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STOCHASTIC FLOWS WITH INTERACTION
AND MEASURE-VALUED PROCESSES

ANDREY A. DOROGOVTSEV
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We consider the new class of the Markov measure-valued stochastic processes
with constant mass. We give the construction of such processes with the family of
the probabilities which describe the motion of single particles. We also consider
examples related to stochastic flows with the interactions and the local times for
such processes.
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1. Introduction. This paper is devoted to one type of the Markov measure-
valued processes with constant mass. We consider the measure-valued pro-
cesses {u;; t = 0} which have the following representation:

pe=po fi . (1.1)

Here the random mapping f; on the state space depends on the initial state
Uo. In the representation (1.1), f; can describe the motion on the phase space
which carries the mass u;. In such a model, the behavior of the trajectory
which starts from a certain point depends on the whole mass distribution on
the space. These processes are different from the well-known Fleming-Viot
processes with constant mass. Consider, for example, the equation for the
evolution of the discrete system of the particles, which was proposed in [3].

EXAMPLE 1.1. Let a,,...,ay be positive numbers and let {w(t); t > 0} be a
Wiener process in R4. Consider the following system of stochastic differential
equations:

N
dxi(t) = > ajh(xi(t),x;(t))dt + @ (xi(t))dt + b(x;:(t))dw (1), W
Jj=1 1.
xi(0)=x?, i=1,...,N.

Note that the first summand in the drift term can be rewritten in the form

N d
Z@Mmman=hmmmmmmmm, (1.3)
j=1
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where xn; is the discrete measure

N
XNt = Zajaxj(t)- (1.4)
j=1

It is well known that under appropriate conditions on the coefficients, system
(1.2) has a unique strong solution for arbitrary initial conditions. It follows
that the related measure-valued process {xn;:; £ = 0} is a Markov process.
Moreover, in this case, we can find the function f; from (1.1). Consider the
following stochastic differential equation together with (1.2):

dx(u,t) = J dh(x(u,t),v)xn(dv)dt + @ (x(u,t))dt +b(x(u,t))dw(t),
R

x(u,0) =u, ueR4
(1.5)
It can be checked that under Lipschitz and growth conditions on the coef-
ficients, (1.5) has a unique solution which can be chosen continuously with
respect to both variables with probability one. Now, note that

xi(t) = x(x?,t) (modP), i=1,...,N. (1.6)
So,

XN = XNooX ()7L (1.7)

In this example the random function x describes the motion of the particles
in the whole R4, but only N of them have positive mass.

So, only certain values of x are important if we consider the evolution of the
mass distribution. The situation changes if the initial mass distribution is not
the discrete measure. Also, in this example, the trajectory of the single particle
is the It6 process, which satisfies certain stochastic differential equation. The
particles which were disjoint in the time zero remain disjoint all the time.

EXAMPLE 1.2. Let the phase space X ={1,...,N}. Consider the discrete time
t € Z, and define the motion of the system of particles on X in the following
way.

Foreveryi=1,...,N,letIl(i) = (1okj(i))1,:]j:1 be a stochastic matrix. Suppose
that at time the mass p; = (u},...,uY) is distributed in X. Then, on the next
step, all the particles which are placed at the point k move together, indepen-
dently from the past of all the system and from the particles placed at other
points, to the point j with probability

N
L prj (D (di) = Zlﬂkj(i)ué. (1.8)

i=1
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Now we construct the process {u;; t > 0} and the random mappings {f;; t >
0} in the following way. For every i € {1,...,N}, define f;(i) as a position
which has the particle initially placed in i at time t. Also define y; as a mass
distribution at time t. It can easily be checked that now {u;; t > 0} is a Markov
process and, for every t > 0,

e =po fi (1.9

Note that in this example the different particles may couple with one another
and move together after coupling.

The aim of this paper is to define precisely the class of Markov measure-
valued processes, which has the representation (1.1). Also, we consider a new
type of stochastic differential equations which generalize Example 1.1. Cor-
respondingly to this aim, the paper is organized as follows. In Section 2, we
construct the measure-valued process with the desired property from the set
of probabilities which describe the behavior of a finite number of particles.
Section 3 contains the solution of stochastic differential equations driven by
the measures and other examples of processes from Section 2. This contains
the description of the local times for our processes.

2. Evolutionary measure-valued processes. Let (X, p) be a complete sepa-
rable metric space such that sup,, ,,cx o (u,v) = 1, and let (Q, %,P) be a proba-
bility space. Denote by X" the n-tuple product X x - - - x X with the metrics

on((Ug,...,uy), (Vi,...,05)) = ‘maxnp(ui,vi). (2.1)

Let %, be aBorel o-field in X". Denote by 20, the set of all probability measures
on B, (in the case n = 1 the index will be omitted). For every n > 1, define the
Wasserstein metrics in ),;:

yav = ot ([ pexvia@xdn) vivem, @2
QeC(u,v) x2n
where the infimum is taken over the set of all measures C(u,v) which has u
and v as its marginals. It is known that (2),,, y, ) is a complete separable metric
space.
Let {F;; t > 0} be a flow of o-fields on the initial probability space.

DEFINITION 2.1. The Markov process {u; t > 0} with respect to {F¢; t > 0}
in the space (20, y) is called evolutionary if for every initial state uy € ), there
exists the measurable function

f:1OX[0,40)xX — X (2.3)

such that
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(1) for every t > 0, the restriction of f on Qx[0,t] x X is measurable with
respect to the o-field generated by the product %;,%, and the Borel o-
field in [0, t],

(2) foreveryt >0,

pe = po o fi ' (modP), (2.4)

(3) for arbitrary uy,...,u, € X, n > 1, {(u, fr(uy),...,ft(uy)); t >0} is a
Markov process with respect to the flow {%;}.

It is natural to define the evolutionary measure-valued process by the set of
probabilities {Q (u,t,u1,...,un) (L), HEM, t 20, Uy,..., upneX, n=1,1, €
B, }. Here the value Q (u,t,uy,...,uy) (I;,) is the probability for particles which
were initially placed in the points ©1,...,u, to get the set I}, for the time ¢t under
initial distribution of the mass of all particles u. The next technical statement
will be useful.

LEMMA 2.2. Let ¢ : QXX — X be a measurable function and let u be a ran-
dom element in ). Then the image of i, 1o =1, under the map y is the random
element in M.

LEMMA 2.3. InLemma 2.2, if ¢ does not depend on u, and Y is a measurable
modification of y, that is,
Yy(u) =y (u)(modP) VYuekX, (2.5)
then
pow ' =powi! (modP). (2.6)

The proof of these two lemmas is standard and omitted.

Now, let {R(uq,...,Un), U1,..., Uy, € X, n = 1} be a family of consistent
finite-dimensional distributions in X indexed by the elements of X. Suppose
that

.HxZ p(vi,v2)R(u,uo) (dvi,dv2) — 0, u — uo, (2.7)

for every 1y € X. Then one can build from R the stochastic kernel on 2. Con-
sider @ which is an X-valued random process on X correspondent to the family
{R}. It follows from (2.7) that ¢ has a measurable modification. For arbitrary
measure y € 2V, its image po @~! is a random element in 2V which does not
depend on the choice of measurable modification for @. Define

K(u,A) =P{uop=tcA}, pem AcB). (2.8)

Here % (M) is the Borel o-field in 20. It can be checked that K is the stochastic
kernel on 2. Note that, in general, arbitrary stochastic kernel on 2V cannot be
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obtained in the previous way. Now, suppose that the family {R} depends on
the measure p from 2.

LEMMA 2.4. Let the family of the finite-dimensional distributions {Q (u,u1,
cenUp); HEW, Uy,...,uy € X, n> 1} satisfy the following conditions:
(1) for every fixed u € W, {Q(u,...)} is the family of the consistent finite-
dimensional distributions,
(2) forall u,u € X,

lim sup  sup szp(pl,pz)Q(v,u,v)(dpl,dpz):0, (2.9)

£—0+ y(H,v)<e p(u,v)<e
(3) there exists C > 0 for all uy,...,uy € X and all uy, u> € M such that
Ym (Q (U, Um), Q (U, U, Um)) < Cy (p1, H2). (2.10)
Then the function
K (U, Uy, .oy U) (A), HEW, U,...,Um €X, AEBAMXX™), (2.11)
which is defined by the equality

K (1,1, U ) (A) = PL(Ho @t @u(U), ..., @u(um)) € A}, (2.12)

is the stochastic kernel on ) X X™ and the measure K, (U, U1,...,Uy) continu-
ously depends on i in the Wasserstein metric. Here @, is the random map which
is built from the family {Q (u,...)} as in Lemma 2.3.

PROOF. It is sufficient to prove only the mentioned continuity. Let f : 20 x
X" — R be bounded and satisfy the Lipschitz condition. For the sequence {(uy,
uﬁv,...,u%)} which is convergent to (u,u1,...,U;,m) as N — oo, consider the
difference

mef(v,q],...,qm)(Km(uw,uQ’,...,u%)—Km(u,ul,...,um))dvdm - dqm.
(2.13)

We build the random maps @y and @ correspondent to the measures uy and
u on the joint probability space. Then (2.13) can be rewritten as follows:

|Ef (e @n' on (U)o @n (up)) = f(ue @™ @ (u1), ..., @ (Um)) |

) 4 Ui N (2.14)
< CEy(uno@y',uo@ ) +CE X p(@n(uy), @ (uk)).
k=1
Consider every summand separately.
Now,
Ey(uxopy' ,ue@™) 215

<Ey(uve @' uno@ ) +Ey(uno@ ' ue@™t).
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We prove that for every bounded Lipschitz function h: X — R,

tim E| [ (@ () = (e ) ()| =0. (2.16)

N—oo

In fact,

E| [ 1@y ) - h(@ ) Juytaw)|

< CELp(mN(u),cp(u))uN(du) (2.17)

n
= lim CE 3" p(on (ufl), @ (u}))aj.

k=1
Here the discrete measures > ;_; afé‘uz weakly converge to py as n — o. Now
build the joint probability space for @ and @ in a special way. Consider,
for fixed n > 1, the space ¥* x ¥* with the o -field, which is generated by the
cylindrical sets.

Define the probability measure by its finite-dimensional distributions. For

fixed € > 0, consider on ¥ = X" x X" the measure x € C(Q (un,u,...,ul),
Q(u,ult,...,ul)) for which

JZ pn(p,@)x(dpi,...,dpn,da1,...,ddn)
x2n (2.18)

< yn(Quy,uf, .. uy), Q(uut, .., uy)) +e.

For the arbitrary sets uf,...,u, vi,...,Um, 71,...,71 € X, define the correspon-
dent measure on X2"*™+!l ag follows. For p1,...,pn € X, let Sy (p1,...,pn) and
S(p1,-..,pn) be conditional measures correspondent to the measures Q (uy;,
ul, ..., ult,vi,...,vy) and Q (un,ut,...,ult,71,...,7;). Define the measure

Ui, ..o, ul, U1, U Ul o U 71,000 71) (Ao X A X AY)

= Su(P1ye-on) (A)S (a1, an) (A %(dp1,...,dpn,dqr,...,dan).
2n
(2.19)

Here Ay, A, and A; are the Borel subsets of ¥2", ¥™, and X'. The family {U}
is the consistent family of the finite-dimensional distributions. Correspondent
random maps @y and @ have the desired distributions. Now

n

E> p(onup),®u}))ar <E Jmax p(on (ug), @ (ug))
L

<ym(Qunv,uts..oupn), QHuf, .. uy)) + €

< Cry(un,p) +¢
(2.20)
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So,
Ey(uvo@y'une@™') — 0, N — oo. (2.21)

Now consider Ey (uy o @1, uo@~1). For the same function h as before, con-
sider

E| [ n@a)uy(@w - | m@)nw|. (2.22)
X X

Since {uy; N = 1} converges weakly to pas N — oo, there exist such a probabil-
ity space (Q;,%1,P;) and a sequence of X-valued random elements {Ex; N > 1}
on it, that is,

& — &, N — co(modP),

(2.23)
[2ptIP1o &y =N, N=1,P10& ! =p

Then

£| [ n@)axaw - [ n(@@)u@u
X X
< EE1 | h(@(En)) —h(® (%)) | (2.24)
<CEEp(®(&n), @ (&0)).
Due to condition (2) of the lemma,
Ep(pu),@)) —0, u—wv. (2.25)
So,
EiEp(@(&n),@(&)) — 0, N — co. (2.26)

To complete the proof, it remains to consider

m

EY p(on(uy),®(ur)). (2.27)
k=1

Now

Ep(on(u), @ (ui)) <Ep(@n(uy), @n(uk)) +Ep(@n (ur), @ (ur)).
(2.28)

The first summand tends to zero due to condition (1), and the convergence of
the second is already checked. The lemma is proved. |

COROLLARY 2.5. Under the conditions of Lemma 2.4, the function
K(u,A) =Pluo@,' €A}, pel, AcB), (2.29)

is the stochastic kernel.
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Using Lemma 2.4, it is possible to construct the evolutionary Markov pro-
cesses using probabilities which describe the motion of the separate particles.
The following theorem holds.

THEOREM 2.6. Letthe family {Q (t,u,u1,...,uy); t=0, HEMW, U1,...,uy €X}
satisfy the conditions of Lemma 2.4 under fixed t > 0, and for all t, s > 0, all
ULy ey Un, Voo Um EX, all A€ B, and all T € B(X™),

1 n
meQ(tJrs’E > 5uk,u1,...,un,v1,...,vm> (dx1,...,dxn,dy1,...,dVm)
k=1

XIA( zéxk)lr Viseoos Ym)

k=1

1 u 4 ! ! 7
- an+m ( E > 6uk,u1,...,un,v1,...,vm) (dx},...,dx),dy;,...,dy,,)

]' 2 7 7 4 4 rr I’ rr I’
XJ me(S,n > 6xlf(,x1,...,xn,y1,...,ym> (dxy,....dx),dyy,...,dy),)

(2.30)
Then the Markov process constructed with the help of the stochastic kernel
K(t,u,A)zP{uocptueA} t=0, uEMW, A B, (2.31)

is evolutionary. Here @y, is the random map correspondent to the family {Q (t,

..},

PROOF. Let {K,(t,u,u1,...,uy), t =0, pu €M, uy,...,uy, € X, n > 1} be
the stochastic kernels which were built in Lemma 2.4. Consider the follow-
ing consistent family of the finite-dimensional distributions on [0, +) X X.
For 0 <ty <t; <---<tp, U,..., Uy, € X, define the probability measure in
(70 x %) m+Dn correspondent to the set of parameters {(ti,u;);1=0,....m, j=
1,...,n} as follows:

m n
R(tOy---!tmluli"'iun)(n HAS(er)

k=0 j=1

ﬁ ( Lo ()10 uk))

k=

—_

n
be . Kn(p,u1,...,un) (dvi,dvt,...,dvt) [ ] (IA}((vl)Irk;(v,l))
xxn k=1
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n
XJ Kn(vi,v1,...,v0) (dve,dvi, ..., dv2) ]_[(Az V) I vk)>
Txxn P

XJ Kn(Vi1, o0 oY) (v, dult, ., dot)
Nxxn

x[1] (IA}j‘ (Vin) I (Vltn)>

(2.32)

Due to Lemma 2.4 and the condition of the theorem, {R} is the consistent
family of the finite-dimensional distributions. Consider the random process
{(u(t,u),p(t,u)); t =0, u € X} correspondent to {R}. Note that due to the
construction of {R}, u can be chosen in a way independent from u. Moreover,
under fixed t > 0, @ is stochastically continuous with respect to u. It can easily
be checked that the random process {(u(t),@(t,u1),...,@(t,uy)); t = 0} is
Markov. For every t > 0,

Ey(u(t),pu(0)o@(t,-)"') =0. (2.33)

The last equality follows from the approximation by the discrete measures.
Thus the theorem is proved. O

3. Equations driven by the measures. In this section, we consider the sto-
chastic equation from Example 1.1. Our measure-valued process will be con-
structed with the help of the following stochastic differential equation:

dx(u,t) =a(xu,t),u)dt +b(x(u,t),u)dw/(t),
x(u,0) =u, ueR4, (3.1)

U =Ho-x(-,t)7L.

Here, coefficients a and b are the jointly Lipschitz functions a : R4 xM, —
R4 and b : RY x My — R4, {w(t); t = 0} is an R4-valued Wiener process,
U = Ho - x (-, )71 is an image of the initial measure po under the random map
x(-,t). It has been proved in [1] that under our conditions on the coefficients,
(3.1) has a unique solution. The process {u;; t > 0} has a strongly Markovian
property.

Here, we prove the existence of the generalized local time for the process
{ug; t = 0}. We consider the functional of the form

t
L(u,t) = JO J{Rd Oy (x(v,s))up(dv)ds (3.2)

in the case when the measure L is concentrated on the (d — 1)-dimensional
surface Sy and is absolutely continuous with respect to surface measure. This
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formal expression is a some kind of the generalization of the notion of lo-
cal time for the measure-valued processes. There are two important reasons
which lead to the existence of the local time. First, the trajectories of the single
particles, from which our process is composed, can have the usual local time
at the point u. Second, our process consists of the smooth measures. We will
consider the special type of the measure-valued processes, which is organized
from the mass of the interacting particles. But in the case d > 2, one cannot
expect the existence of the local time for the trajectory of the single particle.
Also we will use the singular initial mass distribution.

Consider the random flow {x(-,t); t € [0,1]}. In order to get the necessary
properties of x, we treat (3.1) as the usual stochastic differential equation for
x with the random coefficients

alx,t) =alx,u),  blx,t) =b(x,u), (3.3)

where x € R4, t € [0,1].

Then, under appropriate conditions on a and b, we can derive the same
properties of x(-,t), t > 0, as the properties of the stochastic flow in the sense
of Kunita. The next lemma is a straightforward consequence of [5, Theorem
4.4.2, page 148].

LEMMA 3.1. Let the coefficients a and b of (2.13) satisfy the following condi-
tions:
(1) forallk =0,1,2,3,

oka okb

W,WEC([R{"ZXYY)Z), (3.4)
(2) forallk =0,1,2,3,

sup (‘ + ‘
R4 M-

Then the random field x (u,t), u € R4, t € [0,1], has a modification such that
(1) x e C(R¥%x[0,1]) a.s.,
(2) x(-,t) is a C?-diffeomorphism R4 onto R? for everyt € [0,1] a.s.,
(3) the inverse mappings x(-,t)"1, t € [0,1], are such that, for every u €
R4, {x(u,t)"L, t €[0,1]} is the Ito process with the differential

b
ouk

ta
ouk

) < 400, (3.5)

dx(u,t) ™" = «x(u,t)dt + Bu, t)dw (t), (3.6)

where & and 3 have a continuous modification with respect tou and t.

Now we consider the surface in R4

So={u=(u",...,ut) :u=0}. (3.7)
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Denote by S; the image of Sy under the random map x (-, t). Due to the proper-
ties of x(-,t), which were mentioned in Lemma 3.1, Sy is a smooth surface of
codimension one. Our aim is to register the cases when the fixed point (zero
in the sequel without loss of generality) belongs to S;; that is, we will consider
the functional

t
c(t) = Jo So(x(0,8)Y)ds, (3.8)

where &y is a -function on R concentrated at the original and x(O,s);1 is
the last coordinate of x(0,s)~!. In order to define T in a proper way, we use
the Tanaka approach (see [4]). Consider the function h € C(R) which is even,
nonnegative, finite, and has the property

Lgh(r)dr =1. (3.9)
Let
hy,(r)=nh(rn), reR, n>1. (3.10)

Now the following lemma holds.

LEMMA 3.2. In addition to the conditions of Lemma 3.1, let b be uniformly
nondegenerate with respect to u and t. Then there exists the limit

t
403) =P-71Li£§ojo hn(x(0,5);")ds, (3.11)

where {T(t); t € [0,1]} has a modification which is the nondecreasing right
continuous process.

PROOF. It follows from Lemma 3.1 that

s d s
x(0,5);! :J «(0,7)qdr + ZJ B0, 7)ajdw;(r), (3.12)
0 2170
where
BOY) = (BO))y,  w) = (wi(r),..,wa(r).  (3.13)

Now, using the It6 formula in the process x(O,s)g1 and the function

F,(x) = Jj( hy(z)dzdy, (3.14)
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we get

Fu(x(0,8);") —Fu(0)

t t d
= [ Fa(e0,9)7) &0, 9)ads + 5 | Ba(x(0,93") 3, (B(0,5)a)”
0 0 j=1

da
JF (x(0,8) zﬁ(o,s)djdwj(s).

(3.15)
By the usual limit arguments, it follows that there exists a limit
t d
Lo Jim | R (x(0,5)3") Z B(0,5)a7) ds. (3.16)

Note that it follows from the explicit representation of the stochastic differ-
ential of x (u,t)~! in [5] that, under the condition of nondegeneracy of b, the
sum

d
> (B0,5)a))’ (3.17)
j=1

satisfies the relation

d
min > (B(0,5)a;)> >0 as. (3.18)
o 15
We denote
d
Z B(0,5)4;)°, s€l0,tl. (3.19)

Now consider the arbitrary subsequence of {f(f hn(x(O,s)gl)ds; n = 1}. Us-
ing the diagonal method, we can choose from this subsequence the subsubse-
quence which we will shortly denote by {fot hy, (x(O,s);l1 )ds; k > 1} such that
it satisfies following relations. There exists the set Qy C Q of probability one
such that, for every w € Q,

1) B(w) € C([0,t]), mingo,j B(w) >0,

(2) for all 1, 1> € Qn[0,t], there exists a limit

fim | R, (x(0;5)7") B(s)ds, (3.20)

k—co Jr,

(3) Supga1 Jo Hony (x(0,5)31)ds < +oo.
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It follows from (1), (2), and (3) that for every w € Qg and every @ € C([0,t]),
there exists a limit

t
]{ggjo B, (x(0,8) ) @ (s)ds. (3.21)

In fact, for fixed w using uniform continuity of the functions @ and 8(w), one
can construct the sequence of the functions {@,,; m > 1} such that
(4) for every m = 1, there exists the partition 0 = ty" <--- <ty =t of the
rational numbers (excluding t) for which

@(t7) . @t -1) 5
Pm(s) = =2 Pm(t) = = =2 B(s), (3.22)
" B(t™) " Bti, 1)
forall j=0,...,Ny—1landall s € (t;",tﬁl)
(5) supp¢11@m— @l — 0, m — o,
(6) for every m > 1, there exists the limit
hmJ My, (x(0,8) 1) @ (s)ds. (3.23)

Now, using (5) and (3), we conclude that there exists the limit (3.21). So,
substituting @ = 1, we prove the statement of the lemma. |

THEOREM 3.3. Suppose that the coefficients of (2.13) satisfy the conditions
of Lemma 3.2. Let the initial measure L be concentrated on the surface Sy
and have a continuous density p with respect to the Lebesgue measure on this
surface. Then there exists the limit in probability

t
P-lim Jo de Sn(u)us(du)ds, (3.24)

N— 00

where f,(v) =n?- f(nv) and f € CL(R?) is nonnegative, spherically symmet-
vic with [ga f(u)du = 1.

PROOF. We consider the stochastic flow {x(-,s), s € [0,t]}, which is corre-
spondent to the initial measure p via (2.13). Then

t t
| [ pmn@wds = [ | fatesm@nds. 625
We define the functions

Pn(s,u) = L Su(x(v1,...,va-1,1u,5))p(v1,...,v4-1,0)dvy,...dvg -1,
0
ueR, se[0,1], (3.26)
Wn(s,u) = @n(s,u-x(0,5);'), ueR,sel0,1].



3976 ANDREY A. DOROGOVTSEV

Using the diffeomorphic property of the flow x and the change of variables
formula, one can check that there exist a continuous random process {J(t); t €
[0,1]} and the deterministic sequence of functions {,; n > 1} on R such that
(1) forallm = 1,suppx, C [—1,1], %, = O,
(2) M [y [wn(s,x(0,5)3") = J(8)xn (x(0,5) 1) 12ds — 0, n — o0,
(3) {x,; n =1} satisfies the conditions of Lemma 3.2.
Note that

[ Fa@In@v) = g (5,x(0,55") s, (3.27)

So, due to Lemma 3.2, for every t € [0, 1], there exists the limit in probability
t t

P- lim Wn(s,x(0,5);")ds :P—%imj J(8)%n (x(0,5) ") ds. (3.28)
- Jo - Jo

Thus the theorem is proved. O

Note that, in the one-dimensional case, the local time for a process of this
type was considered in [2].
Now consider another example of the evolutionary measure-valued process.

EXAMPLE 3.4. Let (X, p) be a compact metric space and let {G; 0 < s <t} be
a stochastic semigroup of continuous mappings in X [6] with the independent
homogeneous increments, that is,

(1) GL e C(%,X) as.,

(2) G is an identity map for all s > 0,

(3) GLHGy) =Gl as.,, 0<r <s<t,

4) Gif,Gf;,...,Gf:il are independent for all t; <tx < --- <ty,

(5) G} and G;? are equidistributed under s; —t; = 5, —t> > 0.

Define the Markov process in the space 20 x C(X,X) as follows. For arbitrary
x €M, g € C(X,X%), denote %; = xo (G5)~! and g; = GL(g), t = 0. Consider for
positive h € C(X) the additive functional from {(x,g;); t > 0} of the form

t
pl= J J h(u)x-(du)dt, 0<s<t. (3.29)
s JX

Let {L,Uf); t > 0} be the inverse function for {(pf); t > 0}. Consider {u; = Kyt t>
0}. This is a Markov evolutionary measure-valued process, and the correspon-

t
dent stochastic flow is f; = Gg} o t=0.
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