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CHARACTERIZATIONS OF VECTOR-VALUED WEAKLY
ALMOST PERIODIC FUNCTIONS
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We characterize the weak almost periodicity of a vector-valued, bounded, con-
tinuous function. We show that if the range of the function is relatively weakly
compact, then the relative weak compactness of its right orbit is equivalent to
that of its left orbit. At the same time, we give the function some other equivalent
properties.
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1. Introduction. Let S be a semitopological semigroup, let ¥ be a Banach
space, and let €(S,%) be the space of bounded continuous functions from S
to ¥ with supremum norm. Let f € €(S,%). The right (left) translate of f by
s € S is the function Rs f (Lsf) such that R f(t) = f(ts) and (Ls.f(t) = f(st))
for all t € S. The function f is said to be weakly almost periodic if its right
orbit Rgf = {Rsf :s € S} is relatively weakly compact in 6(S,%). We denote
by W% (S,%) all such functions.

In the case that ¥ = C, the complex number field, we will omit ¥ from our
notations and write, for example, 6(S) for 6(S,C).

Recently, some authors have investigated WAP(S,¥) and exploited its ap-
plications in many areas [1, 2, 4, 5, 6, 7, 8, 9]. However, some questions remain
unsolved. For example, [2, Theorems 4.2.3 and 4.2.6] give a number of equiva-
lent properties for a function f € €(S) to be weakly almost periodic. It is natu-
ral to ask if the similar equivalent properties are true for a function in 6(S,%).
In this paper, we investigate these problems and give positive answers.

It is shown in [4, Proposition 2.8] that the equivalence of relative weak com-
pactness for Rg f and the left orbit Lgf = {Lsf : s € S} holds if S admits an
identity and the range f(S) is relative compact in %¥. We will give an example at
the end of the paper to show that the assumptions both on S and on f(S) are
not essential to get the equivalence. We will show the equivalence under the
assumption that f(S) is relatively weakly compact. At the same time, we char-
acterize a vector-valued weakly almost periodic function by giving it as many
equivalent properties as a scalar-valued weakly almost periodic function has.
We will not assume that a semitopological semigroup S admits an identity. In
fact, if S has an identity, we can drop the condition f(S), being either relative
norm compact or relatively weakly compact (see Remark 3.6(b)).
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2. Vector-valued means. To show the mainresults of the paper in Section 3,
we need some facts of vector-valued means. Unless otherwise mentioned, all
the results of this section come from [8, Sections 2 and 3].

Let %,% be two normed linear spaces and let ¥* be the dual space of ¥. Let
L(%,%) be the space of bounded linear operators from % to %. With the norm
topology, £(%,%) is a Banach space. We can also furnish £(%,%) with the fol-
lowing two topologies, both of them make £(%,%) a locally convex topological
space [3, VI.1.2, VL.1.3]:

(1) the strong operator topology T, which is the weakest topology of £ (%, %)
relative to which the mapping pu — u(z) : £(%,%) — %, is continuous for
each z € ¥,

(2) the weak operator topology T, which is the weakest topology of £(%,%)
relative to which the mapping u — y*[u(z)] : £(%,%) — C, is continuous
for each z € ¥ and y* € Y*.

For £(%,%*), we have the following topology that also makes £(%,%*) alocally
convex topological space [3, page 476]:

(3) the weak* operator topology T, +, which is the weakest topology of
F(%,%*) relative to which the mapping y — [u(z)](y) : L(%,¥*) - C,
is continuous for each z € ¥ and y € ¥.

Let S be anonempty set, let ¥ be a Banach space, and let (S, %) be the space

of bounded functions from S to ¥ with supremum norm. Let & be a subspace
of B(S,%X) containing the constant functions.

DEFINITION 2.1. A mean u on 4 is a linear operator from ¢ to % such that
u(f)ecof(S) forall f €, denoted by M(#) of all means on .

We define the evaluation mapping € : S — M (s) as follows: for s € S, e(s) f =
f(s), f € sd. The following proposition comes from [9, Propositions 1.5 and
1.6].

PROPOSITION 2.2. Let o be a subspace of B(S,%X) containing the constant
functions. Then for both Ts and T,,, M () is convex and closed in £(4,%), and
co(e(S)) is dense in M(sl). Furthermore, if s is such that f(S) is relatively
weakly compact in ¥ for all f € s, then M (sA) is T,,-compact.

We embed ¥ into its double dual space ¥** canonically and let ((¥) denote
its canonical image in ¥**; similarly, we embed f(S) into ¥** for every f € «
and get a subspace () of B(S,1(¥)). A function of s{ may be regarded as
a function of (), and vice versa. Replacing & and ¥ by t(«) and ¥** in
Definition 2.1, respectively, we get M (1(#)). A mean of M () may be regarded
as amean of M (t(s4)), and vice versa. This leads to the following more general
definition of means.

DEFINITION 2.3. Let o« be asubspace of B(S,%**). Alinearmap p : o — X**
is called a w* mean on « provided u(f) € Ew*f(S), for all f € «, where
w* stands for the weak* topology o (¥**,%*). Denote by w*M («) the set of
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all w* means on «. In the case that &l € B(S,%), we define w*M (#A) to be
w*M(1(A)).

Both Definitions 2.1 and 2.3 will reduce to the definition of a scalar-valued
mean when ¥ = C [1, 2.1.2].

PROPOSITION 2.4. Let A be a linear subspace of B(S,X**). Then for Ty,

(1) w*M(sA) is convex and compact;

(2) let € be the evaluation map S — w*M (), then co(e(S)) is dense in
w*M(A).

PROPOSITION 2.5. Every member of w*M (s) can be extended to a member
of WM (B(S,X**)).

We call the scalar-valued function space
F=sp{[f()](x*):x* €X*, fes} (2.1)

generated space of .

PROPOSITION 2.6. Let d be a linear subspace of B(S,%**) containing the
constant functions, and let F be its generated space. Then, there is an isometric
Tw= -0 (F*,%) homeomorphism p — @, : w*M(sd) — M(F) such that

(A1) =@ulFC) ()] (fesd, x* ex*). (2.2)

3. Mainresults. A nonempty set S thatis a semigroup and also a topological
space is called a semitopological semigroup provided that the maps s — ts and
s — st from S to S are continuous for all t € S. Let S be such a set, and let o
be a subspace of 6(S,%). We say # is right (resp., left) translation invariant if
Rsd ={Rsf:5€S8, fed} Ccd (resp., Lssd = {Lsf:s €S, fed} Cdd). We
say o is translation invariant if it is both right and left translation invariant.

Let & be a translation invariant subspace of ¢(S,%). For u € M(sA), define
Ty:sd — B(S,%) by

Tuf(s) =u(Lsf) (fed, s€S) (3.1)
and Uy : A — RB(S,%) by
Unf(s) = u(Rsf) (fesd, seS). (3.2)

We call T, (Uy) left (right) introversion operator determined by u. We will say
that o is left (right) introverted if T, C oA (U, C o) for all p € M (A). We will
say that o is introverted if it is both left and right introverted.

Similarly, we define an introversion operator from s to ®(S,%**) if o is a
translation invariant subspace of B(S,%**) and y € w*M (A).

To show Theorem 3.2, we need the following proposition that characterizes
weak almost periodicity of a function in €(S).
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PROPOSITION 3.1 [2, 4.2.6]. Let S be a semitopological semigroup, let f €
€%(S), and let F = WAP(S). Then, the following statements are equivalent:

1) feWdAP(S);

(2) Lgf is relatively weakly compact in 6(S);

(3) the mapping @ — Tef : M(F) — B(S) is o (F*,F) — o (B(S),B(S)*)
continuous;

(4) the mapping @ — Uy f : M(F) — RB(S) is o (F*,F) — o (B(S),B(S)*)
continuous;

(5) forall ,p € M(F), p(Tyf) =Y Upf).

We will generalize Proposition 3.1 from scalar-valued function to vector-
valued function in the next theorem. We will use some results of the previous
section to show the theorem. To make notations short, we let

1(€) =6(S,ux)), UB) =B(S, (X)), B=B(S,%*"). (3.3)

As in the paragraph before Definition 2.3, ((¥) is the canonical image of ¥ in
xX**; an f € B(S,%¥) and its corresponding function in (%) will be regarded as
same function.

Note that both % and (%) have the same generated space %(S), the space
of bounded scalar-valued functions on S.

THEOREM 3.2. Let S be a semitopological semigroup and let X be a Banach
space. Let A = WAP(S,%¥) and let f € €(S,%) be such that f(S) is relatively
weakly compact in ¥. Then the following statements are equivalent:

(1) f edd, that is, Rg f is relatively weakly compact in 6(S,%);

(2) Lsf is relatively weakly compact in 6(S,%);

(3) the mapping pu — T, f :w*M(B) — t(B) iS Ty -0 (L(RB), ((B)*) continu-
ous;

(4) the mapping p — Uuf : w*M(B) — ((B) iS Tw* -0 (L(RB), (B)*) continu-
ous;

(5) forall u,v e w*M(B),

(T f) = v(ULf). (3.4)

PROOF. Since f(S) is relatively weakly compact in &, the functions T, f and
Uuf are in () for all p € w*M(R).

Let € and €’ be the evaluation mappings on % and %(S), respectively. Let
B =Tco"™w*€(S), and let Bg(s)+ be the unit ball of B(S)*. By [2, 2.1.14], Bys)+ =
cco¥ e’ (S), where w* stands for o (B(S)*,%(S)). It follows from Propositions
2.4(2) and 2.6 that B and By s)* are Ty*-0 (B(S)*,B(S)) homeomorphic.

Define V:B — & by

V() =Tyuf. (3.5)
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V is continuous from T, + to the weak* pointwise convergence topology P. For,
if {uy} C B and u € B are such that py — pin Ty, then

[Tuaf ()](x*) = [pa(Ls f)] (x*) — [(Lsf)](x™)

3.6
LT O] () (x* €%, s€S), (3-6)

Since B is T,,*-compact (Proposition 2.4(1)), we have
V(B) =cco (Rsf), 3.7)

where closure in ((%) is taken in the weak* pointwise convergence topology P.

Now, we show that (1) implies (3).

By the Krein-Smulian theorem [2, Theorem A.10], cco(Rsf) is relatively
weakly compact in (), which in view of (3.7) implies that V(B) is o (1(%€),
1(6)*)-closure of cco(Rgf) in (%) and that V(B) is o (1(%6),((%6)*)-compact.
Therefore, the weak topology o (1(%€),1(6)*) and the topology P coincide on
V(B). So, Vis Ty+-0 (t(B), 1(B)*) continuous on B.

To show (3), we define, for ® € ((%)*, the linear functional ®o T : B(S)* — C
by

®oT(Py) = &(Tuf), (3.8)

where y and @, are as in (2.2). It follows from the Ty*-0 ((®RB), ((B)*) con-
tinuity on B of V that ® o T is 0 (B(S)*,B(S)) continuous on Bgs)*. By
Grothendieck’s completeness theorem [2, Proposition A.8], ® o T is o (%(S)*,
%B(S)) continuous on %(S)*. Now, we claim that (3) holds. For, if uy and u
of w*M(®) are such that py — p in T+, then @y, — @, In T (B(S)*, B(S))
(Proposition 2.6), and therefore

(I)(Tﬂaf):q)oT((pHo() _»q)OT((pIJ):q)(TIJf) (39)

Since @ is arbitrary in «(®)*, we have T, f — T,f in o («(B),(B)*). Thus (3)
holds.

By Proposition 2.4(1), B is Ty +-compact. If (3) holds, then it follows from
(3.7) that Rg f is relatively weakly compact in ¢(%). Thus (1) holds. So, (1) and
(3) are equivalent.

Similarly, we show that (2) and (4) are equivalent. Next, we show that (1) and
(3) imply (5).

Let p,v € w*M(%B) and @,,p, € M(B(S)) be as in (2.2). Since f is in
WAP(S, %), f(-)(x*) is in WAP(S) for all x* € X*. By Proposition 3.1(5),

PviTe, [ (X)) = @uiUp, [F () (x*) ]} (3.10)
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It follows from (2.2) and (3.10) that

V(Tuf)](x*) = @y {To, [F () (x*)]}
)

= QuiUp, [f () (x*)]} (3.11)
= [u(Uyf) ] (x*).
Since x* € ¥* is arbitrary, we have
V(Tuf) =p(Uvf) (u,v e w* M(B)). (3.12)

Thus (5) holds.
Similarly, we show that (2) and (4) imply (5).
For x* e ¥* and y € w*M (((B)), define pox* : 1(B) — C by

pox*(h) = [u(h)](x*) (heu®)). (3.13)

Then, pox* € t(BW)*.Let D = {pox* :x* € X*, [|x*|| =1, u e w*M(1(%B))}. By
the separation theorem, we show that cco¥' D = Bi(a)*, the unit ball of ((%B)*,
where w* stands for o (¢(B)*, ((B)).

To show that (5) implies (4), we need to show that the mapping p — U, f :
B=cco™*e(S) - t(B) iS Tw*-0(L(B), (B)*) continuous. That is, we need to
show that if gy € B and p € B are such that pyy — p in T+, and if F € B,(g)*,
then

F(Uﬂaf) - F(qu)- (3.14)
Note that €c0® " D is the unit ball of ((3)*. For vox* € ccoD, we have
Vox* Uy f] — vox*[Uuf], (3.15)
because it follows from (3.4) and (3.13) that

vox* [Upef] = [v(Uuef) ] (x¥)

= I(

= [ba(TV )] (x™) — [(Tv.f) 1 (x¥)
= [v(U.)](x7)

=vox*(Uyuf).

(3.16)

Let A= {Uuf:u € B}. Then, A is a bounded subset of (). As in the dis-
cussion for Note (ii) and (iii) before Theorem 3 of [5], we regard ccoD as a set
of bounded function on A, that is, a subset of B(A). Then, the weak™* closure
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cco” " D in (%) * is contained in the weak closure cco¥ D in B(A). Since cco® D
is also norm closed in B(A), for F € o' D ¢ cco” D, we have a sequence of
{vnox;} of ccoD such that

|[F(h) =vnox;(h)| —0 (3.17)
uniformly in h € A. Since

|F(Uuaf) = F(Uf) | < [F(Upes) =vnoxy (Upef) |
+ |Vn°X;(Uu¢xf) —Vpox i (Uuf) | (3.18)
+ [ vioxg (Unf) —F(Uuf) |,

now (3.14) is a consequence of (3.15) and (3.17).
Similarly, we show that (5) implies (3). The proof is complete. O

COROLLARY 3.3. Let S, ¥, and A be as in Theorem 3.2. Let f € . Then,
Tuf € A for all y € M(s4). Furthermore, if f(S) is relatively weakly compact in
%, thenU,f € A forall p e M(sl).

PROOF. As in the proof of (1) implying (3) of Theorem 3.2, we show the first
statement. If f(S) is relatively weakly compact in &, then by the theorem, Lg f
is relatively weakly compact in 6(S,%). Note that this time f is in «. We show
the second statement as in the proof of (2) implying (4). |

For every x* e &*, [[x*|| =1, and s € S, define x* o5 :%6(S,%) — C, by
x*os(f) =x*[f(s)] (f €6(S,%). (3.19)

Then, x* os € €(S,%)*, the dual space of 6(5,%). Set E = {x*os:x* €
xX*, [Ix*|| =1, seS}.Let B = Fw*, where w* stands for the weak* topology
o (6(S,%)*,46(S,%)). Then, B is weak* compact.

For every f € 6(S,%), define f: E — C, by

f(x*os)=x*[f(s)] (x*os€E). (3.20)

We extend f from E to B continuously. So we have f € %(B).

Obviously, we have Ia fort € S and R, f, that is, @(X* 08) =x*[Rif(s)].
The mapping f — f 1 €(S,%) — 6(B) is one to one and linear isometric. The
space 6(B) is a Banach space with norm topology. In the next theorem, we will
also equip 6 (B) with the P-topology, the pointwise convergence topology.
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THEOREM 3.4. Let S be a semitopological semigroup, and let f € 6(S,%)
such that f (S) is relatively weakly compact in ¥. Then, the following statements
are equivalent:

(1) feWAP(S,%);
(2) Lgf is relatively weakly compact in 6(S,%);
(3) 1@ is relatively compact in €(B) in the P-topology;
(4) L/g? is relatively compact in 6(B) in the P-topology;
(

5) limpy,— o limy o X5 f(Stn) = limy_olimpy, o x5 f(smtn), whenever
xhyc®*, lIx*ll =1, {tu}, {Sm} C S and all the limits exist;
(6) limy— oo limy—co X5 f (EnSm) = liMy—colimy—co X5 f (EnSm), Whenever

xhycx*, lIx*ll =1, {tw}, {sm} C S and all the limits exist.

PROOF. The equivalence of (1) and (2) comes from Theorem 3.2.

If (1) holds, then Ry f is relatively weakly compact in €(S,%). Since the map-
ping f — f is one to one and linear isometric, Ry f is relatively weakly compact
in €(B). So, Rs f is relatively compact in €(B) in P-topology. Thus (3) holds.

Now, we show (3) implies (5). Let {x/5} C &*, lIx}5 |l =1, and {t,},{sm} CS
be sequences such that the iterated limits

rllig}o Vllizlgoxjnf(smtn), %15130 7;Liggox;;f(smtn) (3.21)
exist. Thus, we have {R/tn\f} C 6(B) and {x5 osn} C E. Let g € €(B) be P-
topological cluster point of {R;, f}, and let v € B be cluster point of {x}% os;,}.
Then,

Jim Jim Re, (6 5m) = Jim 9 (x5 0)

=§(») = lim Re, f () (3.22)

= Jim Jim R, (65 m)-

Note that

L, L Re f (im0 $m) = i, Hng X f (Smt).

— (3.23)
lim lim Ry, f (x5, 0sm) = im lim x5, f (Smtn)-

Nn—o0 m—oo Nn—00 Mm—oo

Therefore, (5) holds.

That (5) implies (1) is a consequence of Grothendieck’s double theorem [2,
A.5]. Similarly, we show the equivalence among (2), (4), and (6). The proof is
complete. O

EXAMPLE 3.5. Let S = N = {1,2,...}, the semigroup of natural numbers.
Let I,, 1 < p < o be the usual sequence spaces with basis {e,},_;, where
en = {xi}p., with xx = 1 if k = n and xj = 0 otherwise. Define f:N - [, by

fn)=e, (MeN). (3.24)
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Since N is abelian, Rg f = Lg f. For any subsequences {m;}, {ny} of S, and {g;}
of [, with |||l £ 1, where 1/p+1/q = 1 and the norm being taken in the space
l;, we have that

limlim; (f (mi+ny)) = lignlilr(nwi(em,-mk) = imim @i m;n, =0,

(3.25)
limlim@; (f (mi+ni)) = MmUme; (em, +n, ) = UMUM@y = 0,
1 1 1

where @, 11, is the (m; +ny)th component of @;. Therefore, by Theorem 3.4
we have f € WdAP(N,l,). However, f(S) is not relatively norm compact but
relatively weakly compact. Since Rg f = Lg f, the two orbits of f are all relatively
weakly compact. We note that N does not admit an identity.

REMARK 3.6. (a) The equivalence of (1) and (5) of Theorem 2.4 appeared in
[5, Theorem 6]; though it was assumed that S admits an identity, the proof
of Theorem 6 did not use the identity. (b) In both Theorems 3.2 and 3.4, we
assume that the range of f(S) is relatively weakly compact to show that the
relative weak compactness of Lgf is equivalent to that of Rgf. We do not
know if the condition of f(S) is essential. We showed in [8, Corollary 8.4] that
if S admits an identity, then f(S) is relatively weakly compact in % for all
feWAP(S,%). Of course, if ¥ is reflexive, then any bounded function has a
relatively weakly compact range. (c) From the proof of Theorem 3.4, we see that
to get the equivalence among (1), (3), and (5), it does not need the condition
f(S) being relatively weakly compact, neither does the equivalence among (2),
(4), and (6).
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