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The fuzzification of PI( <, <, =)pck-ideals is considered. Using the notion of x-cut,
characterization of fuzzy PI(<, <, S)pck-ideals is given. Conditions for a fuzzy set
to be a fuzzy PI(«, <, €)pck-ideal are provided.
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1. Introduction. The study of BCK-algebras was initiated by Iséki in 1966
as a generalization of the concept of set-theoretic difference and propositional
calculus. Since then, a great deal of literature has been produced on the the-
ory of BCK-algebras. In particular, emphasis seems to have been put on the
ideal theory of BCK-algebras. The hyperstructure theory (called also multialge-
bras) was introduced in 1934 by Marty [7]. Around the 1940’s, several authors
worked on hypergroups, especially in France and in the United States, but also
in Ttaly, Russia, and Japan. Over the following decades, many important re-
sults appeared, but above all, from the 1970’s onwards, the most luxuriant
flourishing of hyperstructures have been seen. Hyperstructures have many
applications to several sectors of both pure and applied sciences. In [6], Jun
et al. applied the hyperstructures to BCK-algebras, introduced the concept of
a hyper BCK-algebra, which is a generalization of a BCK-algebra, and inves-
tigated some related properties. They also introduced the notion of a hyper
BCK-ideal and a weak hyper BCK-ideal and gave relations between hyper BCK-
ideal and weak hyper BCK-ideals. Jun and Shim [1] displayed several types of
positive implicative hyper BCK-ideals in hyper BCK-algebras. In this paper, we
consider the fuzzy structure of PI(<, <, S)pck-ideals in hyper BCK-algebras.
We introduce the notion of fuzzy PI(<, c, S)pck-ideals, and then we investi-
gates the relations between fuzzy hyper BCK-ideals and fuzzy PI(<, <, S)pck-
ideals. We give a characterization of fuzzy PI(<, €, S)gck-ideals using «-cut,
provide conditions for a fuzzy set to be a fuzzy PI( <, <, €)pck-ideal and estab-
lish a fuzzy weak hyper BCK-ideal of a hyper BCK-algebra using the concept
of PI(<<, <, Q)BCK-ideals.

2. Preliminaries. We include some elementary aspects of hyper BCK-alge-
bras that are necessary for this paper, and, for more details, we refer to [2, 6].
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Let H be a nonempty set endowed with a hyper operation “o”; that is, o is a
function from H x H to ?*(H) = P(H) \ {O}. For two subsets A and B of H,
denote by Ao B the set Uyea, pepacb.

By a hyper BCK-algebra, we mean a nonempty set H endowed with a hyper
operation “o” and a constant 0 satisfying the following axioms:

(K1) (xo0z)o(yoz)<xo0y,

(K2) (xoy)oz=(x02z)oy,

(K3) xoH < {x},

(K4) x <y and y < x imply x =,
for all x,y,z € H, where x < vy is defined by 0 € x oy, and for every A,B < H,
A <« B is defined by for all a € A, 3b € B such that a < b.

In any hyper BCK-algebra H, the following hold (see [2, 6]):

(P1) 000= {0},

(P2) 0 < x,

(P3) x < x,

(P4) A < A,

(P5) A < B implies A < B,

(P6) Oox = {0},

(P7) 00 A = {0},

(P8) A < {0} implies A = {0},

(P9) x € x00,
(P10) x0o0 < {y} implies x < vy,
(P11) ¥ < z implies xoz < x oy,
(P12) xoy = {0} implies (xoz)o(yez)={0}and xoz < yoz,
(P13) Ao {0} = {0} implies A = {0},
(P14) if (xoy)oz <« A,thenacz < Aforalla € xoy,
(P15) ifaobc Aforalla,b € A, then 0 € A,
(P16) (AoB)oC =(Ao(C)oB,AocB < Aand 00 A < {0},
(P17) xo0={x}and Ao0=A
for all x,y,z € H and for all nonempty subsets A, B, and C of H.

3. Fuzzy structures of PI(<, <, S)pck-ideals. In what follows, let H denote
a hyper BCK-algebra unless otherwise specified. We place a bar over a symbol
to denote a fuzzy set, so A, B, ... all represent fuzzy sets in H. We write A(x),
a number in [0, 1], for the membership function of A evaluated at x € H. An
«-cut of A, written A[«], is defined as

{xeH|A(x)>«} forO<a<l. (3.1)

We separately specify A[0] as the closure of the union of all the A[«] for
O0<ux=<l.

DEFINITION 3.1 (Jun et al. [6, Definition 3.14]). A nonempty subset A of H
is called a hyper BCK-ideal of H if it satisfies the following conditions:
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(I1) 0 € A,
(I12) xey < Aand y € Aimply x € A for all x,y € H.

DEFINITION 3.2 (Jun and Xin [3, Definition 3.1]). A fuzzy set A in H is called
a fuzzy hyper BCK-ideal of H if it satisfies, for all x,y € H, the following:

(F1) x < y implies A(x) = A(y),

(F2) A(x) = min{infzex., A(a),A(y)}.

LEMMA 3.3 (Jun and Xin [3, Theorem 3.17]). A fuzzy set A in H is a fuzzy
hyper BCK-ideal of H if and only if the «x-cut A[«] of A is a hyper BCK-ideal of
H whenever A[x] + @ for x €[0,1].

LEMMA 3.4 (Jun and Xin [2, Proposition 3.7]). Let I be a subset of H. If A is
a hyper BCK-ideal of H such thatI < A, then I is contained in A.

DEFINITION 3.5 (Jun and Shim [1, Definition 3.1]). A nonempty subset A of
H is called a PI(<, <, ©)pck-ideal of H if it satisfies (I1) and
(I3) (xoy)oz<x Aand yoz < Aimply xoz c A forall x,y,z € H.

We first consider the fuzzification of PI(<, €, S)pck-ideals.

DEFINITION 3.6. A fuzzy set A in H is called a fuzzy PI(<, <, S)pck-ideal
of H if it satisfies (F1) and
(F3) infaexor A(a) = min{infpe xoy)oz A(D),infeey.- A(c)} for all x,y,z € H.

EXAMPLE 3.7. Let H = {0,a,b} be a hyper BCK-algebra with the Cayley table
(Table 3.1).

TABLE 3.1

0 a b
{0} {0} {0}
{a} {0} {0}
{b} {a,b} {0,a,b}

S Q8 Ofo

Define a fuzzy set A in H by A(0) = A(a) = 0.8 and A(b) = 0.2. It is easily
checked that A is a fuzzy PI(«, <, S)pck-ideal of H.

THEOREM 3.8. Every fuzzy PI(<, <, S)pck-ideal is a fuzzy hyper BCK-ideal.
PROOF. Let A be a fuzzy PI(«, c, S)pck-ideal of H, and let x,y € H. Taking
z =0in (F3) and using (P17), we have

A(x)= inf A(a)zmin{ inf A(b), inf A(c)}:min{ inf A(b),A(y)}.
aexo0 be(xoy)o0 ceYo0 bexoy
3.2)

Hence, A is a fuzzy hyper BCK-ideal. |

The following example shows that the converse of Theorem 3.8 may not be
true.
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EXAMPLE 3.9. Let H = {0,a,b} be a hyper BCK-algebra with the Cayley table
(Table 3.2).

TABLE 3.2
o 0 a b
0 {0} {0} {0}
a fal {0} {0}
b {b} {a} {0,a}

Define a fuzzy set A in H by A(0) = 0.5 and A(a) = A(b) = 0.3. Then, A
is a fuzzy hyper BCK-ideal but not a fuzzy PI(<, <, <)gck-ideal of H since
infaepoa Ala) = A(a) = 0.3 and

min{b inf hA_(b), infbA(c)}:A(O) =0.5. (3.3)

(beoa) ceao

THEOREM 3.10. IfA is a fuzzyPl(<, S, S)pck -ideal of H, then the x-cut Al «]
of A is aPI(«, <, S)pck-ideal of H, where « € ImA.

PROOF. Let Abe afuzzyPI(«, <, <)pck-ideal of H. Both (P2) and (F1) induce
the inequality A(0) = A(x) forall x € H,and so 0 € A[«] for all @ € Im(A). Let
x,v,z € Hbe such that (xoy)oz <« Alx] and y oz < A[«x], where & € Im(A).
Then, for every a € (x o) oz, there exists a’ € A[«] such that a < a’, and
therefore A(a) = A(a’) by (F1). Hence, A(a) = «forall a € (xoy)oz.It follows
from (F3) that, for every b € x o z,

A(b) 2Ci€r)%t;ZA(c) zmin{ inf  A(a), inf A(d)} > (3.4)

ae(xoy)oz deyoz

so that b € A[«], that is, x o z < A[«]. Hence, A[«] is a PI(«, <, S)pck-ideal
of H. O

We now consider the converse of Theorem 3.10.

THEOREM 3.11. Let A be a fuzzy set in H such that Alx], « € Im(A) is a
PI(«, €, S)pck-ideal of H. Then, A is a fuzzy PI(<, <, )gck-ideal of H.

PROOF. Assume that A[«x], @ € Im(A) is a PI(<, <, S)pck-ideal of H. Then,
Al «] is a hyper BCK-ideal of H (see [4, Theorem 3.10]). It follows from Lemma
3.3 that A is a fuzzy hyper BCK-ideal of H, and so condition (F1) is valid. Now,
let o« = min{infpe(xoy)oz A(b),infeey.z A(c)}. Then,

Ab))= inf A() =, A(c') = inf A(c) = x (3.5)
be(xoy)oz ceyoz
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forall b’ € (xoy)oz and ¢’ € yoz. Hence, b’,c’ € A[«x], which implies that
(xoy)ozc Alx] and y oz € A[«]. It follows from (P5) and (I3) that x oz <
Al«] so that A(d) = « for all d € x o z. Consequently,

inf A(a) >« = min{ inf  A(b), inf A(c)}. (3.6)
aA€EXoz be(xoy)oz CEYoz
Thus, A is a fuzzy PI(«, <, S)pck-ideal of H. O

PROPOSITION 3.12. If A is a fuzzy PI(<, <, S)pck-ideal of H in which Al x]
is reflexive for all x € Im(A), then it satisfies the inequality

inf A(a)>= inf A(b) Vx,ye€H. (3.7)
¥

aexoy bE(Xoy)o

PROOF. Assume that A[«] is reflexive for all « € Im(A). Then, A(a) > «
for all a € x o x, and hence inf,cx.x A(a) = A(y) for all x,y € H. It follows by
taking z = y in (F3) that

inf A(a)zmin{ inf  A(b), inf A(c)}: inf  A(b) (3.8)
aexoy be(xoy)oy CEYY be(xoy)oy

for all x,y € H. O

LEMMA 3.13 (Jun and Xin [4, Proposition 3.13]). In a hyper BCK-algebra H,
the following axiom holds:

((xoz)o(yoz))ou < (xoy)ou Vx,y,z,ucH. (3.9

LEMMA 3.14 (Jun and Xin [4, Lemma 3.17]). Let A be a hyper BCK-ideal of H.
Then,Io]J < A and J < A imply thatI < A for every nonempty subsets I and J
of H.

PROPOSITION 3.15. IfA is a fuzzy hyper BCK-ideal of H satisfving (3.7), then
it satisfies the inequality

inf A(a)= inf A(b) Vx,y,z€H. (3.10)

a€e(xoz)o(yoz) be(xoy)oz

Moreover, if A[«] is reflexive for all x € Im(A), then

inf A(a) zmin{A(z), inf A(b)} Vx,y,z € H. (3.11)
aexoy be((xoy)oy)oz
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PROOF. Let A be a fuzzy hyper BCK-ideal of H satisfying (3.7), and let & =
infbe(xoy)ozA_(b). Then clearly, (xoy)oz < A[«]. Using (P16) and Lemma 3.13,
we get

((xo(yoz))oz)oz=((x0z)o(yoz))oz < (xoy)oz, (3.12)

and hence ((xo(yoz))oz)oz < A[«]. It follows from Lemma 3.4 that ((xo
(yoz))oz)oz < Alx] so that (toz)oz < A[a] for every t € x o (yoz). Hence,
by (3.7),infger.- A(a) = infpe(roz).- A(b) = aforall t € xo(yoz),whichimplies
thata € A[x] forall a € toz, thatis, t oz € A[«] for every t € x o (y oz). This
shows that

(xo0z)o(yoz)=(xo(yoz))oz= |J tozcAl«xl, (3.13)

texo(yoz)

and therefore inf s (xoz)o(voz) A(@) = o = infpe(xoy)oz A(b), which proves (3.10).
Assume that A[«] is reflexive for all & € Im(A). Let x,v,z € H and B =
min{A(z),infpe((xoy)oy)oz A(b)}. Then, z € A[B] and

((xoz)oy)oy = ((xoy)oy)ozc A[B]. (3.14)

Thus for any t € x oz, we obtain (t o y) oy < A[B]. Since A[fB] is a hyper BCK-
ideal of H, it follows from [4, Theorem 3.18] that (toy)o (yoy) < A[B] for all
t € xoz sothat ((xoz)oy)o(yoy) < A[B]. Note that y oy < A[B] because
A[B]isreflexive. Hence, by Lemma 3.14 and (K2), (xoy)oz = (xoz)oy < A[B].
Since {z} < A[B], we have x oy < A[B] by Lemma 3.14. Therefore,

inf A(a)=B= min{A(z), inf A(b)} Vx,y,z€H. (3.15)
aexoy be((xoy)oy)oz

This completes the proof. O

DEFINITION 3.16 (Jun et al. [6, Definition 3.19]). A nonempty subset A of
H is called a weak hyper BCK-ideal of H if it satisfies (I1) and
(I4) xoy<Aand y € Aimply x € A for all x,y € H.

DEFINITION 3.17 (Jun and Xin [3, Definition 3.5]). A fuzzy set A in H is
called a fuzzy weak hyper BCK-ideal of H if

A(0) = A(x) = min{agl({yA(a),A(y)} Vx,y € H. (3.16)

Using the notion of PI(<, <, <)pck-ideal, we establish a fuzzy weak hyper
BCK-ideal as follows.
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THEOREM 3.18. Let A be a PI(<, <, S)pcx-ideal of H, and let w € H. Then
the fuzzy set A in H defined by

A(x):<|(x ifxeAy={yeH|yowcAl, (3.17)

B otherwise,

where x> B in [0,1] is a fuzzy weak hyper BCK-ideal of H.

PROOF. Obviously, A(0) = A(x) forall x € H.Let x,y € H.If y ¢ A, then
A(y) =B and so

Ax)=p = min{A(y), inf A(a)}. (3.18)
aexoy
If xoy & Ay, then there exists u € x oy \ A,,, and therefore A(u) = f. Hence,
min{A(y), inf A(a)} =B <A(x). (3.19)
aexoy

Assume that xoy € A,y and v € Ay,. Then, (xey)ow < Aand yow < A, which
imply that (xey)ow <« A and yow < A. It follows from (I3) that x ow < A,
that is, x € A,,. Hence

AX) == min{A(y), inf A(a)}, (3.20)
aexoy
and therefore A is a fuzzy weak hyper BCK-ideal of H. g

LEMMA 3.19 (Jun et al. [5, Corollary 3.15]). Let A be a reflexive hyper BCK-
ideal of H. Then,

(Xoy)NA# D =x0ycA Vx,yeH. (3.21)

THEOREM 3.20. If A is a fuzzy PI(<, <, S)pck-ideal of H in which A[«] is
reflexive for all x € Im(A), then the set

Ay={x€eH|xowcAlx], x€Im(A)} (3.22)

is a hyper BCK-ideal of H for allw € H.

PROOF. Clearly, 0 € A,,. Let x, € Hbe such that xcy € A, and y € A,,.
Then, (xoy)ow < Ala] and v ow < A[«] for all « € Im(A). Using (P5), we
know that (x o y)ow < A[«]. Since A[«] is a PI(«, <, S)pck-ideal of H (see
Theorem 3.10), it follows from (I3) that x o w < A[«], that is, x € A,,. This
shows that A,, is a weak hyper BCK-ideal of H. Now, let x,v € H be such



556 Y. B. JUN AND W. H. SHIM

that x oy < A, and v € A4, and let a € x o y. Then, there exists b € A,
such that a < b, that is, 0 € a o b. Hence, (aob) nAlx] # &. Since A[«] is
a reflexive hyper BCK-ideal of H, it follows from (K1) and Lemma 3.19 that
(aow)o(bow) <aob c Alx] so that aow < A[«] since bow c A[«]. Thus,
ac A, andsoxoycA,. Since A, is a weak hyper BCK-ideal, it follows that
x € Ay. Consequently, A,, is a hyper BCK-ideal of H. O
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