated in Theorem 5.3) raises a direct question about the link between CWEAS
and CWAS,.

THEOREM 5.6. For p;; =1 andaj; <0,i=1,...,n, the EP{0} of UNS (2.1) is
CWAS,, if and only if it is CWEAS.

PROOF

SUFFICIENCY. This is obvious according to Definition 5.1 and Remark 5.2.

NECESSITY. According to Theorem 5.5, when multiplying each inequality
(5.10) and (5.11) by &; > 0, i = 1,...,n, we get that the CWEAS condition for
EP{0} of UNS (2.1) is equivalent to

g() <0, g(x) <0, (5.12)

where g and g are defined in (2.19).

Now, assume that EP{0} of UNS (2.1) is CWAS,,, but it is not CWEAS. As EP{0}
of UNS (2.1) is not CWEAS (in accordance with our assumption), it results that
there exists no & € R", « > 0, such that §(«) < 0 and g(«) < 0.

On the other hand, the EP{0} of UNS (2.1) is CWAS,,, meaning that (according
to Theorem 4.3) there exists at least one y(t) > 0 with lim;_ y(t) = 0, which
is a PS of DI (2.18). It follows that there exists at least one point t* € [tg, o)
for which we can write

(5.13)

and, moreover, (since y(t) > 0, t € [tp, o)) that there exists at least one «,
namely, ot = y(t*) > 0, such that both inequalities g(«) < 0 and g(«x) < 0 are
satisfied.

We have obviously reached a contradiction due to our assumption that EP{0}
of UNS (2.1) is not CWEAS. This means that our assumption is false and EP{0}
of UNS (2.1) is CWEAS. O

The nonlinear algebraic inequalities (5.5) can be written compactly in a ma-
trix form, using norm oo, by considering the square matrices M, M € R™" with
the following entries:

) cijo;” () &ijo;” (5.14)
1) 0(1 ’ 193] (Xl ’ -

and a positive real number:

S>|éii|, i=1,...,n. (5.15)
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THEOREM 5.7. EP{0} of UNS (2.1) is CWEAS if and only if there exist «; > 0,
i=1,...,n, andr <0 such that

max {[|[M+sI||,, |[M+sI|| } <7 +5. (5.16)

PrROOF. Taking s asin (5.15), inequalities (5.5) can be rewritten, equivalently
(since pj; = 1), in the following form:

n C—_'al”ij
- 1]y .
(Cii+s)+ > I <y+s, i=1,...,n,
IS
(5.17)
nopo ol
~ g
(Cii+s)+> I <v+s, i=1,...,n,
%

which, using a matrix formulation, means exactly (5.16) because all the entries
of matrices M+ sI and M + sI are nonnegative. O

THEOREM 5.8. EP{0} of UNS (2.1) is CWEAS if and only if there exist «¢; > 0,
i=1,...,n,andr <0 such that

max {[|[M+sI||, |[M+s1|| .} <s. (5.18)

PROOF. Itis a direct consequence of Theorem 5.7 due to the negativity of r.
O

REMARK 5.9. Theorems 5.7 and 5.8 present the advantage of a more tract-
able formulation from the computational point of view than inequalities (5.5)
and (5.6), respectively. Thus, the determination of «;, i = 1,...,n, and v can be
approached as a nonlinear optimization problem with adequate constraints.

As already discussed in the general case of CWAS,, it might be preferable to
use a sufficient condition generated from DE (4.14) in Theorem 4.9. Therefore,
consider the square matrix P € R"™*" with the following entries:

(P);; = ¢ijePu™t, &>0, (5.19)

where ¢;;,1,j = 1,...,n, are defined by (4.15) in Theorem 4.9. Denote by Amax (P)
the eigenvalue of P (simple or multiple) with the greatest real part. As ¢; i =0,
i+j,i,j=1,...,n,according to [9], Amax (P) is a real number.

THEOREM 5.10. If, for a given € > 0, matrix P is Hurwitz stable, then the
EP{0} of UNS (2.1)is CWEAS for some0 < o¢; < &,i=1,..., 1, and Apax (P) =7 <0.
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PROOF. Consider the square matrix M whose entries are defined as
éi Jj (Xpij

(M)ij—T,j, i=1,...,n, (5.20)

where ¢;; are defined according to (4.15). This means that we can write

max {|[M+sI||.,||M+sI||..} <||[M+s1]|.. (5.21)

001

Now, for any 0 < ; < &, we have

~  pij-1
O(J‘(Cij()(j‘ ) e
(M)ij = X < &jCi T &
1

o (P). (5.22)
- ‘fx)” =, Vij=1,...,m, i+],
i

(M);;=(P)y, i=1,...,m,

which can be globally written as
M <D 'PD, (5.23)
where D = diag{x,..., &, }. It follows that
[[M+51||, <|[D'PD+ 51|, (5.24)
where, for the right-hand side, we have
I[I)1>151||D’1f’D+sI||w =p(P+5I) = Apax (P) + 5. (5.25)
It follows that, for any 0 < &x; < &, i =1,...,n, we can write
max {[|[M+sT|| ., [[M+sT|| .} < Amax (P) +5, (5.26)

which shows that, whenever P is Hurwitz stable, condition (5.16) is met for
Amax (P) < 7. Thus, according to Theorem 5.7, EP{0} of UNS (2.1) is CWEAS for
any 0 < ¢; < € and Apa (P) < 7. O

The advantage of Theorem 5.10 consists in a quick test on the stability of
matrix P which depends on a single parameter & > 0.

REMARK 5.11. According to Theorem 4.9, whenever inequalities (4.16) are
satisfied, the existence of a positive € > 0, for which matrix P is Hurwitz stable,
represents a necessary and sufficient condition for the EP{0} of UNS (2.1) to
be CWEAS.
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6. CWAS, and CWEAS in linear approximation. The linear approximation
of UNS (2.1) is an uncertain system with interval matrix, preserving only those
elements aijxfi" in fi(x), i,j = 1,...,n, for which p;; = 1. Thus, it is necessary
to have p;j = 1, i = 1,...,n, because, otherwise, the linear approximation of
UNS (2.1) cannot be CWAS,, (or equivalently CWEAS), according to [9]. In other
words, CWAS, and CWEAS in linear approximation are equivalent concepts,
and the linear approximation inherits the CWEAS property from UNS (2.1) as
shown below.

THEOREM 6.1. Let p;; = 1 and af; <0, i = 1,...,n. EP{0} of UNS (2.1) is
CWEAS if and only if the linear approximation of UNS (2.1) is CWEAS.

PROOF. UNS (2.1) in the first approximation is described by the equations

n

. Pij .

Xi= > aijx;”, i=1,..,n, 6.1)
-1
pij=1

which, according to [9], is CWEAS if and only if the square matrix B € R"*",
built with the common coefficients of g; and g; in (2.19) as
Cij = Cij, if pij=1,

(B)ij =b;j = ‘l (6.2)

0, if pij > 2,

is Hurwitz stable. Equivalently, there exist «; > 0, i = 1,...,n, such that the
following inequalities are true:

n
S 2N o, i=1,...n 6.3)

Y

NECESSITY. If EP{0} of UNS (2.1) is CWEAS, then the above inequalities are
fulfilled because

n
Z bijO(j
o i

i

i n C’\"(Xr-)ij
V> } i=1,..,n (6.4)
j=1

J
. o

<max{i -

j=1

Xi

SUFFICIENCY. If UNS (2.1) in the first approximation is CWEAS, then there
exists a small g > 0 such that the inequalities

n

b, ne
g, i=1,...,n, (6.5)
: (661
Jj=1
are satisfied for some «; > 0, i = 1,...,n. We can choose (because of linear-
ity) a set {«f,..., a5} with all &} =1, i = 1,...,n. Denote by &/, and o,
the maximum and minimum value, respectively, for the set {«f,..., & }. Obvi-
ously, any other set of «;, i = 1,...,n, with o; = n&f', n > 0, satisfies the above
inequality.
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Denote by ¢ the maximum value of the coefficients ¢;; and ¢;; for p;; > 2
and by p the maximum value of the p;; = 2 for all i,j = 1,...,n. Thus, for any
=n«f, ne (0,1], we can write

- Pij
n n *
Cij & oG
J o _ = [ pii—1( px\Pii1 J
I R S I |
j=1 i j=1 i
pij=2 pij=2

*
L 11X
c[r]’”‘f 1(0(35)1’11 Smax

IA
M= 5

j=1 O(min
pij=2 (6.6)
n
(Xr*;lax * p-1
<c B 3 (o)
min j:l
pij=2
P
ok ,
= ncn@, i=1,...,n,
min
and, similarly,
N pLJ
z ((Xrﬂ;lax)p .
> <npen~—1 0 j=1,..,n. (6.7)
j=1 min
p j=2

Now, taking n* = qogni,/cn(atOF <1 for o = n*f, i =1,...,n, we can
write

- Pij ~ Pij
n L. g n .. g
Cij&; Cij &
> =a X~ =a (6.8)
Jj=1 ! Jj=1 !
Dl’JZZ pisz
and, moreover,
- l’x; ~ VU

Cij

n n
2 Z (6.9)
meaning the fulfillment of the necessary and sufficient condition for EP{0} of
UNS (2.1) to be CWEAS that was formulated in Theorem 5.5. O

REMARK 6.2. The equivalence stated by the previous theorem should be
understood just in qualitative terms around the EP{0} since, for the linear
approximation of UNS (2.1), CWEAS is a global property (due to the linearity—
see [9]), whereas both direct and converse proofs in Theorem 6.1 refer to a
local property of UNS (2.1).

7. Examples. The following two examples illustrate the applicability of FI
theory to a componentwise investigation of the dynamics around the EPs of
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UNSs, able to reveal characteristics which remain hidden for the standard tools
of stability analysis.

EXAMPLE 7.1. Consider the second-order UNS described by the equations
x1=[-5,-2]x1+[4,7]x2; Xy =[-3,-1]x3. (7.1)

EP{0} of UNS (2.1) is globally asymptotically stable. Indeed, for any con-
stant value belonging to the interval-type coefficients, we get a system of the
following form:

. ) . 3
X1 =a11Xx1+anxz; X2 = dAz1Xy, (7.2)

where a1 € [-5,-2], a1 € [4,7], and a»; € [—3,—1]. If we take the Lyapunov
function

1 4 ai?

Vix)=- X1+
() day, "' 2anan

x3>0 Vxi,x2#0, (7.3)

it results V(x) = —xi‘ < 0 for any nontrivial state-space trajectory, that is, the
EP{0} is globally asymptotically stable.

However, the EP{0} of this UNS (regarded as a family of systems) cannot be
CWAS,, because the coefficient of x» in the second equation is 0, violating the
necessary condition formulated in Theorem 4.5. Moreover, none of the nonlin-
ear constant systems belonging to the family generated by this UNS is CWAS,,
(since Theorem 4.5 is violated for all possible constant values belonging to the
interval-type coefficients).

A graphical representation can be given for any set of constant values of the
coefficients corresponding to the UNS considered in this example, showing
that the state trajectories leave any stationary TDRS. For instance, Figure 7.1
plots the evolution of the vertices of a TDRS with y;(t) = 1, y2(t) = 2 in the
right-hand side of equality (2.3) (solid line), and the evolution of the four state
trajectories initialized in the vertices of this TDRS att =0, for a;; = -2, a2 =
7, and a1 = —1 (dotted line).

The first example clearly shows that the CWAS,, concept is far from triviality
once the UNSis globally AS, but the CWAS,, condition cannot be satisfied by any
member of the family generated by this UNS. Unlike this example, the second
one demonstrates the existence of the CWEAS property for a UNS whose EP{0}
is only locally AS.

EXAMPLE 7.2. Consider the second-order UNS described by the equations

X1 =[-4,-2]x; +[-1,2]x3; X2 =[-3,1]x2 +[-6,-5]x. (7.4)
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2.5

1.5}

FIGURE 7.1. Plots corresponding to the UNS considered in Example
7.1 for constant coefficients a1; = =2, a1» = 7, and a»; = -1 and
TDRS with y;(t) =1, y2(t) = 2. Solid line is used for the evolution
of the vertices of TDRS and dotted line for the evolution of the four
selected state trajectories. (a) A 2D visualisation for state variable
x1 versus time. (b) A 2D visualisation for state variable x» versus
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time. (c) A 3D visualisation.
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We immediately see that p1; = po» =1 and aj; = -2 <0, and a3, = -5 <0,
and, therefore, the CWAS,, condition for EP{0} of UNS is equivalent to CWEAS
(according to Theorem 5.6). Thus, we investigate the compatibility of the fol-
lowing nonlinear algebraic inequalities:

—20;+203 <0, -5 <0, corresponding to (5.10) in Theorem 5.5,

-2 + a% <0, 30(% -5 <0, corresponding to (5.11) in Theorem 5.5,

(7.5)
which can be reduced to
-2 +203 <0, 3x2-500 <0, (7.6)
or, equivalently, to
o < %(xf < 0. (7.7)

It is obvious that there exist «; > 0, & > 0 ensuring compatibility. Hence,
EP{0} of this UNS is CWEAS.

The CWEAS problem of EP{0} of this UNS can also be approached using
Theorem 6.1 and the linear approximation of UNS

x1=[-4,-2]x1;  x2=[-6,-5]x2, (7.8)
which yields the linear inequalities
—201 <0 —500 < 0. (7.9)

The solution set {xj,x2} previously obtained for the UNS is, obviously,
smaller than the solution set got for the linear approximation. However, each
solution {o;, 2} of the linear approximation, multiplied by an adequately
small positive constant (i.e., n in the proof of Theorem 6.1) becomes a solution
of the initial UNS.

If a set of constant values is selected for the coefficients of the UNS in this
example, we can construct relevant graphical plots for the dynamics under
flow-invariance constraints. For instance, if a1; = -2, a»» = 2, a»; = 1, and
az» = —5, then a TDRS ensuring CWEAS for the nonlinear system is obtained
by taking oy = 1, &2 = 0.74, and v = —0.9 in the right-hand side of equality
(5.1). Figure 7.2 plots the evolution of the vertices of TDRS (solid line) and of
the four state trajectories initialized in the vertices of TDRS at t = 0 (dotted
line).

8. Conclusions. Given UNS (2.1), we have defined the FI of TDRS H(t) (2.3)
with respect to this UNS (Definition 2.1), and we have derived a characteriza-
tion of FI in terms of differential inequalities (Theorem 2.2). Two results (The-
orems 2.3 and 2.4) emphasize the equivalence between the existence of TDRSs
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[x1] < 1.0 % exp(—0.9 * time)
[x2] <0.74 % exp(—0.9 * time)
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[x2] <0.74 % exp(—0.9 * time)
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Time

FIGURE 7.2. Plots corresponding to the UNS considered in Example
7.2 for constant coefficients a1; = -2, a»» =2, a»1 =1, and a»» =
—5. Solid line is used for the evolution of the vertices of TDRS with
y1(t) = e 99y (1) = 0.74e~99¢ and dotted line for the evolution
of the four selected state trajectories. (a) A 2D visualisation for state
variable x1 versus time. (b) A 2D visualisation for state variable x»
versus time. (c) A 3D visualisation.
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possessing the FI property and the existence of PSs for differential inequalities
(2.7) and (2.19), respectively. This equivalence allows, further, exploring the
structure of the whole family of TDRSs which are FI with respect to UNS (2.1)
(Theorems 3.4, 3.5, and 3.7).

The FI concept provides basic tools for dealing with CWAS,, (Definition 4.1)
as a special type of AS, where the evolution of the state variables approaching
the EP{0} is characterized individually (unlike the standard AS, which relies on
a global knowledge stated in terms of norms). Thus, after some intermediary
results (Theorems 4.3, 4.4, and 4.5), we prove (Theorem 4.7) that the CWAS of
EP{0} for UNS (2.1) is equivalent to the standard AS of EP{0} for DE (3.1). More-
over, we show that a sufficient (and, in some cases, also necessary) condition
is the standard AS of EP{0} for DE (4.14), whose form is simpler than DE (3.1)
(Theorem 4.9).

Supplementary requirements for the individual evolution of the state vari-
ables approaching the EP{0} allow introducing CWEAS (Definition 5.1), repre-
senting a particular type of CWAS,,, which may exist only for specific structures
of UNS (2.1) (Theorem 5.3). These requirements make it possible to formulate
algebraic conditions that are necessary and sufficient for the CWEAS),, of EP{0}
of UNS (2.1) (Theorems 5.4, 5.5, 5.6, and 5.7). It is shown that, whenever the
structure of UNS (2.1) permits the existence of CWEAS, CWAS, is equivalent
to CWEAS. Simplified algebraic conditions can be derived (Theorem 5.10) as
sufficient (and, in some cases, also necessary) conditions. Finally, for all those
structures of UNS (2.1) allowing the existence of CWEAS, we reveal the link
between the CWEAS of EP{0} for UNS (2.1) and the CWEAS of the linear system
with interval matrix, representing the first approximation of UNS (2.1). Two
examples illustrate the applicability of FI theory to the componentwise inves-
tigation of the dynamics around the EPs of UNSs, able to reveal characteristics,
which remain hidden for the standard tools of stability analysis.
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