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We consider the uniqueness of the inverse problem for a semilinear elliptic dif-
ferential equation with Dirichlet condition. The necessary and sufficient condition
of a unique solution is obtained. We improved the results obtained by Isakov and
Sylvester (1994) for the same problem.
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1. Introduction. Isakov and Sylvester considered in [3] the problem of
uniquely determining a in the following semilinear elliptic Dirichlet problem:

-Au+a(x,u)=0, xeQ, (1.1)
ulag =g e WP (0Q), (1.2)

where Q ¢ R" (n > 3) is abounded domain and its boundary 0Q € C>*, Denote
u(x,g) as the solution of (1.1) and (1.2). Under the assumptions

as(x,s) =0, a(x,s),as(x,s),ass(x,s) € L®(Qx[s,s]), (1.3)

they proved the following theorem.

THEOREM 1.1. Denote the mapping A, : g — ou/oulsq. Ifa,(x,0) =a-(x,0)=
0andAa, = Aa,, thena; (x,s) = ax(x,s) onE, whereE = {(x,s) :min(u14, Uz4)
< s < max(urk,uzk), X € Q}, Uik = SUPep2-1/ppa0) U(X,9), and Ui, =
infgew2—1/p,p(ag) u(x,g),i=1,2.

Later, Nakamura, in [4], attempted to improve the above result by claiming
that the same results can be obtained only by assuming the following condi-
tions on a:

a(x,s) € L (QxR), as >0, a;(x,0) =an(x,0). (1.4)

The result of [4] does not hold because the key Lemma 2.1 in [4] applied in its
proof is incorrect.
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In this paper, we consider a general strong elliptic equation

n
- > cijdiju+alx,u) =0, (1.5)
ij=1

where c;; are constants and Z;‘j:l cij&i&; = co > 0 for any (&1,&2,...,&n) € R™
The following two theorems are our main results.

THEOREM 1.2. Suppose that a,(x,s) and a»(x,s) satisfy the conditions
ai,az,ag,dz € L°(AxR)NCO*(QxR), ais,dz =0. (1.6)

If Aay = Ag,, then a;(x,s) = ax(x,s) on QxR if and only if there exists a
constant 0y such that u(x,0q) = u»(x,0y), where u;(x,0¢) and u»(x,0y) are
both a solution of (1.1) and (1.2) with boundary data 6, and

_ou

A, = —
a ou

n
0
= ZCij_uCOS(n,Xi) . (1.7
o0 520X 20

The following theorem is a consequence of Theorem 1.2 and it improves
the result in [3].

THEOREM 1.3. Suppose that conditions (1.6) are satisfied. If Aa, = Aa, for
ai,a» € E = {a(x,s) € C1(QxR), there exists an s € R such that a(x,s) =0
for all x}, then a;(x,s) = a>(x,s) on QxR.

REMARK 1.4. In our result, we obtain a necessary and sufficient condition
for the uniqueness of a. Moreover, the condition in Theorem 1.2 is weaker than
that in [3].

REMARK 1.5. It is significant to consider a general elliptic equation (1.5)
although the equation can be transferred to a Laplace equation (1.1) through
some transform. The reason is that, to determine the term a, we rely on a
Dirichlet — Neumann mapping (defined in Section 2) totally, which may be
defined for the general elliptic equation, but the transferred version may or
may not be defined for the resulting Laplace equation.

2. The global uniqueness of the inverse problem. Let Q be a bounded
domain in R with C>*-boundary 0Q.
First we state an existence result.

LEMMA 2.1. Suppose thata(x,s),as(x,s) € L* andas(x,s) = 0. There exists
a unique solution, u € W27 of the following Dirichlet problem:
n

- > cijdjutalx,u) =0, x€Q,
b= (2.1)

ulsg =g € W HPP(0Q).
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PROOF. We first consider (2.1), with ¢ (x) € C>*(Q)) as the boundary condi-
tion. The existence of a solution u of the problem is well known (cf. [1]). Then
we take a sequence of functions: ¢, € C>*() in such a way that ¢, — ¢ in
W27 and ¢lg = g € W2~1/PP(0Q). For each boundary term ¢, there exists
a solution u, € C2%*(Q). By establishing a priori estimates and applying em-
bedding theorem and maximum principle, we can show that u,, is a Cauchy
sequence. Therefore, a subsequence of u,, will converge to a function u in W2?
and it can be shown that this limit, u, is the unique solution of (2.1). O

Given g € W2~1/r.»(3Q), with the corresponding solution from Lemma 2.1,
we define the Dirichlet — Neumann mapping (W2-17?(0Q) — W1-1/PP (5Q)):

n
0
= cija—;jcos(n,xi) ) (2.2)
ij=1 i 0Q

oQ

Following the notations in [3], for each g € W2-1/P?(5Q), we denote

a*(x,g) = %Z(x,u(x,g)). (2.3)

For

n
- > cijoijv+a*(x,g)v =0, (2.4)
=1

we denote the Dirichlet — Neumann mapping as Agx(x,g).

LEMMA 2.2. Suppose that ai, a, satisfy conditions (1.6) and A, = Aga,. Then,
for each g € W?=1/PP (3Q),

Alff (x,9) = Aaé‘ (x,9)" (2.5)

PROOF. By definition,

Au(g+Tg*)=—au(x’g+Tg*) ,
H o0
du(x,g) =0
Aq =—==| .
(9) o lao
For gx € W2=1/PP (0Q),
Na(g+Tg*)—Na(g) _ 0 ulx,g+7g%)-u(x,9) 2.7)

T ou T 1Y
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Since u(x,g + tg*) and u(x,g) are, respectively, solutions of the Dirichlet
problems

n
- > cjdiju+a(x,ulx,g+1g*)) =0, xe€Q,

ij=1
U(X,g+Tg*) |30 =g +Tg* € WHPP(3Q);
n (2.8)
- > cijojju+a(x,u(x,g)) =0, xeQ,
ij=1
u(x,9)lsq =g € WYVPP(3Q),
the difference v (1) = (u(x,g+T1g*) —u(x,g))/T satisfies the equation
‘ oa
- > cijdiv +U(T)6—(X,M(X,g))
ij=1 S
1 /oa da
- —U(T)J (a(x,au(x,gﬂ'g*)—(l—U)u(x,g))—g(x,u(x,g))>dg,
0
(2.9)
The maximum principle implies that
||U(T)||L°°(Q) <max|g*(x)| VTeR. (2.10)
x€0Q

Applying the L?-estimate theorem for the solution of elliptic equation, we then
obtain that

llu(x,g+T1g%) —u(x,g)ly2r < clTlg* lye-1ppreq — 0 asT— 0.
(2.11)

Embedding theorem shows that
[lu(x,g+1g*)—u(x,9)l|cqy —0 asT—0. (2.12)
From the assumption that a; € L (Q X R) N C**(Qx R) and (2.9), we see that

— 0 asTt—0. (2.13)
LP(Q)

n
0
‘— > cijdijv +v(1-)a—a(x,u(x,g))
ij-1 s

Now we can show that v (1) — v (0) in WP (Q). In fact,

> i (v(T) —v(0))

i,j=1

=(v(T) —v(O))g—?(x,u(x,g)) - a—a(x,u(x,g))

os (2.14)

L rda
—-v(T) Jo (g(x,au(x,grrg*) —(1 —U)u()C,g)))da,

(v(T)=v(0)) |30 =0.
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Therefore,

[[v() =v (0

< Cllg * llw2-1p.p 30 (x,0u(x,g+Tg*)

max —a

xeQ,oel0,1] | 08
—(1-0)ulx,g)) - aa—?(x,u(x,m) .

(2.15)

The fact that a; € C>*(Q x R) implies that v(T) — v (0) in W2P(Q), that is,

u(x,g+Tg*)—u(x,g)
T

—v(0) in W3P(Q). (2.16)
Applying the trace theorem, we obtain that

ov(T) . ov (0)

=A * 2.17
ou ou  laa @ xd ( )
or
A -A
lim —4X.9+7g*) ateg) _ Aa*(x,9)- (2.18)
-0 T
The assumption that Az, = A4, implies (2.5). O

LEMMA 2.3 [2]. Consider a linear equation of order m with constant coeffi-
cients

(Pj(—i8)+cj)uj=0. (2.19)

Let 3y be a nonempty open set in R™. Suppose that, for any £(0) € X and any
constant R, there exists a solution E(j) of the following algebraic equation:

E()+E(2)=8(0), Pi(§(j))=0, |[E()|>R. (2.20)

Also suppose that there exists a constant C such that, for all C € R™,
1
[E() |

whereﬁ(C) =X \xl=m |agp(§)|2)l/2, If f € LY(Q) and for all L? solution, uj, it
holds that

< CPi(T+E())), (2.21)

J fuiusdx =0, (2.22)
Q

then f =0.

In our case, we take

n
P(Ou) =- > aijdiju+alx)u=0, (2.23)
Q=1
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where ijzl ¢ij&i&j = col&| for any & € R"™. It can be shown algebraically that,
for the differential operator defined in (2.23), all the conditions in Lemma 2.3
are satisfied.

Now, we apply the result of Lemma 2.3 to prove the following lemma.

LEMMA 2.4. Under the assumptions of Lemma 2.2, for any g € W2=1/rP:P (3Q)
and any x € Q, it holds that

aj(x,g)=ajs(x,9). (2.24)
PROOF. From Lemma 2.2, for any g* € W2-1/P»(3Q)),
Aaf(x,g)g* = Aa;(x,g)g*' (225)

That is, if v, (x,g*) and v2(x,g*) satisfy, respectively, the equations

- i cij0ijv1(x,g%) +aj (x,g)v1(x,g%) =0, (2.26)

ij=1
V1(x,9%) o0 = 9 %; (2.27)
- i Cij0ijv2(x,g %) +as(x,g9)v2(x,g%) =0, (2.28)

ij=1
Vo (x,9%) | 50 = 9%, (2.29)

then
ovi(x,g%) | _ 0va(x,g%) . (2.30)
ou a0 ou 20

We can easily prove the conclusion of the lemma by multiplying (2.26) by v,
and (2.28) by vy, integrating the difference of the two equations over Q, and
applying Lemma 2.3. |

LEMMA 2.5. If there is a constant 0y such that u,(x,0y) = u»(x,0y), then
Aa, = Aq, implies that a, (x,u1(x,00)) = a»(x,u2(x,60p)).

PROOF. Applying Green’s formula, we obtain, for any v € C%(Q) N C2(Q),

n n
JQ > aijaivajuldx—LQ > aijdjuivcos (n,xi)ds+JQa1(x,u1)v dx
Q-1 Q-1
n
=J > aijaivajuldX—J v%ds+[ a(x,u))vdx
0,7 o  ou o
=0.
(2.31)
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Similarly, for u,(x, 6y), we have

J ih’il aij0ivojurdx — LQ v aa%ds + JQ az(x,uz)vdx =0. (2.32)
Therefore,

L) [a1(x,u1) —a>(x,uz) Jvdx =0, (2.33)

which then implies that a; (x,u;(x,0y)) = a>(x,u»(x,00)). O

LEMMA 2.6. Suppose that Ay, = Ag,. There exists a number 0* > 0 such that,
when |0 — 0y| < 0%,

u(x,0) =ux(x,0). (2.34)

PROOF. Let v =u»(x,0)—u;(x,0). Then v satisfies equations

n 1

— > ¢ijoijv +vj —g?(x,(ru2+(l—a)u1) =ai(x,u1) —ax(x,uz), xeQ,
£ 0
i,j=1

Vlaa = 0.
(2.35)

It results from the maximum principle that
VI < Cllay (x,ur) —az (x,u2)|[1p q)- (2.36)

Since (0a1/0s)(x,u1) = (0ax/0s)(x,u>),

oa, _oa; _ ‘ 9a; _9a; |
‘ 3s (x,u1) 3 (x,u1) | = 3s (x,u2) 3 (x,u1) | <Cluy—uz|”.
(2.37)
From Lemma 2.4, we know that, for 6 > 0,
llar (x,u1) —az (x,u1)]]
O rda, das ouy
= LO(g(x,ul(x,ﬂ)—g(x,ul(x,T)))FdT (2.38)
<C|l0-6y] sup |ui(x,T)—u2(x,7)|%
0p<T1<0,xeQ
Substituting it in (2.36) yields
[ (x,0) —u2(x,0)|[ ;e <ClO-00| sup  |ui(x,T)—u2(x,7)|"
Op<T=<0,xeQ
(2.39)
Therefore, there exists 0* such that, when |0 — 0y| < 0%,
u1(x,0) = uz2(x,0). (2.40)

d
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LEMMA 2.7. Assume that a,, a; satisfy all the conditions in Lemma 2.2 and
that Aq, = Aa,. Then uy(x,0) = ux(x,0) for all 0 € R.

PROOF. Again, let v = us(x,0) — u;(x,0). From the proof of Lemma 2.6,
we obtain that

0 0
%(X,m)—%(x,ul) sC\ul—u2|°‘. (2.41)
Thus,
aa—(x ui(x,0)) - 85 (x u1(x,0)) =0 V][0-00| <0*. (2.42)

Then we have

llar (x,ur) —az (x,u1)]

-~ 8a1 aaz )%
- LO( 35 (x,u1(x,1)) — Be (x,u1(x,T)) 3 art
(2.43)
6112 8u1
Uoo+0* ( 3 (e, (X, 7)) — s (x,ul(x,T)))—d ’
<C|O0-60,-6" sup |1 (6, T) —ua(x,7) |~
Op+0*<T=<0,xeQ
Therefore,
sup |ay (x,u1) —az (x,uy) |
xeQ (2 44)
<C|0-0,-06*| sup |u (x, T) —u2(x,7) | %, '

0p+0*<T<0,x€Q

which implies that there exists h; > 0 such that, when 0y + 0* < 0 < 6y + 0* +
hy, ai(x,uy) —ax(x,u;) = 0. Similarly, there exists h, > 0 such that, when
Op+0*—hy <0 <0pg+0*, a(x,u)—ax(x,u;) =0.Note that

[[u1(x,0) = uz(x,0)|| ;=) = Cllar (x,u1) —az (x,u2)||rq- (2.45)
Therefore, there exists a common h such that, when |0 — 0y —0*| < h,
u(x,0) =ux(x,0). (2.46)

Repeating the above process, we can extend the interval each time by the length
of h. Eventually, we have 1;(x,0) = u(x,0) for all 6 € R. |

Now we state and prove the first main result of this paper.

THEOREM 2.8. If ai, a, satisfy all the conditions in Lemma 2.2 and Aa, =
Ag,, then a; (x,S) = a»(x,s) if and only if there exists 0y such that u,(x,0y) =
uz(x,00).
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PROOF. Applying Lemmas 2.4 and 2.7, we have, for all v € C°(Q) nC2(Q),
J [a1(x,u1(x,0)) —az(x,u1(x,0))]vdx = 0. (2.47)
o

Therefore, for all 0 € R,

ar (x,u1(x,0)) = az(x,u:1(x,0)). (2.48)
It can be shown that
elim u1(x,0) = +oo. (2.49)

Since u;(x,0) depends on 6 continuously, when 6 changes from —oo to oo,
u1(x,0) changes from —o to co. The result of this theorem then follows. O

The result in [3] is a special case of Theorem 2.8. We put it as the following
corollary.

COROLLARY 2.9. Suppose that a,, a, satisfy all the conditions in Lemma 2.2
and that Aq, = Ag,. If a1(x,0) = a2(x,0) =0, then a,(x,s) = a>(x,s).

PROOF. Condition a,(x,0) =a,(x,0) =0 implies that u;(x,0) =u,(x,0) =
0. According to Theorem 2.8, a; (x,s) = ax(x,s). O

Next, we give another necessary and sufficient condition for the uniqueness
of a.

COROLLARY 2.10. Assume thata, a, satisfy all the conditions in Lemma 2.2.
Then a(x,s) = ax(x,s), forall s € R and x € Q, if and only if there exists a 6y
such that a, (x,u(x,0y)) = a>(x,u2(x,0p)).

PROOF. Assume that u, u, satisfy, respectively, the problems

n
- > cijoiur +a(x,ui(x,00)) =0,
ij=1 (2.50)
u1 (x,00) | 59 = 00 € W2HPP (3Q);
n
- > cijdijur +a(x,uz(x,00)) =0,
i,j=1 (2.51)

U (X,Q()) |BQ =0y € sz”f"”(aQ).
It is clear that, when a; (x,u; (x,09)) = a»(x,u»(x, 0y)), the difference u; —u,
satisfies the problem

n
- Z cijaij(ul—u2)=0, XEQ,
ij=1 (2.52)

(U1 —u2) 50 =0,
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which implies that u;(x,0¢) = ux(x,60y). Theorem 2.8 then assures that
ai(x,s) =ax(x,s). The inverse result follows clearly from Theorem 2.8. O

The following corollary can also be easily proven.

COROLLARY 2.11. Suppose thata,, a, satisfy all the conditions in Lemma 2.2
and there exists so such thata (x,so) = a»(x,so) =0.IfAa, =Aa,, thena, (x,s) =
ax(x,s) foralls e R, x € Q.

Denote E = {a(x,t) € CH(Q x R) : there exists an s € R such that a(x,s) =
0 for all x}. The following theorem improves the result in [3].

THEOREM 2.12. Let ai,a, € E. If a,, a» satisfy all the conditions in Lemma
2.2and Ny = Ag,, then a; (x,s) = ax(x,s) foralls e R, x € Q.

PROOF. Suppose that a;(x,s;) = 0 and a»(x,s2) = 0. We will show that
Aga, = Ag, implies s; = s». Then the theorem follows from Corollary 2.11. In
fact, since u; = s; satisfies

n
= > cidur+ar(x,s1) =0, uplsn = s, (2.53)
Q-1

we have Ay, s1 = Ag,51 = 0. That is, u, satisfies

n
- z cijaiju2+a2(x,u2) =0, u2|39251. (2.54)
ij=1

Therefore, 11 — u, satisfies

n 1

- Cuau(“vtl—uz)+(u1—uz)J0 %(x,auzﬂl—om) =0, (2.55)
ij=1

o(ur —up)

=0. 2.56
ou 20 (2.56)

(u2—52) |aQ =S51—352,

Multiplying both sides of (2.55) by (u2 —s2) and integrating over Q yields u, —
s> = 0. Therefore, s; = s». Corollary 2.11 and the fact that a»(x,s;) = 0 and
a;(x,s1) =0 assure that a; (x,s) =a(x,s) forall s e R, x € Q. O
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