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We study a minimax optimal control problem with finite horizon and additive final
cost. After introducing an auxiliary problem, we analyze the dynamical program-
ming principle (DPP) and we present a Hamilton-Jacobi-Bellman (HJB) system. We
prove the existence and uniqueness of a viscosity solution for this system. This
solution is the cost function of the auxiliary problem and it is possible to get the
solution of the original problem in terms of this solution.
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1. Introduction. The optimization of dynamic systems where the criterion
is the maximum value of a function is a frequent problem in technology, eco-
nomics, and industry. This problem appears, for example, when we attempt to
minimize the maximum deviation of controlled trajectories with respect to a
given “model” trajectory. Minimax problems differ from those usually consid-
ered in the optimal control literature where a cumulative cost is minimized.
Since in some cases, minimax problems describe more appropriately decision
problems arisen in controlled systems whose performance is evaluated with a
unique scalar parameter, the minimax optimization has received considerable
attention in recent publications (see, e.g., [4, 5,6, 7, 8,9, 10,11, 12, 13, 15, 16,
17, 18, 19, 22]). Furthermore, minimax problems are related to the design of
robust controllers (see [14]).

In addition, from the academic point of view, the minimax optimal con-
trol problem is of interest in the area of game theory because minimax prob-
lems can be seen as a game (see [18]) where a player applies ordinary con-
trols and the other one—using complete and privileged information—chooses
a stopping time. Problems of this type lead to the treatment of nonlinear
partial differential inequalities akin to those appearing in the obstacle prob-
lem (with obstacle given in explicit or implicit form, see [10]). To find solu-
tions of these systems, we must consider generalized solutions—even dis-
continuous solutions—since commonly there do not exist classical solutions
of such systems (see [2, 3]). The treatment of the infinite horizon problem
also presents great analytical difficulties because the optimal cost is neither
necessarily lower semicontinuous nor upper semicontinuous. Moreover, the
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optimal cost cannot be approximated with a sequence of finite horizon prob-
lems. Studies concerning these issues can be seen in [17, 19]. Besides, it is
also important to develop numerical methods to compute these solutions in
an approximate way because in general it is not possible to find exact analyt-
ical solutions. Numerical methods to obtain approximated open-loop optimal
controls are analyzed in [24] and for closed loop, see [8, 15].

Here, we analyze a minimax optimal control problem where the functional
to be optimized not only depends on the maximum of a function along the
complete trajectory of the system but also it takes into account (in an additive
fashion) another function of the final state of the system.

For a problem with such a structure, a dynamical programming principle
cannot be formulated merely in terms of the initial time and the initial state.
To obtain a DPP, we introduce an auxiliary parameter which “remembers” the
past maximum values (the use of a similar procedure can be seen in [4, 5]).
Using this parameter, we present an auxiliary problem which gives the solu-
tion of the original problem when a particular value of the auxiliary parameter
is chosen. For this second optimal control problem, we establish the asso-
ciated dynamical programing principle (DPP) and a Hamilton-]Jacobi-Bellman
(HJB) equation. Finally, we prove that the optimal cost of the auxiliary problem
is the unique solution of the associated HJB equation.

The paper is organized as follows. In Section 2, we present the optimization
problem. In Section 3, we describe the auxiliary problem and its relation with
the original one. We also establish there the dynamical programming equation.
In Section 4, we give the HJB equation associated to the problem and we prove
the uniqueness of the solution in the viscosity sense.

2. The optimization problem

2.1. Presentation of the problem. We consider a minimax optimal control
problem with finite horizon and final cost. More specifically, the problem con-
sists in minimizing the functional J,

J:[0,TIXxR™xd — R, (t,x,0x(+)) — J(t,x,x(+)), (2.1)
J(t,x,x(+)) =¥ (ya(T;x,t)) +esssup f (s, va(s;x,t),x(s)), (2.2)
selt,T)

where y4(-;t,x) represents the state of a dynamic system which evolves from
the pair (t,x) according to the following differential equation:

Vels;t,x) = g (s, va(s;t,x),x(s)) ae.se(t,T],

2.3
yu(t;t,x) =x, xe€R™ (2.3)

To simplify the notation, and whenever this simplification does not produce
misunderstandings, we will write directly v (-;t,x) = ¥(-). The set f = L~ ((0,
T);A) is the set of admissible control policies and A is the control set.
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The optimal cost function is given by

u(t,x) = inf J(t,x,x(-)). (2.4)
x(-)ed

This problem is an extension of another one analyzed by Barron and Ishii [10]
and by Di Marco and Gonzalez [15, 18]. The problem with an additive final
cost considered here can represent scenarios where the performance of the
applied control is measured jointly (in an additive fashion) by the maximum
of a function along the trajectory and by a function of the final state.

To give an example of this type of problems, we consider the following eco-
nomic case.

ELEMENTS OF THE PROBLEM.

(1) The vector y(t) of economic activities (manufacturing, services, etc.);

(2) GDP(y(T)), gross domestic product at the end of the period [0,T];

(3) a(t), policy of resources assignments;

4) f(y(t),a(t)), unemployment level.

We consider the following functional, which measures the effectiveness of
the economic policy. The functional measures both the positive aspects (the
GDP) and the negative ones (the unemployment level f (v (t),a(t))) of the eco-
nomic policy in the following form:

J(a()) =GDP(y(T))/trer[lg>;]f(y(t),a(t)). (2.5)
The maximization of J is equivalent to the maximization of the functional

log (GDP (y(T))) —trer%(?};] (log (f (y(t),a(t)))). (2.6)

Hence, if we define
¥ (y(T)) = —log (GDP (¥(T))), (2.7)
the problem is equivalent to the minimization of the functional

‘I’(y(T>)+trEr[lg>;](log(f(y(t),a(t)))), (2.8)

and so we must deal with a problem of type (2.2).

As we will see, the new problem presents an additional difficulty because it
is not possible to establish a DPP only in terms of the variables (t,x). To avoid
this difficulty, we introduce an auxiliary problem which generalizes the prob-
lem presented above and we establish the DPP corresponding to the auxiliary
problem. We also present an HJB equation associated to the optimal cost. Fi-
nally, using a methodology similar to that one presented in [20, 23], we prove
that the optimal cost is the unique solution of this HJB equation.
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2.2. General assumptions. Let BUC([0,T]x R™ x A) be the set of bounded
and uniformly continuous functions in [0,T] x R™ x A. We assume that the
following hypotheses hold:

(Hy) g:[0,T]XR™xA~R™, geBUC([0,T]xR™xA), and

[lg(t,x,a)|| <My,

o . R (2.9)
||g(t,x,a)—g(t,x,a)\|ng(|t—t| +||X_XH)!
forall t,f €[0,T], all x,X € R™, and all a € A;
(Hp) f:[0,T]xR™xA~ R, f€BUC([0,T]xR™xA), and
my < f(t,x,a) < My,
~ . ~ . (2.10)
|f(t,x,a)—f(t,%,a)| <Lg([t—t]|+][]x-%]),
forall t,f € [0,T], all x,%x € R™, and all a € A;
(H3) Y:R™ — R, ¥ € BUC(R™), and
|V (x)-¥(X)| <Ly|lx-%||, Vx,XxeR™ (2.11)

(Hs4) A is compact in R4,

NOTE 2.1. The above-stated hypotheses are not the minimal ones under
which the principal results of this paper hold. In particular, the Lipschitz con-
tinuity of f and ¥ can be replaced by the uniform continuity. We have used
(Hy), (H2), (H3), and (Hy4) in order to simplify the proof of the central results.

3. Auxiliary problem. In the problem presented above, it is not possible
to establish a DPP merely in terms of the variables (t,x) because the optimal
control policy generally depends not only on the current state (t,x) but also
on the past values of the trajectory. We see the following example.

EXAMPLE 3.1. We consider (t,x) € [0,1] x[—2,2]. The control set is A =
[-0.5,0.5]. The instantaneous cost f, the final cost ®, and the dynamic g are
given by

ft,x,a)=(t—-0.5)"+a", d(x) = x,

3.1
gt,x,a) =a(1.5-0.5|x]-0.5||x|-1]). (3.1)
Figure 3.1 shows the optimal trajectories corresponding to a couple of differ-
ent initial points (t,x).
So, the optimal control policy depends not only on the current state (t,x)
but also on the past values of the trajectory.
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3.1. Auxiliary variable and problem reformulation. In order to develop
the analytical and numerical treatment of the problem, we extend the state of
the system introducing an auxiliary state V;,+1(-) (whichis actually y,,.1(+) :=
Yam+1 (-, t,x,p)). To simplify the notation, we will define

ha(t,T) :=esssup f(s,y(s),x(s)), Te(t,T]. (3.2)

selt,T)

The auxiliary variable takes the following form, for all T € [t,T],

(7.t ) o, if T=t, (3.3)
+«1(T,0,x,p) = .
Yool P77 max (p, ho (1, 1)), if T € (1,T].

NOTE 3.2. The additional variable v, “stores” the maximum value of the
function f from the initial time t to the current time T when its initial value
is suitably chosen. More clearly, by considering p < my, from (3.3), it follows
that

Ym+1(T) = ha(t,T). (3.4)

NoTE 3.3. When p € [mg,M¢], Yam+1(T,t,x,p) € [myg,My], for all T €
[t,T].

In this way, the functional cost becomes J(t,x,&(:)) = YVm+1(T) +¥Y(y(T))
and the function v, defined as

v(t,x,p) =inf {Yam1 (T, t,x,0) + ¥ (ya(T,t,x)) : () € A}, (3.5)
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where t € [0,T], x € R™, and p € [mf,M[], can be seen as the optimal cost of
an ordinary optimal control problem, that is, a problem with pure final cost.

3.2. Properties of the optimal cost v. The following properties bring some
relations between the optimal costs u and v of the original and auxiliary prob-
lems. They are almost evident and can be proved without difficulties using the
definitions of the original and auxiliary problems described above. Here, we
omit the complete proofs for the sake of brevity and we only sketch the lines
of the argument.

(I)Letmy(t,x) := mingea f(t,x,a), then,forall t € [0,T] and for all x € R™,

u(t,x) =v(t,x,ms(t,x)). (3.6)

(2)Wehave v (t,x,My) = Mg+ (t,x), where 7 is the optimal cost of the opti-
mal control problem where the functional to be minimized is Jt,x, () =
Y(y(T)).

In this case Yy +1(s) = My, for all s € [t, T]. Then, by replacing this equality
in (3.5), we have

v(t,x,My) =Ms+ (igwa(y(T)) =My +10(t,x). (3.7)

(3) If p1 > p2, then
v(t,x,p1) =v(t,x,p2). (3.8)
Let p1 > po, then

Yam+1 (T, t,x,p1) =max {p1,ha(t,T)}

>max {p2,ha(t, T)} = Vam+1 (T, t,x,p2). (3.9)

By replacing this inequality in (3.5), it results that v (t,x,p1) = v(t,x,p2).

(4) The optimal cost v is bounded in [0, T] X R™ x [my,My].

This property follows from the definition of v and the boundedness of f
and VY.

(5) The optimal cost v is Lipschitz continuous with respect to the variables t,
x, and p.

This property follows from the hypotheses verified by f, g, and ¥. The proof
can be obtained essentially with the techniques used in [21].

NOTE 3.4. As we have pointed out in Note 2.1, it is possible to consider f
and ¥ uniformly continuous with respect to their variables. It also results that
v is continuous with respect to the variables t, x, and p and similar results
can be obtained.
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3.3. Dynamical programming equation. In this new problem with the state
augmented by the variable p, the dynamical programming equation is given by

v(t,x,p) = inf (s, (), Ym+1(5)), Vse(t,T). (3.10)
o(-)EL®((t,5);A)

We also have the final condition
v(T,x,p) :max{p,miglf('[,x,a)}#l'(x). (3.11)
ae

Both relations are almost evident and can be proved without difficulties us-
ing the classical argument of dynamic programming and the definition of the
auxiliary problem described above. Here, we omit the complete proofs for the
sake of brevity.

4. Hamilton-Jacobi-Bellman equation

4.1. Preliminaries. We define

ov
H,(t,x,p,Vv) = g(t,x,p),

H(t,x,p,Vv) = inf«{aa—lt}(t,x,p)jL g—;}((t,x,p)g(t,x,a) f(t,x,a) < p},

Y

H,(t,x,p,Vv) = 1nf5L 3t

ov )
(t,x,p) + a(t,x,p)g(t,x,a) (f(t,x,a) < p};. |
4.1

Taking into account the dynamical programming equation, we obtain the fol-
lowing differential formulation. Strictly, it takes the following form:

min {H, (t,x,p,Vv),H(t,x,p,Vv)} >0,

min{H, (t,x,p,Vv),H(t,x,p,Vv)} <0 4.2
with the final condition
v(T,x,p) =max{p,1;”1ei£\1f(T,x,a)}+‘I'(x), (4.3)
for all (x,p) € R™ x[myg,My], and the boundary condition
v(t,x,My¢) = My +u(t,x), (4.4)

for all (t,x) € [0,T] xR™, where i is the optimal cost of the optimal control
problem where the functional to be minimized is f(t,x, () =Y(y(T)).

NOTE 4.1. Itisclear that H > H.,. It can easily be proved that H, is the lower
semicontinuous envelope of H, that is,

H,(t,x,p,q) =liminf{H(t',x",p',q") : [t —t'| <&,
0 ’ ’ ’ (4'5)
lx-x'll <& |lp-p'| <& lla—a'll <€}
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NOTE 4.2. When f = 0, we have the Mayer problem. In this case, my = My =
0 and the solution of the problem is given by (3.7) (with My = 0). So, p = 0 and
the function i (t,x) is obtained by solving the classical HJB equation

) ov ov
;Ielg{a(t,x,O)+$(t,x,0)g(t,x,a)} =0 (4.6)

with final condition v (T,x,0) = ¥ (x), for all x € R™.

NOTE 4.3. When ¥ = 0, we have the optimal control problem treated by Bar-
ron and Ishii [10]. We define p(t,x) = max{p € [ms,Ms]: v (t,x,p) = u(t,x)}.
Then, in case p > p(t,x), we have v (t,x,p) = p.In case p < p(t,x), it follows
that v (t,x,p) = u(t,x). For the value p = u(t,x), it can be proved that the
system (4.2) becomes

;Ielg{%(t,x)+ Z—Z(t,x)g(t,x,a) f(t,x,a) < u(t,x)} >0,

. ou ou .
;rel/f_\{ﬁ(t,x) + a(t,x)g(t,X.a) (ft,x,a) < u(t,X)} <0,

4.7)

which is the HJB equation presented by Barron and Ishii [10]. Obviously, the
final condition is u(T,x) = v(T,x,my(T,x)) = my(T,x) = mingea f(T,x,a).

4.2. Viscosity solution. We say that a function v is a solution in the viscos-
ity sense of system (4.2) when it is both a subsolution and a supersolution in
the viscosity sense of (4.2). These concepts are defined as follows.

In order to simplify the writing we define Q = (0,T) X R™ X (my,My). We
also give the following definitions.

(1) The function w is a subsolution in the viscosity sense if
(i) w is continuous on Q;
(i) w is upper-bounded on Q;
(iii) w verifies the following final condition:

w(T,x,p)smax{p,meigf(T,x,a)}PI'(x), (4.8)

for all (x,p) e R™x[ms,My];
(iv) w verifies the following upper condition: w(-,-,My) is a viscosity
solution of

Hy (t,x,Ms,Vw) =0, (4.9)
with final condition w(T,x,My) < My +¥(x), for all x € R™;
(v) given (t,x,p) € Q and ¢ € C'(Q) such that ¢ —w has a minimum

in (t,x,p) in a neighborhood N (t,x, p), it results that

min{H, (t,x,p,V),H(t,x,p,V)} = 0. (4.10)
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(2) The function z is a supersolution in the viscosity sense if
(i) z is continuous on Q;
(ii) zis lower-bounded on Q;
(iii) z verifies the following final condition:

z(T,x,p) zmax{p,nnglf(T,x,a)}vL‘P(x), (4.11)
ae

for all (x,p) e R"x[myg,Mr];
(iv) z verifies the following upper condition: z(-,-,My) is a viscosity
solution of

Hy (t,x,Mf,Vz) =0 (4.12)

with final condition z(T,x,My) = My + ¥ (x), for all x € R™;
(v) given (t,x,p) € Q and ¢ € C1(Q) such that ¢ — z has a maximum
in (t,x,p) in a neighborhood N (¢, x, p), it results that

min{H, (t,x,p,V$),Hy(t,x,p,VP)} <0. (4.13)

4.3. The optimal cost as a viscosity solution

THEOREM 4.4. The optimal cost v is a solution in the viscosity sense of the
system (4.2).

PROOF. The final condition is trivially verified from (3.11) and in Section 3.2
we have seen that v is continuous, bounded, and nondecreasing with respect
to p.

From (3.3), for p = My, the variable p remains constant and so, we are dealing
with an ordinary optimal control problem. Then, with classical arguments (see
[1, 20]), we obtain that v verifies the upper condition (4.9).

Now, it remains to prove the last condition of the subsolution’s definition
and the last one of the supersolution’s definition.

First, we will prove that v is a subsolution of (4.2).

Let (t,x,p) € Q and ¢ € C'(Q) such that ¢ — v has a minimum in (t,x,p)
in a neighborhood N (t,x, p).

Since v is nondecreasing in its third variable, we obtain

v(t,x,p) <v(t,x,p+n). (4.14)
By the minimality of ¢ — v at (t,x, p), it follows that
¢(t,x,p+n)—P(t,x,p) zv(t,x,p+n)-v(t,x,p) = 0. (4.15)

Dividing by n and taking limit when n goes to zero, we have

op

ﬁ(t,x,p) = 0. (4.16)
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Then,
H,(t,x,p,V¢) =0. (4.17)

We prove that H(t,x,p,V¢) = 0. Let a € A such that f(t,x,a) < p and let
{an} be a control sequence such that &, (s) =a forall s € [t,t +n~'].
From (3.10), we have

v(t,x,p)sv<t+nl,yn(t+n1),max{p, esssup f(s,yn(s),(xn(s))})

se[t,t+n-1]
(4.18)
Since
lim esssup f(s,yn(s),0n(s)) = f(t,x,a), Vn=ny, (4.19)
T®selt,t+n1]
we get
maX{p, esssup f(s,yn(s),(xn(s))} =p, (4.20)
se[t,t+n-1]
and then, from (4.18), we obtain
v(t,x,p) v(t+n ' yu(t+nl),p). (4.21)
By the minimality of ¢ — v at (t,x,p), it follows that
p(t+n "t yn(t+nt),p)—b(t,x,p)
(4.22)

Zv(t""nilyyn(t'*'nil):p)_U(t,X:p) > 0.

Since

-1\ _ t+n-1
lim ynlt+nt)-x = lim nJ g(s,7(s),0,(8))ds = g(t,x,a), (4.23)
t

Nn—oo n-1 Nn—oo
dividing by n~! in (4.22) and taking limit when 1 — o, we have

o o
E(t,x,p)+a(t,x,p)g(t,x,a) > 0. (4.24)

Then, since a is arbitrary, it results that
H(t,x,p,V¢)=0. (4.25)

So, (4.17) and (4.25) imply that v is subsolution.

Now, we will show that v is a supersolution of (4.2).

Let (t,x,p) € Q and ¢ € C1(Q) such that ¢ — v has a maximum at (t,x,p)
in a neighborhood N(t,x,p).
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We will prove by reductio ad absurdum that
min {H, (t,x,p,V$),Hy(t,x,p,VP)} <0; (4.26)

s0, we assume that there exists n > 0 such that
min{H, (t,x,p,V$),Hy(t,x,p,VP)} =n>0. (4.27)

Let {0, } be a minimizing control sequence such that

v(t,x,p)+i2 >v <t+n‘1,yn(t+n‘1),ma><{p, esssup f(s,yn(s),(xn(s)));)
n se[t,t+n-1]
(4.28)

We define

~

f=1lm esssup f(s,Vn(S),0n(5)). (4.29)

n—o selt,t+n-1]

We suppose that f > p. Taking limit in (4.28), it follows that v (t,x,p) =
v(t,x,f). By the monotony of v, it results that v(t,x,p) = v(t,x,f) and
v(t,x,p) =v(t,x,p) for all ¢ € [p, f]. This implies that

0=v(t,x,0)—-v(t,x,p)=d(t,x,0)—P(t,x,p) (4.30)

and then (0¢/0p) (t,x,p) < 0.Inequality (4.27) implies that (o¢p/0p) (t,x,p) =
H,(t,x,p,V¢) = n.In consequence, n < 0, which is absurd.

We suppose that f < p. We will analyze the effect of this condition on the
following relation (valid by virtue of (4.27)):

H,(t,x,p,Vp)=n>0. (4.31)
As f < p, then, for all € > 0, there exists n. such that, for all n > ng,

esssup f(s,Vn(s),xn(s)) <p+e. (4.32)

se[t,t+n-1]

Eventually, by redefining the controls «,, (-) in zero-measure sets, it is possible
to affirm that, for all n = ng, forall s € [t,t+n"1],

S(8,n(8),0n(s)) < p+e. (4.33)

Since f is Lipschitz-continuous, there exists n. such that, for all n > n, and
forall se[t,t+n '],

ft,x,00(8)) <p+e+Le(l+Mg)nt <p+2e. (4.34)
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We consider the set of controls Z; given by
Ze={a€A: f(t,x,a) <p+2¢}. (4.35)

Then, for any n = n¢ and s € [t,t +n~!], it results that &, (s) € Z.
As (t,x,p) is a maximum point for the function ¢ — v, we have

d)(t"’_nil!yn(t'*_nil)vp) _d)(tsxxp)

(4.36)
<v(t+n Ly (t+nl),p)-v(t,x,p).
Since v is nondecreasing in “p,” from (4.28), we get

v(t+n Ly (t+nt),p)

sv(t+n1,yn(t+n1),max{p, esssup f(s,yn(s),cxn(s))}) 4.37)

selt,t+n1]

<v(t,x,p)+n2

thus,
p(t+n Ly, (t+nh),p) -, x,p) <n>. (4.38)

It is possible to prove that there exists g € Co(g(t,x,Z)), where Co(E) is the
convex hull of the set E such that (eventually using a suitable subsequence)

t+n-1
lim nJ (s, vn(s),0,(8))ds =7, (4.39)

n—oo t
and so, by virtue of (4.38), we get

p(t+nLyn(t+nt),p)-d(t,x,p)

Yllim oot
o 4.40
=a—¢(txp)+a—¢(txp)y<0 ( !
ot 77 ox 7 -
On the other hand, as Z; is closed, we have
Co(g(t,x,Z:)) =Co(g(t,x,Z:)). (4.41)

As g € Co(g(t,x,Zc)) for all € > 0, we get that g € Co(g(t,x,Zp)). Then, there
exists a probability measure u(-) with support in Z, such that

g= J g(t,x,a)du(a). (4.42)
Zo

From (4.31), if a € Z;, then

¢
ot

¢

(t,x,p)+a

(t,x,p)g(t,x,a) =n>0. (4.43)
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Using this inequality and the integral expression (4.42) in (4.40), we have

op

OZE

P _
(t,x,p) + ax(t,x,p)g

_[ (9¢ P
= LO ( 3t (t,x,p)+ Ix (t,x,p)g(t,x,a))du(a) > 1.

(4.44)

This inequality contradicts the initial assumption (4.27) and so, we obtain by
reductio ad absurdum that v is a supersolution. O

4.4. Uniqueness of the viscosity solution
THEOREM 4.5. There is a unique viscosity solution of system (4.2).

PROOF. Let w be a subsolution and z a supersolution of (4.2).

We will prove by reductio ad absurdum that w < z.

In the case m = My, the result is obvious because in that case the conditions
(4.8) and (4.9) verified by w and the conditions (4.9) and (4.11) verified by z
imply that w < z (the proof now follows classical arguments (see [1, 20]) and
it is here omitted for the sake of brevity). So, we will consider only the case
myg < My.

We suppose that

r:=sup{w(t,x,p)—z(t,x,p): (t,x,p) €Q} >0, (4.45)

then, there exists (t,,x,,py) € Q such that

-
w(tr,Xr,Pr) _Z(thxrspr) > 5 (4.46)
Let M > 0 such that
M .
w(t,x,p) <—, in[0,TIXR™x[mg,M¢],
2
M 4.47)
z(t,x,p)z—?, in [0, TIXR™x[ms,M¢].
For each € > 0 and y > 0, we consider the humyp function
t=sl? lx-yI> |p-C+E|*
ey Otxp) =5 5 2
M,_ .
_(,(Z_l)_(,<7f mf_l) (4.48)
t p—my



4530 S. C. DI MARCO AND R. L. V. GONZALEZ

The elements of ® have the following properties:
(1) €(-) € C'(R) verifies

0, VTtel0,1];
&(7) —{ (4.49)
1, V|t|=3;

for |E'(T)| <1, forall T € R;
(2) o <min{rt,/(8(T —t,)),r(pr—my)/(8(My—my))}.
We define the function

¢(s,y,C,t,x,p) =w(s,y,0) —z(t,x,p) +®(s,y,C,t,x,p). (4.50)

As w is a subsolution, it must verify H, (t,x,p,Vw) = 0. This condition im-
plies that, for all p € [my,My) and for all ¢ > 0 such that p + ¢ < My, we
have w(s,y,p+0) = w(s,y,p) (the proof of this intuitive property is essen-
tially contained in [23] and it is here omitted). Since p, < My, we can suppose,
without loss of generality, that € is small enough to verify p, +./€ < My, and
SO

w (ty, Xy, pr +/€) —w(ty,xr,py) = 0. (4.51)

Now, taking into account that

r ty> 4 (T—ty> ¥ My —py ¥
—\1-=]=<= — ) =< -, — | < -, 4.52
8(1 )58 "\t )8 “\p-ms) "8 (4.52)

from (4.46), (4.48), (4.50), (4.51), and (4.52), we have

¢(tﬁxﬁpr + V€, tryxr,pr)

(4.53)
= w(tr,xrypr""\@) _w(thxr,pr) - 3% +g = % > 0.
We consider a maximizing sequence (S, Yy, Cu, by, Xy, Pu) such that
Pfrologb(su;yu,gustyyxu;pu) = gug¢(5,y:§:t,x;P)- (454)
X

Let (Sy, Yu, Custy, Xy, py) be an element of this maximizing sequence. There-
fore, for all u > ug suitably chosen, we have

> 0. (4.55)

| =

qb(su;yuyCuytu;Xu;pu) = ¢(tr;xhp1’+\/€ytﬁxr;pr) =
Since (4.47) implies that

W (Syy Vs P +€) =2 (tp, Xy, pp) <M, (4.56)
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from (4.48), (4.55), and (4.56), we get

2 2 2
|ty —Sul +||Xu_J’u|| +|pu_Cu_\/E| +U<T_t”>

€? €? €2 tu
Mf—Pu) (4.57)
+o| —L2E ) aME(ylx, - x -
(BU=0e )+ 2nre (v, -l
;
<M-+ <M.
3 <

Then, inequality (4.57) and the properties of & imply that

70(Mf_mf)+m <p <t
M+o =P M+o %
|ty —su| <VMe,  ||xu—ull < VMe, (4.58)
3
| pu—Cu+ Vel < v/Me, ||xu_xr||5;-

Moreover, in the case m s < My, the conditions (4.8) and (4.9) verified by w and
the conditions (4.9) and (4.11) verified by z imply that

w(s,y,My) <z(s,y,Mg), V(s,¥)€(0,T)xR™ (4.59)

(the proof is easy (see [1, 20]) and it is here omitted).
We denote

4
Brz{xe[Rm:Hx—xst;}. (4.60)

From (4.59) and the continuity of w and z, we have that there exists 6, > 0
such that if x, € By, Y, € By, and

[ty —sul| <6, [|xu = yull < 6, (4.61)
?;IJ ZMf—(SV, Pu sz—éy, (4.62)

then

-
d)(Susy,u:C,u,tunxu,p,u) = w(S,u:yua gu) _Z(tu,xu,py) = 16 (4.63)
From (4.58), we have that, for € small enough, conditions (4.61) are verified,
Xy € By, and y, € By. So, if (4.62) is verified, we get a contradiction between

(4.55) and (4.63). In consequence, we get

Cu<Mg—6, or pyu<Msg—0y. (4.64)
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Finally, this condition and (4.58) imply—again for ¢ small enough—that
o) 15)
z;,,<Mff?’, Pu <Mff7r. (4.65)

Consequently, (Sy, ¥y, Cu, ty, Xu, pu) is abounded sequence which verifies (4.58).
Then, we can suppose, without loss of generality, that

(Sy,yu,Cu,ty,Xu,Pu) - (Se,ye,Ce,te,Xe,pe) €QxQ. (4.66)

In addition, from (4.58) and (4.65), we have

StE!

o(Mr-m oT
(fo)-H’VLfSpE, or
|te—se| <VMe,  ||xe—ye|| < VMe,

(4.67)

5 5
CEst—?’, pEst—?V,

; |pe_Ce+\/E~S\/M€,

||X€_x7’H =

< w

and so,

(Se: ¥es Certes Xe, Pe) € (O,T)XBTX(mf,Mf— 62—7] X (0, T)XBy X (mf,Mf_ 5i]_

2
(4.68)
From (4.54), we get
d)(se,ye,;e;te,xe,pe) = gug(b(slyvgitsx!p) (4-69)
X

because w and z are continuous in Q, and then w(s,y,C) — z(t,x,p) is con-
tinuous in Q x Q.
We define

@ :(0,TIXBy x (mg,M¢] % (0, T1XBy x (myp,Ms] — R,

My —my )
.Gt x, = 'y Vo —z(t,x, - -1
wis,y,C t,x,p) =w(s,y,0)-z(t,x,p) 0( p_m; (4.70)
T t
—o(1-1) - (1-F) -2ME I -x ),

Sur = up {0 (%, + VELX,p)  (1,3,9) € (O T1x By x My - %”

(4.71)
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Xw,z * Ra— — [R(_;y
Xw,z(n) = sup{w(s,y,“g,t,x,p)
o
_SW:(t,x,p)e[O,T]xB,x<mf,Mf—?V], 4.72)
o
(5,3,8) € [0, T1 X B, X (mf,Mf*?r],
Is—tl+||y—x]||+|C—p—e| sn}.

It is obvious that x,, - is an increasing function verifying x., -(0) = 0. In addi-
tion, from the continuity of ¢ in (0, T1X B, X (m ¢, M1 X (0, T]X By X (15, My],
we get lim,_o xw,-(n) = 0.

From the optimality of (s¢, Ve, Ce, te, X, Pe), We have for all (t,x,p) € (0, T] X
By x(myg,My—06,/2] such that p + /€ € (my,My],

b (Se, Ve, Certe, Xe, pe) = (L, x,p+/E t,x,p)

4.73
=y(t,x,p+et,x,p). *.73)
From this inequality and taking into account (4.50) and (4.70), we get
|t5—35|2 " ||X€_y€H2 " |P6_CE—\/E|2
€? €? 2 (4.74)

< W(Se‘iyE!CEytElXEIpE) _w(t1x1p+\/gstsxyp)-

From this inequality and (4.71), we get

2 2 2
[te —se| +er—y6|| +|pe_Ce_\E| <

€2 €2 €2 W(SEsyeygﬁte;anpe)_S(p,

(4.75)

and then, from (4.67) and (4.72),

2 2 2
|t€;256| +||X€;23’€H +|p€’i€2’ﬁ| < Xw,z(3VMe). (4.76)

From (4.76), we get

[te —se| < eyxw.(3vVMe),
[1xe = vel | = €yxuw.- (3vMe), .77)
|pe—Ce+ €| < 6\/Xw,z(3m€).

We define the function ¢, € C*((0,T) X R™ x (m,My)) as follows:

d)l(t,X,p) = W(Se:J’aCe) +(I>(S€1y€=§€:tsxap)' (478)
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From (4.50) and (4.69), ¢ — z has a maximum in (t¢, X, pe), then, as z is a
supersolution, it follows that

min (Hp (tg,Xg, Pe; Vd)l);H* (te,Xg,pg, V¢1)) <0. 4.79)
If

min(HP(t€1X61p61v¢l)’H*(t61X61p61 V¢1)) = Hp(teyxe,pe, V¢1), (4.80)

then
Hy(te,Xe,pe, V1) < 0. (4.81)
Since
0 B@
ai;l( !p) (SElyE!gtf!t!X p)
4.82
. <p Co+ ), (My=my) 482
€ (At’—mf)2
we have
0
Hp(teyxeypa V¢1) = %(tmxmpe)
p (4.83)
_ 2(p6_§6+\/g)+0_(Mf_mf) '
€2 (pe_mf)zl
On the other hand, by defining ¢» € C1((0,T) x R™ x (mg,My)),
b2(5,7,C) = z(te, Xe, pe) =P (5,5, C, te, Xe, Pe)s (4.84)

from (4.50) and (4.69), we have ¢» —w has a minimum in (s¢, Ve, Cc). As w is
a subsolution, we get

Hy(Se,¥e,Ce, Vo) = 0. (4.85)
Since
o2 0o _ ( -C+./6)
or 970 = ag(s,y,c,te,xe,pe) =25 (4.86)
we have
(S€yy€!§6vv¢2) a(zz (SE|y61€€) - (6_37;-"_\/5) (487)

Thus, from (4.85), we get 2(p. — Cc +/€) /€% < 0. Now, replacing this inequality
in (4.83), we obtain

o (pe=TetE)  (My—my)
€ (P my)®

H,(te,xe,pe, V1) = > 0. (4.88)
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This inequality contradicts (4.81), then it is only possible that the following
equality holds:

min (Hp (tévxévpés Vo, ),H* (t€1x€!p€1 Vd)l)) =H, (te,Xe,Pe, Vd)l)- (4.89)
In consequence, it must follow that
H, (te,Xe,pe, Vp1) <0. (4.90)

Let @ € A such that f(te,xe,a) < pe and

91
ot

(te,xe,pe)""ﬁ(te,xe,l)e)g(tsaxs:a) <0. (4.91)

From (4.77), we get

f(se,ve,@) < flte,xe,@) +2L € Xw,2 (3vVMe)
< pe+2Lre\Xw.z (3VMe).

Also, from (4.77), pe < Ce + €4 Xw.- (3v/Me) — /€ and then (for € small enough),

f(se,ve,a) < Ce+e\/Xw,z(3\/]\_/IE) _\/E+2Lf6\/Xw,z(3\/M€)

(4.93)
<Cc— % < Ce.

(4.92)

As w is a subsolution, we have

H(Se,Ye,Ce, Vb2) = 0, (4.94)
and so, by definition of H, we have

02
os

o2 _
(S, Ve  Ce) + 3y (56, Ve, Ce) g (Se, e, @) = 0. (4.95)

The derivatives of ® are

0P _
E(s,y,lj,t,x,p) =-2 a tOat g

t2 8T
0 s
Sitxg =255 ayME (i -x ) (X0 e
s o (x-)

—(syEtxp)—Z @(s,y,c.t,x,p)ﬂT,
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and then,
oo 0 (te—s)
a— Saylg) = _g(téixéipésslyvg) :_266—21
o _763 _ (xe—v)
Y (5,,0) = ay(te,xe,pe,s,y,C)— 25
o1 od (t—s¢) T r
= = — = — — 4 — 4.97
at (tlx1p) at (tyxap1$€ly€1€€) 2 62 +O_t2+8T| ( )
0 0
%(tlxyp):a(tyxlpysefy(:‘!CE)
X=X o e vl — x|y X XT)
2 €2 2yME (yl|x XYH)HX_XrH.
Using these expressions in (4.91) and (4.95), we have
r T (X —Y !g(t y X ya)_g(s y ) !a)>
0<87$_U?+2 < < < 662 ©-C
, <Xe_x1’yg(t51xaﬁ)>
+2yM Xe—X
yMg (Y” € TH) ||X5—Xr|| (4.98)

2L _
= e—jq||xe_y6’|(\|xe = Vell+ [te=sel) +2yM||g(te, xe, a)l|
<4Lgxw - (3VMe) +2yMM,.

Letting successively € and y go to zero, we have » < 0 which contradicts in-
equality (4.45). Then, z(t,x,p) = w(t,x,p) for all (t,x,p) € Q. Finally, taking
into account that any solution is at the same time a subsolution and a super-
solution, we obtain the uniqueness of solution. O

5. Conclusion. In this paper, we have analyzed some issues concerning the
viscosity solution of an HJB system associated to a minimax optimal control
problem with finite horizon and additive final cost.

In the first step, we have introduced an auxiliary problem which generalizes
the original one. It is possible to get the solution of the original problem in
terms of the solution of the auxiliary problem.

For this auxiliary problem, a dynamical programming principle (DPP) holds.
In relation with this DPP, we have presented an HJB system defined in terms
of a discontinuous Hamiltonian and we have proved that the optimal cost of
the auxiliary problem is the unique viscosity solution of this HJB system.

Although this problem could be seen as a particular (deterministic) case of
those treated by Barles, Daher, and Romano [4], there are several differences
between the results contained in [4] and those presented in this paper, among
them are the following ones.

(1) We present direct proofs of the existence and uniqueness of solution
without requiring the treatment of a sequence of L? problems. They are ob-
tained through a different methodology based in control theory.
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(2) In our paper the HJB equation is deduced without the hypothesis Im( f)
=[my,Mr]. So, our HJB equation is valid, in particular, for the cases where the
controls take a finite number of values. In those special cases, the L¥ penal-
ization technique used by Barles, Daher, and Romano does not allow deducing
it.

(3) The HJB system here obtained is simpler than that one presented in
[4] because no conditions are required at the lower boundary (0,7) x R™ x
{tmyl.
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