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COEFFICIENTS OF SINGULARITIES OF THE BIHARMONIC
PROBLEM OF NEUMANN TYPE: CASE OF THE CRACK
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This paper concerns the biharmonic problem of Neumann type in a sector V.

We give a representation of the solution u of the problem in a form of a series

U = Y nek Ca¥*Pu, and the functions ¢ are solutions of an auxiliary problem

obtained by the separation of variables.

2000 Mathematics Subject Classification: 35B65, 35C10, 35]J25.

1. Introduction. Let V be a sector of angle w < 21 defined by

V={(rcosf,rsind) cR* 0<r <p, 0<0 <w} (1.1)

and X the circular boundary part defined by

S ={(pcos@,psinf) e R? 0< 6 < w}. (1.2)

We are interested in the study of functions u, belonging to the Sobolev spaces
H?(V), solutions of

A’u=0 inV,
(1.3)
Mu=Tu=0 for0=0,w,
where
Mu =vAu+(1-v)(d3un?+20un ny +0sun?),
oAU d (1.4)
Tu=-—>"+ (1 —V)E (02uniny —01,u(n? —n3) —d3un ny),
v is a real number called Poisson coefficient (0 < v < 1/2).
We show that these functions u are written under the form
u(r,0) = > car*Pul0), (1.5)
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E is the set of solutions of the equation in «

N2
sinz((xfl)w:(l—v> (x—1)%sin®w, Reax > 1. (1.6)
3+v

For the study of the solutions of (1.6), see, for example, Blum and Rannacher
[1] and Grisvard [2].

We are going to calculate the coefficients c, of development (1.5). These cal-
culations have already been done by Tcha-Kondor [3] for the Dirichlet’s bound-
ary conditions. He has established, thanks to the Green’s formula, a relation
of biorthogonality between the functions ¢« and ¢ allowing him to calculate
the coefficients cg. We follow the same approach. This needs the writing in the
domain V of an appropriate Green formula. Using this formula, we establish a
relation of biorthogonality between the functions ¢ and ¢g, which is reduced
under some conditions to the simple relation obtained by Tcha-Kondor, which
enables us to calculate the coefficients cg in the particular case of the crack
(w =21).

2. Separation of variables. Replacing u by ¥*¢«(60) in problem (1.3) leads
us to the boundary value problem

DD (0) + [0+ (x—2)2] Pl (0) + x2(x—2)% P (0) = 0, (2.1)
[va? +(1-V)x]pa+Pa=0, =0, 0=w, (2.2)

[-v)x?=3(1-V)a+2(1-V)]p+¢d =0, =0, 0=w. (2.3)

The relation similar to orthogonality for the biharmonic operator is given by
the following theorem.

THEOREM 2.1. Let ¢« and ¢g be solutions of (2.1) with &« and B solutions of
(1.6). So, for & = B, we have the following relation:

[bo, Pp] :Jow{[(az_zo()qsa_V(O(+B);‘ESB—V)—20(¢&]$[;
+[(Bz_zg)aw_v(cx+B);—£3E—v)—2[3$g]¢a}d9 (2.4)

PROOF. We use the following Green formula:

J (vAZu—quv)dx=J {(uTv+a—qu>—<vTu+a—vMu>}dU, (2.5)
1% r on on
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(T is the boundary of V). For two functions u,v solutions of (1.3), we get the
Green’s formula in the following form:

L{(uTv+g—ZMv>—<vTu+ %Mu)}cw:& (2.6)

On X, we have, for the function uy = r¥%¢y,

OUx  Ux 4
on ~ar O be
Muy=7%%{[c® - (1-V)&]Pu+VPial, (2.7)

Tu =7 { - (x=2)pa+[(v-2)a+ (B -v) ]y}

The theorem results from the application of formula (2.6) to the biharmonic
functions uy = ¥*¢ and ug = 1”*53, and by using relations (2.7). O

REMARK 2.2. This relation between the functions ¢« and ¢ is similar to
the relation of biorthogonality obtained when the functions ¢ and ¢ fulfill
(2.1) with the Dirichlet’s boundary conditions ¢« = ¢, = Ppg = ¢>'5 =0for6=0
and 6 = w. In this case, the relation is simplified because we have

| batpao= [ aippao. 2.8)

REMARK 2.3. By a double integration by parts, we get

|| dudjao= | dibpao(gndyli - [udsli- @9

COROLLARY 2.4. Let ¢y and ¢g be solutions of (2.1) with « and B solutions
of (1.6); in addition,

[borbplo — [P bplo = 0. (2.10)

So, for o« + B, we have the following relation:

[borcby] = [ {102 =200 bu+ TP+ [ (B 2B B + B | b} d0 = 0.
(2.11)

REMARK 2.5. For uy =7r%¢y, we have

2 Uy

AUy —
v oor

=7r%2[(o® = 2&) P+ D). (2.12)
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Let P be the operator P=A—(2/7)(0/0r).From Corollary 2.4 and Remark 2.5,
we deduce the following corollary.

COROLLARY 2.6. Set uy =7%Pp(0) and ug = rB $ﬁ, where ¢« and ¢pp are
solutions of (2.1) with «x and B solutions of (1.6); in addition,

[ dplo — [ dplo = 0. (2.13)

If o = B, we have the following relation:
J (Puntip +uaPtig) do = 0. (2.14)
s

Now, using Corollary 2.6, we calculate the coefficients c, of the development
of the solution u of (1.3). The calculations will be done in the case of the crack
(w = 2717), which is a very important case of singularity of domains. The explicit
knowledge of the roots manifestly simplifies the calculations.

3. Case of a crack. The crack corresponds to w = 27r; if we replace this
value in (1.6), we find that solutions « of (1.6) are the real values k/2. In this
case, all the roots are of multiplicity 2.

We are going to represent u as follows:

k
U= colat ), daVa, E:{f,k>2},
EE XEE 2 (3.1)

U =T"Pa,  Va =T Yy,
@« are the even solutions in 0

4-(1-v)x

QP«(0) =1""[C05((x—2)9+ cosa@], (3.2)

and g4 the odd solutions in 6

4+(1-v)(x—2)

wu(9)=1""[sin(¢x—2)9— 1)«

sintx@]. (3.3)
In this case (w = 271T), we have & = k/2, then

@h(w) =PL(0)=0, Yulw)=yu0)=0; (3.4)
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hence, [@y, @ply = [QPa,@pl§ = 0 and [yg, @ply = [P, @ile = 0. But
[Py, wgly =0 and [(p,x,tpb](‘j’ #+ 0. From here comes the idea of decompos-
ing the solution u of (1.3) to its even and odd parts with respect to k

Uu=u+uy,

u; = (caUg+davy), 1=1,2,
i uéi alUx aVux (3.5)

2n+1

Ei={n, n>1}, EZ:{ ,2n>1}.

3.1. Calculation of cg and dg. We consider the integrals

I (Pujug+uiPug)do, J (Puijvg+uiPvg)do, (3.6)
s s

if @ € Ey, then @ (w) = @u(0), wil(w) =ywy(0),

if « € Ez, then (W) = —@u(0), wu(w) =—-wy(0). (5.7

Equations (3.4) and (3.7) allow us to apply Corollary 2.6 to functions u, and
up (resp., Uy, vg and vy, vp); then, we obtain

J (Pujug+uPug)do = ZCBJ ugPugdo +d,;J (Pvgug+vgPug)do,
by b b

J (Puijvg+uiPvg)do =c5J (Puﬁvﬁ+uBPUﬁ)dU+2dBJ vgPvgdo.
b p) p>

(3.8)
Direct calculation gives us
L (Pugvg+ugPvg)do =0,
LuBPqu(r:(2{)?;7‘:)1;)8[,3(1—\/)(37“\’)—8], (3.9)
JZUBPUBdG = —(21[)?;7‘:)12(2[(1—\/)(3+v)(3—2)+8].
So, we have just established the following proposition.
PROPOSITION 3.1. Let u be the solution of (1.3) written in the form
U =1u+up, (3.10)
where
ui= » (Calatdave). (3.11)

x€eE;
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Suppose that the series that gives u; is uniformly convergent; so, if B € E;, i =
1,2, then

o (1-v)2Bpl-2F
B 4w[(1-v)3+v)B-8]

_ ~(1-v)*pp' 2
C4w[(1-v)B+Vv)(B-2)+8]

J (Pujug+uiPug)do,
s
(3.12)

dg J (Pujvg+uiPvg)do.
b

REMARK 3.2. We have € € H3/2(3), the trace of u on 3 and x € H'/2(X), the
trace of Pu on 2. If € belongs to the space H4(]0,2[) and x to H2(]0,27[),
then we have a uniform convergence of the series in Vpo for all po < p, [3].

3.2. Independence of the coefficients. We are going to prove that the co-
efficients cp (resp., dg) of the development of the solution u of (1.3) are inde-
pendent from p.

We have the following result.

THEOREM 3.3. The coefficients cg and dg are independent from p.

PROOF. In order to prove that cg is independent from p, we are going to
show that its derivative with respect to p is null, and by observing the expres-
sion of cg (Proposition 3.1), we just have to prove that

Yp = pl‘zﬁj (Pujug+u;Pug)do (3.13)
>

has the null derivative with respect to p. O

By derivation in regard to 7, we have

azui
o0r?

, COAU; o
vi= [ 125 g+ - prow-2

1 0u;
2_oy2 0% 1
0 or +(B 2)r or ]r Pe

+ Sy by~ puir P (8 - 28) g + ) | o,

or
(3.14)
On 3, we have
oAU , 1 2%y lﬂ)
ay‘ ——Tul+(1—V)(7_3 892 _1/2 araez )
) , (3.15)
o aui__ ) _ _ laul la Ui
Q=P aui-2755" = BMu;+[2-(1 V)B][r 3 T2 802]



COEFFICIENTS OF SINGULARITIES OF THE BIHARMONIC PROBLEM ... 311

Reinjecting these formulas in the expression of yé, we obtain

w
Yg= _.[o (Muipr'Pop+Tur® Feog)do

w ou; 3y
2_ _ 124 l_ _ 1 _B
[ B - a-viBlep @) S -1 -v) S gy b o
@ azui 2 124 _1_5
[ -V B-01 55 e il (B - 2B @y + f 1| r P do.
(3.16)
By a double integration by parts, we verify that
waZ ) w .,
6;2l(pﬁd0=Jo wi@y do, (3.17)
® a3ui _ waui "
 arogr = |, g ae. (5.18)

Reinjecting in the expression of y/’g and putting p! =28 . p in factor, we obtain

w
V= 0" [ IMus(Br @) + Tus (P pp) Jp do

aui
or

w02 [ LB - - Blp +vap)rs 21 D p do

+p”ﬁj0 {-B*(B-2)@p+[-2-v)B+B-V)]pg1rFupde.
(3.19)

By taking account of (2.7), whose expressions appear explicitly in yi;, we obtain

ou ou;
p= Pt an ' ) I( l ) }z
Yp=p SL L (Mul n +Tujug |do + . Mug n +Tugu; |do 0
(3.20)

since we come back to the Green’s formula (2.6) applied to u; and ug.
We follow the same analysis to prove the independence of dg with respect
to p.

3.3. Convergence of the series. We write ¢, and d in the form

ca=Iip™™, da=jip % (3.21)
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where
J— (1 — V)Z(X J ) A 2 12 -2
I = P Iol(-v) B +v)a—8] Js {Puipa+uil[(o® —20) @a + @glp~<ldo,
o (1-v)2x J’ ‘ 2 PR
Ji= P [ (=v) (3+v) (2=2) 78] Z{Pulwaml[(a 200 Watwylp~cldo.
(3.22)
The solution u of (1.3) is then written as follows:
U=1u+uy, (3.23)
v (04 v (64
wi= 3| (2) npa+ (5) diwal. (3.24)
xEE; p p
We have the following result.
THEOREM 3.4. The series (3.24) converges as soon asv < p.
PROOF. Set
w
Nix = J {Puipa+ui[(c® -20)pu+@alp2tdo
0
w w© w (3.25)
= J Puipadf+ (e«®> —2x)p =2 I Ui QadO+p~2 J ui @y do.
0 0 0
We show that N; 4 is a product of 1/« by limited term for « large.
According to (3.17), we have
w w
J Ui@ydo = J u; pxdo. (3.26)
0 0

Replacing @ by its expression and integrating by parts, we get

4-(1-v)x

@ 124 —X @ "o s
Jo u; (padG:—{EJ’O u;’ sin(x-2)0do— 1 -«

1
x

On the other hand, by a triple integration by parts, we have

w

1 0‘2 @ "o s
UQPdo = &{ «_2)2 JO u;’ sin(x—-2)0deo

_ _ _ w
a-24-U-v)« J u;’ sinx0do ;.
x (1-v)a Jo ¢

((XZ—ZO()J

0

w
J u;” sinx0 d@}.
0

(3.27)

(3.28)
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Also, by an integration by parts, we get

w . w . 2 .
J (Aui—E%)(pucw:—aiZJO <6Aul_2 o u‘)sin((x—Z)Bd@

0 r or 00 v oroo
14-(0-v)«x J‘“ (EiAui 2 0%u; ) .
« (-va Jo (aa ~rarag)snx04o.
(3.29)
Then, we deduce the existence of a constant Cy so as
C
| Niw| < =2. (3.30)
164

Using this last inequality and remarking that @ is limited, as well as the term

(1-v)’«x
4w[(1-v)(v+3)x—8]

(3.31)

for large «, we deduce the existence of a constant C so as

<y g(fy, (3.32)

D Cal*Pu
«EE; p

xEE;

which converges as soon as v < p.
In the same way, we prove the convergence of the series > ycp, da?*Wa-
O
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